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This dissertation will develop modular representation theory, starting from Brauer’s Three
Main Theorems. We will consider the Green Correspondence, then use G-algebras to unite
the block-theoretic and module-theoretic approaches somewhat. We then consider some
simple group theory, and finally take a cursory look at the modern-day research, and its

progress on several long-standing conjectures.
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Preface

Representation theory itself has its origins in the work of Burnside and Frobenius, around the
turn of the twentieth century, Frobenius being almost wholly responsible for the early development
of character theory. He completely determined the character theory of the symmetric groups in
1900 and the alternating groups the following year. Schur followed these two, and many of the
early developments in ordinary representations bear their names; for example, Schur’s Lemma, the
Frébenius-Schur count of involutions, Frébenius reciprocity, and Burnside’s p®¢? theorem, one of
the best early applications of character theory to simple groups.

Modular representation theory, the study of representations over fields of characteristic other
than zero, was started with Leonhard Eugene Dickson, who coined the term ‘modular’ representa-
tions. The first really major developments came with Richard Brauer, who exploited this rich and
virtually untapped area of mathematics. Brauer’s methods were mainly character-theoretic; one
of his main goals was finding numerical constraints on the orders and internal structure of finite
simple groups, and his methods were very well-suited in the case of the so-called small groups.

The next revolution in the theory came with James Green, who considered the modules them-
selves. His techniques were completely different to those of Brauer, and his main goals lay in
understanding the modules, rather than Brauer, who worked mostly with blocks and characters.

The 1970s saw the needs of the Classification of Finite Simple Groups shift away from character
theory and toward local analysis, since the ‘large’ simple groups, the so-called generic groups,
could not really be handled very well at all with modular characters. The new techniques in
local analysis supersede many of Brauer’s techniques, although for groups of small order, modular
character theory is still the best way to gain considerable information relatively easily.

The work of Brauer and those who came after him left behind several outstanding problems,
such as Brauer’s k(B)-conjecture, his Height Zero Conjecture, and the Alperin—-McKay Conjecture.
Later other conjectures evolved, such as Olsson’s Conjecture, and understanding both how to prove
these conjectures, and why they are actually correct (if they are) are two of the binding concepts
throughout this approach to representation theory to this day.

The module theory has also evolved, from the pioneering work of James Green, who laid the
foundations of the module theory and also introduced the concept of G-algebras, through to the
present day. Among the open problems in this area lies the understanding of abelian defect groups.

Michel Broué’s Abelian Defect Group Conjecture is a very good example of how homological algebra
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and category-theoretic methods have been introduced into representation theory. There are many
outstanding problems in this area of representation theory, understanding the structure of the
various categories associated with a representation.

This project attempts to briefly consider both approaches, looking at Brauer’s methods first,
then introducing the module and G-algebra approach. Chapter 1 sees the original Three Main
Theorems of Brauer, relating the blocks of a group to those of its p-local subgroups in the case
of the First Main Theorem, and to the centralizers of p-elements and p-groups in the case of the
Second and Third Main Theorems. In this chapter we prove the First and Third Main Theorems,
deferring the proof of the Second to Chapter 2. At the end of this chapter, we look at the Brauer
Correspondence in the symmetric group .

Chapter 2 starts by discussing relatively projective modules. This leads naturally to the concept
of a vertex of a module as a minimal p-subgroup @ such that the module is relatively Q-projective.
The Green Correspondence is a fundamental result in this approach to representation theory. The
Green Correspondence links relatively Q-projective RG-modules to relatively Q-projective RH-
modules for some H containing Ng(Q). After this we demonstrate the Nagao Decomposition, and
use this to prove the Second Main Theorem in a module-theoretic fashion.

Chapter 3 introduces the notions of a G-algebra and an interior G-algebra. Our original interest
in this chapter is to demonstrate that the notion of a G-algebra generalizes and combines the two
methods of Brauer and Green. After introducing this, we define the Brauer map and defect groups
for arbitrary GG-algebras. We then continue with the development of G-algebras, defining the notions
of pointed groups, and some of their associated definitions, eventually attaching an analogue of a
defect group for every pointed group.

Chapter 4 considers some of the myriad applications of modular representation theory to fi-
nite group theory. In the first section, we examine in detail the modular representations of the
alternating group As, the smallest non-abelian simple group. As an example of the use of the
techniques of modular representation theory in the course of the mid-twentieth century during the
Classification of the Finite Simple Groups, we prove two major theorems: the Brauer—Suzuki The-
orem, which proves the non-existence of a simple group with quaternion Sylow 2-subgroups, and
the Glauberman Z*-Theorem, which generalizes this result to any Sylow 2-subgroup with a weakly
closed involution.

In Chapter 5, we examine some of the more recent developments in the field. Broué’s Abelian
Defect Group Conjecture concerns the module categories of a block and its Brauer correspondent in
Ng (D). We state the conjecture, and describe some of the work done on this conjecture. We then
state the Alperin-McKay Conjecture and Alperin’s Conjecture (also known as Alperin’s Weight
Conjecture), and again describe some of the work done on this area. Two more conjectures are
looked at in this chapter: Brauer’s k(B) Conjecture; and Brauer’s Height Zero Conjecture.

Finally, in the last chapter we conclude what we have done, and give some indications of further

work that can be done.
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We will fix some notation throughout the course of this dissertation: R denotes a characteristic
0 complete discrete valuation ring, K its field of fractions, and k the residue field of R modulo its
maximal ideal. However, often the results we quote for R work equally well for k; indeed, we will
state when a result for R (or more likely, RG) does not hold for kG. We will always assume that
K is a splitting field for G; that is, k£ contains enough roots of unity so that all indecomposable
representations are absolutely indecomposable.

We will assume a reasonable amount of commutative algebra. One of the most important areas
that we assume is the classical theory of lifting idempotents, which we will often use without any
comment at all. Also, we assume much of the basic block theory, such as the existence of central
characters, and the fact that there is only one ordinary and modular character in a block of defect
Z€ro.

Finally, I would like to thank my supervisor, Geoffrey R. Robinson, without whom this project

would be non-existent, and to all my family and friends for their much-needed support and patience.

David A Craven, March 2004.
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Chapter 1

Brauer’s Three Main Theorems

In this chapter we will see three fundamental results, called Brauer’s Three Main Theorems. They
concern themselves with a correspondence between blocks with particular defect groups.

The Brauer Correspondence is defined between some of the blocks of the algebra kG and the
algebra kH, for some D Cg(D) < H, where D is a p-group. More precisely, it is defined between
those blocks that contain D as a defect group. In particular, if we restrict our attention to blocks
with D itself as a defect group and to subgroups H containing Ng (D), then this correspondence is
in fact bijective. This is the statement of Brauer’s First Main Theorem.

The First Main Theorem proves the existence of this bijection, but it doesn’t really give a
sufficient criterion for two blocks to be correspondents of one another. However, if the generalized
decomposition number between an irreducible ordinary character of G and an irreducible modular
character of Cg(z), (where x is p-singular) is non-zero, then the two blocks associated with the two
characters correspond. This is the Second Main Theorem.

Finally, although we have a sufficient criterion for two blocks to correspond, we would like to
know where particular blocks go. The only particular block we can be assured to have in every case
is the block containing the trivial character. The Third Main Theorem says that if H > D Cg(D),
and b is a block of kH having defect group D, then it contains the trivial character precisely when
its Brauer correspondent does.

The Three Main Theorems constitute the bulk of this chapter, including the Extended First
Main Theorem, which examines the Brauer Correspondence further down than Ng(D).

Firstly we will define the Brauer homomorphism and the Brauer Correspondence, then prove the
First and Third Main Theorems, before proceeding to describe generalized decomposition numbers
and state the Second Main Theorem. Its proof will be delayed until the following chapter, namely
Section 2.5.

In the final section, we consider the Brauer Correspondence in a particular example, that
of the symmetric group S7. We consider the block theory for the primes 2 and 3, calculating
normalizers of the p-subgroups, and using the First and Third Main Theorems to study the Brauer

Correspondence.



1.1 Preliminary Lemmas

We will compile the results that we need to prove the three theorems in this section. Throughout
this section G will denote a finite group with order a multiple of p, and &k will denote a splitting
field for G of characteristic p. The purely block-theoretic theorems that we will require will be
stated without proof.

We begin with one of the definitions of a defect group of a block, which relies on the defect
group of a conjugacy class. Because it includes results, we have considered it as a lemma here.

Recall that the defect group of a conjugacy class € is a Sylow p-subgroup of Cg(x), for some z € €.

Lemma 1.1 Let B be a block of kG with associated central character w. Let 1, %5, ..., %, denote
the conjugacy classes of G whose class sum ¢; does not vanish under w. Let Z be the set of all
subgroups of GG which are defect groups for one of the %;. Then each element of & contains a defect
group of B, and in particular, the minimal elements of & are the defect groups of B. Also, there

is a class %; consisting of p-regular elements of G with defect groups the same as B.

The next lemma plays a crucial part in one step of the proof of the First Main Theorem.

Lemma 1.2 Let ) be a normal p-subgroup of GG, and let I denote the k-subspace of kG generated
by the class sums of conjugacy classes of G which have @) as defect group. Then @ is contained in
the defect group of every block of kG, and if e is a block idempotent of kG, with associated block
b, and b has @) as a defect group, then e € I.

The next lemma describes how conjugacy classes split when localized to the normalizer of a

p-subgroup.
Lemma 1.3 Suppose that P is a p-subgroup of GG, and let % denote a conjugacy class of G. Then

(i) € N Cg(P) is non-empty if and only if P is contained within a defect group of €.

(ii) If P is a defect group of &, then € N Cq(P) is a single conjugacy class of Ng(P); i.e., two
elements of C(P) both in € are still conjugate in Ng(P).

(iii) Suppose that € is a conjugacy class of Ng(P) contained within €. If P is a defect group of
%, then P is a defect group of ¥ and € = ¢ N Cq(P).

Proof: Suppose that € NCg(P) # (), and let x be an element of it. Since x € Cg(P), P centralizes
2. This means that P < Cg(z). Now a p-subgroup of a group is contained in a Sylow p-subgroup
P’ of Cg(x), so P < P, where P’ is a defect group of €. Conversely, if P < P, where P’ is a defect
group of ¢, then P’ < Cg(y) for some y € €. Then y centralizes P, so y is in the intersection of
¢ and Cg(P). This proves (i).

Now let P be a defect group of €, but suppose that ¢ splits up in Ng(P). Let = be an element
of ¢ with defect group P. Then x centralizes P, so z € ¥ N Cg(P). Let y be any other element of



this set, and let g be an element of G such that 9 = y. Now, P centralizes y, so since y = x9, py!
centralizes y9 ' = . Thus both P and P9 " are Sylow p-subgroups of C¢ (). Then P and P9 " are
conjugate in Cg(z), say P" = P9”". Then hg normalizes P, and 29 = ¢~ 'h~lzhg = ¢ lzg = v,
so z and y are conjugate in Ng(P). This proves (ii).

Finally, let P be a defect group of %, and let € € be an element with P a Sylow p-subgroup
of Cg(z). Then z centralizes P, giving z € ¥ N Cg(P), and in particular this intersection is non-
empty. By (i) P is contained within a defect group of €, say P’. Suppose that P # P’. Then since
P’ is a p-group and hence nilpotent, P < Np/(P). So there is an element d ¢ P which normalizes
P. Then (P,d) is a p-group, and since P’ centralizes z, so does (P,d). Also Np/(P) < Ng(P), so
(P,d) € Cxg(py(w). This means that (P,d) is contained within a Sylow p-subgroup of Cy,(p)(7),
a clear contradiction since P is such a subgroup. So P = P’. Note that this means that P is a

defect group of %, so we can apply (ii) to show that € N Cg(x) = €, as required. O

1.2 The First Main Theorem

The aim of this section is to prove Brauer’s First Main Theorem, which we can state now.

Theorem 1.4 (First Main Theorem) Suppose that k is a splitting field for the finite group G,
and let D be a p-subgroup of G. Then there is a bijection between the blocks of kG with defect
group D and the blocks of kNg(D) with defect group D.

This one-to-one correspondence is called the Brauer Correspondence, and will have to be de-
fined before we prove the First Main Theorem. Before we do this, we need to define the Brauer

homomorphism.

Definition 1.5 Let G be a finite group, k be a splitting field for G, and suppose that D is a
p-subgroup of G. Let 0 : Z (kG) — Z (kNg(D)) be defined by

. (Z W) =Y o

zeG .TECg(D)

Then o is called the Brauer homomorphism.

The Brauer homomorphism is a k-algebra homomorphism, as its name suggests. To prove
this, we first show that o actually maps Z (kG) to Z (kNg(D)). Recall that the class sums of the
conjugacy classes of G (and Ng(D)) form bases for Z (kG) and Z (k Ng(D)) respectively. Let € be
a conjugacy class of G, with class sum c. Denote by € the subset € N Cg(D), with sum ¢. Then
o(c) = ¢, and so we must show that ¢ € Z(kNg(D)). But Cq(D) < Ng(D), and € is a normal
subset of G, so € is a normal subset of Ng(D), and hence a union of conjugacy classes. Thus

¢ €7 (kNg(D)).



Certainly o(1) = 1, and the Brauer homomorphism is a k-linear mapping, almost from the
definition. Let ¢; and ¢ be class sums of G. Now o(c1c2) = erCG(D) o x, where oy, is the number
of elements g1 € € and gy € %, such that g19o = . However, o(c1)o(c2) = erCG(D) Bz, where
B is the number of elements g1 € % and go € %> such that gigo = x. We need to show that
a; = B, mod p.

Notice that every pair that contributes to (3, contributes to a,. Let A, denote the set { (g1,92) :
g1 € 61, g2 € 62, g1g2 = x}, and B, denote this set for ¢, and €. Then

AN\By ={(g1,92) : 91 € G, g2 € €2\G%, 9192 = = }U{ (91, 92) : g1 € €1\ G, g2 € Ga, G192 =T }.

The second term in this union is empty, since if gy € %5, then go (and x) both centralize D.
Hence so does g1, a contradiction since g; ¢ ¢,. This also deals with the case where g1 € ¢, and
go & €,. This leaves the case where neither g; nor go centralize D.

Let D act on the set A, \ B, by pointwise conjugation. Since A, \ B, contains only pairs of
elements (g1, g2) which do not centralize D, no orbit of this action is trivial, and since all orbits are
of size a power of p, p divides |A, \ B;|. Then a, = (3., since our field has characteristic p, and the
Brauer homomorphism is indeed a homomorphism.

We also need to define the correspondence between the blocks that the First Main Theorem tells
us exists. This will be done with the help of central characters. Since a block has a unique central
character associated with it, if we can produce a bijection between the central characters whose
associated block has defect group D, then we have a ‘corresponding’ bijection between the blocks
themselves. We may as well say that the central character has defect group D to mean that the
block associated with the central character has defect group D. Then the alternative formulation

we will prove is:

There is a one-to-one correspondence between the central characters of Ng (D) with

defect group D and the central characters of G with defect group D.

To this end, we will have to find a function sending a central character of Ng(D) to a central
character of G. Let H be a subgroup of G, and b be a block of the algebra kH, with associated
character w. Suppose that the defect group of b contains a particular p-subgroup D of G. Now,
by Lemma 1.1, there is a conjugacy class ¥ of G whose defect group contains that of b, and hence
contains D. Thus by Lemma 1.3(i), ¢ = ¥ N Cg(D) is non-empty. Then we can define a mapping
w® on the k-algebra Z (kG) by

W (i) = w(@),
where ; is the intersection €; N Cg (D). Notice that w®(c) # 0 if and only if € N Cg(D) # 0, and
so w%(c) # 0 if and only if D is contained in a defect group of €.

& need not be a central character of G. If H contains D Cg(D) and is contained

However, w
within Ng(D), then the function w® is a central character. We will call this the induced central

character of G from H. We will prove this assertion now.



Theorem 1.6 Suppose that G is a finite group, and let D be a p-subgroup. Suppose that H is a
subgroup of G such that D Cq(D) < H < Ng(D). Let w be a central character of kH, associated
to the block b. Then w® = w o o, and is a central character of G, associated to the block B.

Furthermore, both b and B have defect groups containing D.

Proof: We will first show that w® = woo. From this, and the fact that both w and o are k-algebra
homomorphisms, we see that w® is a central character of G. Since Cg(D) < H, for each conjugacy
class € of H, either ¥ is contained within Cg(D) or they are disjoint. Clearly then from the

G = woo. SowC is a central character of kG.

definition of w%, w

Since D < H, D is a subgroup of every defect group of every block b of kH, and so b has a
defect group containing D. Let B be the block associated with w®. Thus there exists a class of
p-regular elements € (with class sum ¢) with w(c) # 0 by Lemma 1.1. Then w(o(c)) # 0, and
so o(c) # 0. Thus there is some conjugacy class C' of H such that w(%) # 0, and this conjugacy
class is contained within . Since D < G, D is contained within every defect group of ¢, and
so D < Cy(z) for all z € € C ¥. Thus there is some x € € such that D < Cg(z) < Cg(x).

Therefore D is contained in some defect group of B. O

If DCq(D) < H < Ng(D), then we can create a function between the blocks of kG with defect
group containing D and the blocks of kH with defect group containing D by the map between
central characters with this property. It is this function which is called the Brauer Correspondence.

The Brauer Correspondence will provide the bijection that we need to prove the First Main
Theorem. However, for the correspondence to be bijective, we need to set H = Ng(D). We will
prove the theorem in stages, requiring several lemmas.

Firstly suppose that D is a defect group of the conjugacy class € in Ng(D). We know from
Lemma 1.3(iii) that D is a defect group of the conjugacy class € of G containing ¢, and that
¢ =% NCg(D). Since stating Lemma 1.3 we have defined the Brauer homomorphism, we can see

that if ¢ is the class sum of €, and ¢ is the class sum of €, then

so o(c) =e¢.

We have all of the information we need to show that the Brauer Correspondence that we defined
previously actually maps blocks of kNg (D) with defect group D to blocks of kG also with defect
group D. We knew before that it mapped them to blocks with defect group containing D, but this

is the extra refinement that we need.

Lemma 1.7 The Brauer Correspondence maps blocks of kG with defect group D to blocks of
kNg(D) with defect group D, and vice versa.

Proof: Let ® define the function w +— w®, where w is a central character of kNg (D). We must

show that a central character of kG with defect group D is mapped to a central character of k Ng (D)



with defect group D, and vice versa. Suppose that wy is such a central character of k Ng(D), and
that w¢ is such a central character of kG.

We suppose that ®(w) = w® has defect group D. Then by Lemma 1.1 there is a conjugacy
class € of G (with class sum c) such that € has defect group D and w%(c) # 0. By Lemma 1.3(ii),
¢ = € NCq(D) is a conjugacy class of Ng(D). The defect of € is equal to that of ¥ by Lemma
1.3(iii). Also, w(¢) # 0 since o(c) = ¢, so by Lemma 1.1 again, the block b of kN¢g (D) associated
with w has defect group a subgroup of that of €. But a defect group of b must contain D, since
D <O Ng (D). Hence D is a defect group of b. So if w® has defect group D, w also has defect group
D.

Now suppose that w has defect group D. Then, using Lemma 1.1 yet again, we find a conjugacy
class € of Ng(D) with class sum ¢ such that w(¢) # 0, and with D as a defect group. Denote by
% the conjugacy class of G which contains . Then by Lemma 1.3(iii) D is a defect group of €,
and € = € N Cq(D). So if ¢ denotes the class sum of €, o(c) = ¢. Then

w(c) = w(o(e)) = w(@) # 0.

Again, we can use Lemma 1.1 to show that D contains every defect group of w®. Now D was a
defect group of w, so since the Brauer Correspondence maps central characters with defect groups
containing D onto central characters with defect groups containing D, any defect group of w® must
also contain D. Hence D is a defect group of w®.

We have therefore proved that the Brauer Correspondence maps central characters with defect

group D onto central characters with defect group D, and vice versa. O

We now have to show that the function ® is bijective. We prove that & is one-to-one first.

Recall the k-subspace I from Lemma 1.2 — we will use this in the next proof.

Lemma 1.8 Let ® : w — w® be as before. Then ® is injective.

Proof: Suppose that w{ = w¥, but w; and wy are distinct. Let e denote the block idempotent of
by (where by is associated to wi). Then wi(e) = 1 and wy(e) = 0. Now Lemma 1.2 shows that e
is an element of the subspace of kNg(D) generated by the conjugacy classes of Ng(D) with D as

defect group. By the discussion before Lemma 1.7, I is contained within the image of o, and so

we can find i such that o(i) = e. But then wj(e) = wi(o(i)) = w{ (i), and similarly wa(e) = wf (4).
These are equal since w{ = w¢, but these are unequal since ws(e) # wa(e), a contradiction. O

Finally we show that ® is surjective.

Lemma 1.9 Let ® : w — w® be as before. Then ® is surjective.

Proof: Let B be a block of kG with defect group D. We need to show that there is a block b of
kNg(D) with defect group D such that b“ = B. In fact, we do not need to know that b has defect



group D, since this is implied from Lemma 1.7. So we only need to find a central character w of
kNg(D) such that w® is the central character associated to B.

Let e be the block idempotent of B. Then o(e) is an idempotent of kNg(D). So we can
divide the block idempotents of fi,..., f, of kNg(D) into two, those which feature in a decom-
position of o(e) into block idempotents and those which do not. Suppose that f; features in such
a (unique) decomposition, and let w be the central character of the block b which has associated
block idempotent f;. Then w® is a central character of G, and w%(e) = (w o o)(e), which becomes
w(X fi) = SSw(fi) = 1, by the definition of w. So w is the central character associated to the
block B, and we have found b, a block of k Ng(D) such that b = B, as required. O

We have finally proved Brauer’s First Main Theorem. This proof is based on that of [79], itself
based on [92]. Brauer’s original proof is in [16] — he offers an alternative proof in [18] and [19].
Other proofs include [75] and [94].

To close this section, we notice that if H is any subgroup of G containing NG (D), then Ny (D) =
Ng (D). So we can define the Brauer Correspondence between both G and Ng(D), and between H
and Ny (D) = Ng(D). Thus we have the following corollary to Theorem 1.4:

Corollary 1.10 Suppose that G is a finite group, D is a p-subgroup of G, and that k is a splitting
field for G of characteristic p. Then for any subgroup H of G containing Ng (D), there exists a
one-to-one correspondence between the blocks of kG with D as defect group, and the blocks of kH
with D as defect group.

1.3 Extended First Main Theorem

We have defined the Brauer Correspondence down all the way to D Cg(D), although we have
only shown that the correspondence is bijective down to Ng (D). This is because it fails to be
bijective below this. However, considerable information can still be gleaned, since although the
correspondence is not bijective, it is surjective, and bijective modulo a natural-looking equivalence

relation, that of two blocks being conjugate.

Definition 1.11 Let B and B’ be blocks of a group algebra kH, where H < G. Then B and
B’ are G-conjugate if there is an element g € G such that e9 = €/, where e and €’ are the block

idempotents of B and B’ respectively.

Suppose that y is an ordinary character lying in the block B. Suppose that B is G-conjugate to
another block B’, say €/ = g 'eg, where e and ¢’ are the block idempotents for B and B’. Consider
the character x’ obtained from y by the action x/(z) = x(¢ 'xg). If x is afforded by the module
M, then )/ is afforded by the module MY, where MY is the conjugate module with action defined
by mz = m(grg—'). Now M lies inside B, and so e ¢ ker M. Therefore M9(g~'eg) is non-zero,



since Me is non-zero. This means that MY lies in the block B’, and so conjugate modules lie in
conjugate blocks. In particular, we have also shown that €9 lies in BY.

Now consider the block B which contains the trivial character x1. So x lies in BY. But xJ = x1,
since x1(z) = 1 for all z, and so the B is not G-conjugate to any other block.

We will now consider the Brauer Correspondence below Ng (D).

Theorem 1.12 (Extended First Main Theorem) Let D be a p-subgroup, and suppose that
D Cq(D) < H < Ng(D). Then the Brauer Correspondence maps blocks with defect group contain-
ing D of kH to blocks of defect group containing D of kG, this map is surjective, and if by, by € kH,
then b§' = b5 if and only if by and by are G-conjugate.

In the same way as we proved the First Main Theorem, this proof will go in stages. Notice that
Theorem 1.6 has proven the statement that the Brauer Correspondence maps blocks with defect

group containing D to blocks of defect group containing D.

Lemma 1.13 Suppose that D is a normal p-subgroup of G, and let H be a subgroup of G contain-
ing D Cg(D). If By and By are blocks of kH with defect group D, then By and By are G-conjugate

if and only if B; and Bs have the same Brauer correspondent in kG.

Proof: Firstly suppose that By and Bs are G-conjugate. Let e; be the block idempotent of B;, and
notice that ef = ey for some g € G. Write f for ef, a central idempotent of kG. Since f is central
in kG, f9 = f. Let w denote the central character of B;. Then o(f) = e; + -+ + e, where the ¢;

are central idempotents of kKH.

L=wf(f) = wO(f)

This means that w(ef) = 1 for some . So e§ = ()¢ = €f, since their induced central characters

are the same. We can see this because a central character is determined by when it takes 1, and
we have shown that the central characters of both e{' and e take 1 on f. Therefore Bf = BY, as
required.

Now suppose that B¢ = BQG . If w1 and wy denote the central characters of By and By, we know
that w{' = wd. But wf¥ = w; o 0. This means that w; (3" a,x) and ws (3" a,z) (for © € Cu(D))
take the same value.

Now the sum of block idempotents ey, ..., e, that are G-conjugate to e; (the block idempotent

of By) lies in the centre of both kG and kH. Suppose that w; and wy agree on this region. If ¢



denotes the sum of the GG-conjugate block idempotents,

n
wile)=wi | Y e |,
j=1

and so wi(e;) = 1 and wa(e;) =1 for some 7, j. Hence By and By are G-conjugate.

It remains to show that w; and ws agree on this region. The image of ¢ is Z (kG) Nk Cq(D),
and so certainly w; and ws agree on this region. If € is a conjugacy class with a class sum not in
k Cq(D), it must intersect Cg(D) trivially, since Cg(D) is normal in G. But since D is contained
in every defect group (since D < G), Lemmas 1.3(i) and 1.1 imply that both central characters
vanish on this class sum. We have proved that wy and wy agree on Z (kH) \ Cg(D). Then w; and
wo agree on

(Z (kG) Nk Ca(D)) U (Z (kH)\ kCa(D)) = Z (kG) N Z (kH),

as required. O

This proves the first half of Theorem 1.12, since we have a bijective correspondence from G
down to Ng (D), and thanks to this lemma, a correspondence between Ni(D) (in which D is, of
course, normal) and H. The second part of Theorem 1.12 requires the map to be surjective. We

will demonstrate this now.

Lemma 1.14 In the situation of the Extended First Main Theorem, the Brauer Correspondence

defined is surjective.

Proof: Let B be a block of kG, with block idempotent e. Then o(e) is a central idempotent of
kH, and so splits up as a sum Y e; of primitive idempotents, with associated blocks b;. Now if w

is the central character associated with e;, then w(e;) = 1. However

wie) =woale) = wle;) =1,

G

and so w" is associated with the block B, and so the Brauer Correspondence is surjective, as re-

quired. O

In proving this, we actually showed that every factor of o(e) corresponded to B. By Lemma
1.13, this means that all factors of o(e) are G-conjugate. In fact, the factors of o(e) are the only
Brauer correspondents of B. A proof of this fact is given in [79]; we do not need this fact here.
Indeed, we need only the one implication of Lemma 1.13 in the next section.

Finally, remember that we proved that the block B containing the trivial character is not G-
conjugate to any other block. Together with the Extended First Main Theorem, this shows that B

is the unique block that corresponds to BE. This will be necessary in the next section.



1.4 The Third Main Theorem

Definition 1.15 The principal block of the group algebra kG is the block containing the trivial
character 1. We often denote it by By(G) or by(G).

Given this definition, we can now state Brauer’s Third Main Theorem.

Theorem 1.16 (Brauer’s Third Main Theorem) Let G be a finite group, and let D be a p-
subgroup of G. Let H be a subgroup with D Cg(D) < H. Let B be a block of kH with defect
group D. Then B is the principal block of kH if and only if B® is the principal block of kG.

We will prove this result in several stages, the first being to prove one of the implications in the

case where D < H.

Lemma 1.17 Suppose that H is a subgroup of G, with DCq(D) < H < Ng(D). Let B be a
block of kH with defect group D. If B is the principal block of kH, B® is the principal block of
kG.

Proof: Suppose that B is the principal block of kH. Let w denote the central character associated
with B. Recall that if x is an irreducible character of B, and if ¢ is a class sum of the conjugacy
class ¢ for which w(¢) # 0, then

o) — |71 X2)
() = [#155

where z € €. Applying this to x = 1g, the trivial character, gives w(¢) = || for all conjugacy
classes for which w(¢) # 0. Consider the induced central character w®, and let € be a conjugacy

class of G, with class sum c. Then if w%(c) # 0,
wO(e) = w(o(e)) = €' N Ca(D)],

since w(¢) = |€|. Let D act on % by conjugation. Then the fixed points of this action are those
elements of € centralized by all of D; i.e., those elements of ¥ who centralize D themselves. So,

since D is a p-group acting on a set, we have |Fixg(X)| = |X| mod p. In this case,
| N Ca(D)| =|%¢|] mod p.

Since k is of characteristic p, this means that w%(c) = w(é) for all conjugacy classes of G for which
w%(c) # 0. Thus w(c) = |%|. Using the fact that w®(c) = |%|x(x)/x(1), we see that x lies in the
same block as the trivial character; i.e., the principal block. So w? is associated to the principal

block, as required. O

However, proving the other way is harder, and requires the following lemma before the proof

itself.
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Lemma 1.18 Suppose that D Cq(D) < H < L < Ng(D), and that B is a block of kH with defect
group D. Then B is the principal block of kL if and only if B is the principal block of kH.

Proof: The one way implication is precisely that of Lemma 1.17. Since L < Ng(D), we have D < L.
Also, D Cg(D) < L. Let by denote the principal block of kD Cg(D). Since B” is the principal block
of kL, we can use Lemma 1.17 to get b5 = BL. Since the Brauer Correspondence is onto, there is
a block b of kD Cg(D) such that b/ = B. Then by the transitivity of the Brauer Correspondence,
bt = (WYL = BL. So b corresponds with the principal block of kL. But in the discussion of
the extension of Brauer’s First Main Theorem, we said that the principal block was in its own
equivalence class. Thus b = by is the principal block itself. Then we can apply Lemma 1.17 again
to b, which is the principal block of kD Cg(D), to find that b = B is the principal block of kH. [

Proof of Theorem 1.16: Now let G be a counterexample to Brauer’s Third Main Theorem,
so there exists a p-subgroup D of G, a subgroup H of G containing D Cg (D), a block B of kH
with defect group D such that B is the principal block of kG but B is not the principal block
of kH. Choose D to be of maximal order inside G subject to this system (G, D, H, B) being a
counterexample.

Firstly notice that D € G, else Lemma 1.18 would apply. This proof splits up into the cases
where H contains Ng (D) and when it does not. Firstly suppose that H < Ng(D). Let N = Ng(D).
BN has defect group Q, say. Since Q is a defect group of N, Q < N. Also, any element of G that
centralizes @ centralizes D, so C(Q) < Ca(D) < N. Thus Q Cg(Q) < N. Also (BN)¢ = B the
principal block of kG. So either BY is the principal block of kN, or we have another counterexample
to Brauer’s Third Main Theorem, namely (G,Q, Ng(D), BY). Since D was chosen to be maximal,
and D < @, we must have D = Q. So BY has defect group D.

By the First Main Theorem, there is a block B’ of kG such that (BY)Y = B’  and had D as a
defect group. But (BY)Y = B, and so is the principal block of kG. Thus D is a Sylow p-subgroup
of G, and so is a Sylow p-subgroup of every subgroup of G containing it. Thus D is a defect group
of the principal block b of kN, and so by Lemma 1.17, b¢ = BY, so (BY)% = b“, and by the First
Main Theorem, BY = b. But then Lemma 1.18 shows that B is the principal block of kH, since b
is the principal block of £N.

Now suppose that H properly contains Ng (D), and that B is a block of kH with defect group
D. We also have that B¢ is the principal block of kG, but B is not the principal block of kH. But
the Brauer Correspondence gives a bijection between the blocks of kH of defect group D to those
of kG of defect group D. Since B has defect group D, so must B¢, the principal block. This means
that D is actually a Sylow p-subgroup of GG, and so also a Sylow p-subgroup of H. But then if b
is the principal block of kH, then b has defect group D (since D is a Sylow p-subgroup, all Sylow
p-subgroups are conjugate, and the defect groups of a block form a conjugacy class of subgroups
of G), so by Lemma 1.17, b¢ = BY, the principal block. However, Brauer’s First Main Theorem
quickly shows that b is equal to B, so that B is the principal block of kH, as required. O

11



1.5 The Second Main Theorem

In the introduction to this chapter we mentioned generalized decomposition numbers, which we
will now proceed to define. As we have said in the preface, suppose that R is a complete discrete
valuation ring with maximal ideal J(R), such that R/J(R) is a finite field of characteristic p with
enough roots of unity for our purposes. Let K be a field of characteristic zero with R as its ring of
algebraic integers (so that K is its field of fractions and R is integrally closed in K).

We know that there exist free RG-modules V7, ..., V; such that every irreducible K G-module
is of the form V; ® g K for precisely one of the V;. Reduce modulo p the modules V;, and denote
these by V;. Let x* be the ordinary character afforded by V; ®z K. Then the function
b(z) = X'(x), x is p-regular

0, otherwise

is the modular character afforded by V;. Then the composition factors of V; are uniquely determined
by ¢'. Recall that the irreducible kG-modules are the quotients W;/J(W;), where the W; are the
indecomposable submodules of kG, (which are uniquely determined up to ordering by the Krull-
Schmidt Theorem). Then the number of times W;/.J(W;) appears in the decomposition of V; is
uniquely determined. We denote this by d;;, and call it the decomposition number. The matrix
D;j is called the decomposition matrix. (Also important is the fact that if C;; denotes the Cartan
matrix, then Dg;Dij =Cjj.)

The number [ is the number of conjugacy classes of G, and there are m, say, of the W;, where
m is the number of conjugacy classes of p’-elements of G.

Now let ¢ denote a p-element of G, and let C = Cg(t). Denote by x',...,x" and ¥',... ¢*
the irreducible ordinary and modular characters of C. Suppose that ¢!,... ¢! are the ordinary
characters of G. Then the restriction C}I can be written as a linear combination of the ordinary

characters of H. But each of the ordinary characters can be written as
S .
X'(z) = Z dijip’.
j=1

Furthermore, since every element of C' centralizes ¢, t is a central element of C, and so x*(t) = ju;,

where p; is a root of unity, and so is algebraic. Thus we can write

s

X () = pax (@) =Y (padiy )9 ().

j=1
Now consider ¢?(tz), which can be written as an integral linear combination of the X (tx), and

each of these can be written as an integral linear combination of the 1)/. Then we can write
S
¢t = ) diyy (),
j=0

and the dﬁj, the generalized decomposition numbers, are algebraic.

Given this theory, we can now state Brauer’s Second Main Theorem.

12



Theorem 1.19 (Brauer’s Second Main Theorem) Given the notation introduced in the above
discussion, suppose that dgj # 0 for some p-singular ¢, and C = Cg(t). If ¢ lies in the block B of
kG, and 17 lies in the block b of kC, then b“ = B.

The proof of this statement will not be given here, and will be delayed until Chapter 2. The
reason is that although the First and Third Main Theorems are proven without much reference to
modules, this theorem really is best done using the modules themselves. In particular, we will use

the Nagao Decomposition, which is described in Chapter 2.

1.6 Brauer Correspondence in S;

Denote by G the group S7, which we consider acting on the set {1,...,7}. Consider the blocks of
G. There are fifteen characters of G, corresponding to the fifteen conjugacy classes of G. These
are given in the table below. In this table, the conjugacy classes are labelled in ATLAS notation,
the classes being labelled as nX, where n refers to the order of the elements, and X is an indexer.
Where there is some ambiguity, 2A refers to (1 2)(3 4), 2B refers to (1 2), 2C to (1 2)(3 4)(5 6),
3Ato (123),3Bto(123)(456),4A to (1234)(56),4B to (1234),6Ato(12)(34)(567),
6B to (12 3)(45), and 6C to (123456). We list the characters up to multiplication by y,, the

alternating character. All characters except x3 can be multiplied by y, to give another irreducible

character.

1A 2A 3A 3B 4A 5A 6A 7A 2B 2C 4B 6B 6C 10A 12A
x1| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
Xa | 1 1 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1
x2 | 6 2 3 0 0 1 -1 -1 4 0 1 1 -1
x3 | 20 —4 2 2 0 0 2 -1 0 0 0 0 0
x5 | 14 2 2 -1 0 -1 2 0 6 2 0 -1 1 0
x¢ | 14 2 -1 2 0O -1 -1 0 4 0o -2 1 0o -1
x7| 15 -1 3 0o -1 0 -1 1 5 -3 1 -1 0 1 -1
xs |21 1 -3 0 -1 1 1 0 1 -3 -1 1 0 1 -1
xo | 36 -1 -1 -1 1 0 -1 0 5 1 -1 -1 1 0 -1

The reason for the lack of x4 and for the strange ordering of the conjugacy classes is that this
also serves as a character table for A7 as well. In A7, the character y3 splits as the sum of two
irreducible characters, called x3 and x4, and the class 7A splits into two as well. All of the classes
up to 7A are the classes of A7, and so the restriction of this table to those classes serves as an
almost complete character table (since the values of the now-split 7B and the now-split x3 and x4,
although not given, are deducible).

From this character table we can see that there are no blocks of defect zero for both primes
2 and 3, since there are no characters with degrees multiples of 16 or 9. This means that we do

indeed have some non-trivial block theory for 2 and 3.
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Using the formula x;(€)|%|/xi(1) = x;(€)|€|/x;(1) mod p if and only if x1 and x; are in the
same block, and the fact that we cannot have a block with no characters at all in it, we find that
for the prime 2 there are two blocks, and for the prime 3 there are three blocks.

For the prime 2, we have two blocks, say By(G) and Bi(G), where By(G) is the principal 2-
block. The block By(G) contains the characters x1, x5, X7, X8, and xg, together with their products
with x4. The block B1(G) contains the remaining five characters 2, x3, X6, together with their
products with x, (which in the case of y3 is just x3 again).

For the prime 3, we have three blocks, say by(G), b1(G) and ba(G), where by(G) is the principal
3-block. The block by(G) contains the characters x1, x3, X5, X6 and xg, together with their products
with x4. In b1(G) we have the characters x2, x7 and xg, with their products by x, in the block
b2(G). The reason that we now have to split these two is that the multiplication by y, actually
alters the sign of the central character, because we are not working over a characteristic 2 field.

We would like to know the defects of the blocks involved. Certainly By(G), the principal 2-block
of GG, has full defect, and so has defect groups the Sylow 2-subgroups of G. The six characters of
B1(G) each have degree a multiple of 2, and four do not have degree a multiple of 4. This means
that B1(G) has defect 3.

In the case p = 3, the principal 3-block of G has full defect, and so has defect groups the Sylow
3-subgroups of G. The three characters in b;(G) and the three in b2(G) all have degrees multiples
of 3, and so both b1 (G) and be(G) have defect 1. This obviously means that they have defect group
Cs.

Firstly, consider the 2-subgroups of G. Without loss of generality, we can restrict our attention

to subgroups of a particular Sylow 2-subgroup, which we construct now. Note that
1S, =2%.32.5.7.

If we can find a subgroup of G of order 16, we have found our Sylow 2-subgroup. Certainly we can
find a group isomorphic with Cj by taking the three involutions (1 2), (3 4) and (5 6). We can
act on this set by permuting two of these transpositions, say (1 2) and (3 4). So we can adjoin the
element (13 24), to get the p-subgroup P.

We know that P is the Sylow 2-subgroup generated by (1 2), (1 3 2 4) and (5 6). Then
the maximal subgroups of this group are ((1 2),(1 3 2 4)) = Ds, ((1 32 4),(56)) = Cy x Cy,
((12),(34),(56)) 2 C3 and ((14)(23),(12)(34),(56)) = C5.

We have found all of the possible maximal subgroups of P, and the defect group of B (G) must
be one of these. We now state a useful proposition. This was originally proved in [51], although

the proof we give here is due to Thompson (see [96]).

Proposition 1.20 Let D be a defect group, contained in a Sylow p-subgroup P. Then D = PN PY
for some g € G.

Proof: First we consider the case where a block B has defect zero. Then B contains an irreducible

kG-module, M say, that is projective. Let P denote a Sylow p-subgroup of G. Then Mp is free, and
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for each element of P\ {1}, Mp contains all of the elements of M fixed by it. Choose 0 # v € M
such that vz = v for all x € P. Since M is irreducible, there is some h € G such that vh ¢ Mp.
Suppose that ¢ € PN h~'Ph. Then, for some y € G, g = h~'yh, and

vhg = vh(h~*yh) = vyh = zh,

which is clearly fixed by g. But vh ¢ Mp, a contradiction to the fact that Mp contains all of the
elements of M fixed by the element g € P. Then g = 1, and PN h~'Ph = 1, as we need.

In the general case, let B be a block with defect group D, and let N = Ng(D). By Brauer’s
First Main Theorem, there is a block b in Ng (D) with defect D, and so this block’s correspondent
in Ng(D)/D has defect zero. So we have already proved that there exist p-subgroups P; and P»
of N such that P,/D N P,/D =1, and so Pi N P, = D. If Q; denotes a Sylow p-subgroup of G
containing P;, then Q; N N = P;. Suppose that this is false, so that @1 N Q2 > D. Since p-groups
are nilpotent, Ng,ng,(D) > D, and so Q1 N Q2 NN > D. But

QlﬁQzﬂN:(QlﬂN)ﬂ(QgﬂN):PlﬂPQZD,

a clear contradiction. Then the result is proven in the general case. O

In fact, this result can be strengthened somewhat. Alperin [2] has shown that D is, in fact,
the tame intersection of two Sylow p-subgroups; that is, D = PN Q, where Ng(D) and Np(D) are
Sylow p-subgroups of N¢g(D). This follows from a theorem of Green [53], where he shows that g in
the above proposition can be taken to lie inside Cg(D).

We can use these results to restrict the possible choices of defect group. However, in this case
it is not much help. This is because both ((1 2), (1 3 2 4)) = Dg and ((1 2),(3 4), (5 6)) = C3 are
tame intersections. So we need another way to calculate the defect group of B (G).

We construct the central character of Bi(G) from an irreducible character in B (G), say xa,
determining the conjugacy classes whose class sum does not vanish under w. Then we simply
find the Sylow 2-subgroups of Cg(z) (x € €) for these particular conjugacy classes, and pick the
smallest.

Let € be a conjugacy class with class sum ¢. Then w(c) = |€|x:(€)/xi(1) is the definition of
the central character. In this case, we consider x2 and the conjugacy class 3A. Then || = 70, and

3
w(e) = 706 =35#0 mod 2.

So the defect group of B; is contained within a Sylow 2-subgroup of Cg(z). But if 2 € €, then
Ca(z) =2 Sy x C5, and a Sylow 2-subgroup of this is isomorphic with Dg. Therefore a defect group
of By is isomorphic with Dsg.

Now consider Ng(Dsg), where this Dg is equal to the one determined above. Then certainly
Dg x S3 normalizes Dg. This turns out to be equal to the normalizer. In this case, P < Ng(Dg) = N,

and so the Brauer Correspondence is defined between kG and kN. Furthermore, it is bijective
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between the blocks with defect group Dg = D and between the blocks with defect group P as well.
Now Ng(D) has D as a normal p-subgroup, and so every block has defect group containing D.
This means that there are two blocks of kNg(D), one with defect group D, and one with defect
group P.

Now consider the characters of N. Since N is a direct product of Dg with S3, the characters
of N are simply the products of the characters of Dg and S3. Now, there are five characters of
Dg, with degrees 1, 1, 1, 1, and 2, and there are three characters of S3, with degrees 1, 1, and 2.
This means that there are fifteen irreducible ordinary characters of IV, eight with degree 1, six with
degree 2, and one with degree 4. We will now try to work out where these ordinary characters lie.

Let By(N) and By (V) be the Brauer correspondents of By and Bj respectively. All eight linear
characters of N must lie in By(NN). The Alperin-McKay Conjecture (see Conjecture 5.6) suggests
that there are four characters of degree 2 in By (V). This conjecture also suggests that there are two
characters of degree 2 in By(N). It seems likely that the character of degree 4 lies in By(N). (In
fact it has to, since the defect group of B;(N) is non-abelian, and Brauer’s Height Zero Conjecture
has been proven for p-soluble groups (see Conjecture 5.13) so all characters of a block are of height
zero if and only if its defect group is abelian. This also applies to By(IN), and so at least one of the

characters of degree 2 must lie in By(NV).)

Ds |1 (12)(34) (12) (1324) (13)(24)

Y1 |1 1 1 1 1 Ss |1 (56) (567)
Yo | 1 1 1 ~1 ~1 W11 1
s | 1 1 ~1 1 ~1 e |1 —1 1
ya | 1 1 ~1 ~1 1 w32 0 ~1
Y5 | 2 -2 0 0 0

We can show quite easily that the degree-four character x does not lie in the principal block:
consider the conjugacy class € = {(1 2)(34)(56),(12)(34)(57),(12)(34)(67)}. Then x takes the
value 0 on this conjugacy class, and so |€'|x(%)/x(1) =0 mod 2, contrary to the trivial character,
which takes value 3 =1 mod 2. So x ¢ By(N).

This method also works for 13x; for all other ¢, and so all five of these characters lie in Bj(N).
Finally, we must decide the fate of x511 and yss. Since we are working modulo 2, we need only
consider one of these characters, say xs11. In fact, rather than comparing the values of the central
character for all conjugacy classes with that of the trivial character, we will simply note that on
the same conjugacy class ¢ that we considered before, |€'|(x5¢1)(%)/(x5¢1)(1) =3 x (=2)/2=1
mod 2, which is different from that of x513. This means that they do not lie in the same block.

Therefore, all eight linear characters, xs11 and ys¢e lie in Bo(N), and all of the rest lie in
Bi(N). This agrees with the Alperin-McKay Conjecture and the Height Zero Conjecture.

Now we consider the prime 3. We know the defect group of by(G), and so we only need to

calculate the defect groups for the other two blocks. Consider the conjugacy class 2A, which has
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order 105, and the character y2. If x lies in 2A, then Cg(z) = S3 x (C21.S2), which has Sylow
3-subgroups generated by (up to conjugacy) (1 2 3). Now |2A|x2(x)/x2(1) =35 = —1 mod 3, and
so ((1 2 3)) is a defect group for b1 (G). Similarly, |2A|(x2xa)(%)/(X2Xa)(1) = =35 =1 mod 3, and
so the defect groups of b;(G) and by(G) are equal.

We fix some notation: let @ be a Sylow 3-subgroup of G, and R = ((1 2 3)). So Ng(R) = S3x Sy,
and has order 144, and Ng(Q) = S31.S2, and has order 72. Then Brauer’s First Main Theorem
says that Ng(Q) has only one block, naturally of full defect. It also says that Ng(R) has three
blocks, one of full defect and two of defect 1. This is because it acts bijectively on those of defect
1, and that it also acts (not necessarily bijectively) on those of defect more than 1. But since there
is only one such block, By(G), there must be a block in kNg(R).

Consider the characters of Ng(R) = S3 x Sy.

Syl 1 (12) (12)(34) (123) (1234)

vi|l 1 1 1 1 S |1 (56) (567)
2|1 -1 1 1 —1 W[ 101 1
xs |3 1 ~1 0 ~1 Yo |1 =1 1
xa |3 -1 ~1 0 1 Y3 |2 0 ~1
X512 0 2 -1 0

In the direct product Sy x S3, there are nine characters of degree prime to 3, which have to lie in
the principal block bo(NN), since the other two blocks must have defect 1. So we have to decide
where the other six characters — x4¢; and xs¥; for 1 < i < 3 — lie. Now the defect groups are
abelian, and so one of the consequences of the Alperin—-McKay and Alperin’s Weight Conjectures
is that all characters of By(/N) have degrees prime to 3 (see [62]). We will verify this now.
Consider the conjugacy class ¢ with representative z = (1 2)(5 6 7), which has order 12. Then,

working modulo 3, we have

€1 0xavn) (@) / (xawr) (1) = 0,
€| (xavr) (@) / (xarpr) (1) = 1,
€ (xath2) (@) / (xa¥2)(1) = 1,
€' (Xav3)(z)/ (xa¥3)(1) = 1,
€| (x5901) () / (x591)(1) = —1,
1€ (xsv2)(2)/ (xs5¢2)(1) = —1,
€1 (xs¢3)(2)/ (x5¢3) (1) = —1.

So bo(NN) contains all of the characters of degree prime to 3, b1(/N) contains the characters ya1;
(1 <i<3), and ba(N) contains the characters x5v¢; (1 <14 < 3).
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Chapter 2

Green Correspondence and Module

Theory

The Green Correspondence is one of the most fundamental results in the module-theoretic approach
to modular representation theory. First proven in 1964 by James Green in [52], this correspondence
links certain indecomposable RG modules with certain indecomposable R Ng (D) modules.

In the first section we will exhibit relatively projective modules as a natural generalization
of projective modules. Recall that a module is projective if it is a direct summand of a free
module. This is not the only characterization of projective modules: indeed, we have the following
theorem, whose proof is not given here and is easily available throughout the literature. Notice

that Proposition 2.3 is a variation of this theorem.

Theorem 2.1 Let R be a ring, and M an R-module. Then the following are equivalent:
(i) M is projective;
(ii) if ¢ is a homomorphism from any R-module N onto M, then ker ¢ is a summand of N; and

(iii) if N and L are two R-modules, and ¢ : N — L is onto and ¢ : M — L is any homomorphism,

then there is 8 : M — N such that the diagram

M

s
0 P
s

%

L

—
N ¢

commutes.

Once we have finished our discussion of relatively projective modules, we consider vertices,
which are minimal p-subgroups with respect to which our chosen module is relatively projective.
We will prove that minimal such objects actually exist, and form a conjugacy class of p-subgroups.

With the concept of vertex behind us, we can address the word ‘certain’ in the Green Corre-

spondence. ‘Certain’ can be replaced with ‘with a vertex in a collection of p-subgroups of G’. In
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fact, the correspondence holds for individual p-subgroups, so that if @ is a p-subgroup of G, there
is a naturally defined one-to-one correspondence between the indecomposable RG-modules with
vertex () and the indecomposable R N¢g(Q)-modules with vertex Q.

We then move on to prove the Nagao Decomposition, which splits up the summands of a
restriction of a module into two collections — one that consists of Brauer correspondents of the
block which the original module lies in, and the other that consists of modules whose vertices are
severely restricted in shape. This result can be used to give a link between the Green and Brauer
Correspondences.

Then we use the Nagao Decomposition to prove the Second Main Theorem in a way that is
both enlightening and easier than the character-theoretic proofs that are available, and the way
that Brauer proved it in [17]. The proof here is that of Nagao, and considerably simplifies the
calculations.

We need an important result, called Green’s Indecomposability Criterion, first stated and proved

in [50].

Theorem 2.2 (Green’s Indecomposability Criterion) Let G be a group, and H a normal
subgroup of index p. Suppose that M is an absolutely indecomposable RH-module. Then M,

the induced module, is also absolutely indecomposable.

We recall that we can assume that all of our indecomposable modules are absolutely indecom-

posable, since we can assume that R contains enough roots of unity for our needs.

2.1 Relatively Projective Modules

Recall the definitions of free and projective modules: if A is a ring, a module M is A-free (or simply
free if the context is clear) if there is a subspace U of M such that any linear transformation from
U to another A-module N can be extended uniquely to an A-module homomorphism M — N. A
module is A-projective (or simply projective if the context is clear) if it is a direct summand of a
free module. We will introduce the notation N|M to mean that N is (isomorphic to) a summand
of M. Then N is projective if N|M where M is free.

Now a subspace of a kG-module is simply a k1-module, so we could say that a kG-module M
is free if there exists a k1l-module U in M such that every kl-module homomorphism from U to a
kG-module N extends uniquely to a kG-module homomorphism M — N.

We can clearly generalize this notion, and say that a module M is relatively H-free if there is
a kH-submodule U of M such that any kH-module homomorphism from U into a kG-module N
extends uniquely to a kG-module homomorphism M — N. A module is relatively H-projective if
it is a summand of a relatively H-free module.

Similarly, we can consider RG modules, and say that an RG-module is relatively H-projective
and relatively H-free accordingly. Many of the results of this section apply equally well for either

R or k, echoing the statement made in the preface.
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The following characterization of relatively H-projective modules is due to Higman (see [55]
and [56]).

Proposition 2.3 (Higman’s Criterion) Let U be an RG-module and H be a subgroup of G.

Then the following are equivalent.

(i) U is relatively H-projective.
(it) Ul(Un)“.

(iii) Any homomorphism 1 of an RG-module V onto U which splits as an RH-module homomor-

phism splits as an RG-module homomorphism.

(iv) For any two RG-modules V and W, and any two RG-module homomorphisms 6 : V. — W
and ¢ : U — W, there is an RG-module homomorphism p : U — V, causing the diagram to

commute, if and only if there is such an RH-module homomorphism.

Proof: Suppose that (iv) holds, and let # be an RG-module homomorphism from V onto U. Let
W = U, and 1 be the identity. Then an RG-module homomorphism p : U — V exists if and only if
an RH-module homomorphism does, and by the commutativity of the diagram, pv is the identity.
This implies (iii).

Now suppose that (iii) holds. Let ¢ : (Ug)® — U be the canonical map. If this splits as an
RH-module homomorphism, it can be extended to an RG-module homomorphism, since (Ug)% is
relatively H-free, and so U|(Ug)%, proving (ii). Certainly if U|(Ug)“ then U is a summand of a
relatively H-free module, and so is relatively H-projective, demonstrating (i).

Finally, suppose that U is relatively H-projective. We need to show (iv). So U is a direct
summand of a relatively H-free module F' = U & U’. Let my be the projection onto U, and let
Y : F — W be 1 = ¢mry. If there exists p: F — V such that §p = v, then p = ply : U — V will
have the desired property that 6p = 1.

Suppose that p: U — V is an RH-module homomorphism causing the diagram to commute as
a diagram of RH-module homomorphisms. We can let p : FF — V be p = pmy. Then this is an
RH-module homomorphism, and so can be extended to an RG-module homomorphism since F' is

relatively H-free. This is as required, and so (iv) follows. O

Notice that every RG-module is relatively G-projective, from the definition of relative projec-
tivity. [Every RG-module is also relatively G-free as well.] A natural question is whether every

RG-module is relatively H-projective for some proper subgroup H of G.

Proposition 2.4 Suppose that P is a Sylow p-subgroup of the group G. Then if H > P, any
RG-module is relatively H-projective.

20



Proof: Suppose that ¢ : V — U is a homomorphism from V onto U, where U and V are RG-
modules. Suppose that ¢ splits as an RH-module homomorphism. So ker ¢ is a direct summand
of V, when we consider V' as an RH-module. Let 7 be the (RH-module) projection of V' onto
ker ¢ = M. We need to construct an RG-homomorphism 7’ which is the identity on M and is zero
everywhere else. Then 7’ is a projection, and so M is a direct summand of V' as an RG-module, ¢
splits as an RG-module homomorphism, and U is relatively H-projective.
Let G/H denote the set of right cosets of H in G, and let 7’ be defined by
o =|G:H|™! Z sms L,
s€G/H

where s denotes both the element of G/H and the corresponding linear transformation of V. We
need to show that this is an RG-homomorphism. Since s and 7 are linear transformations, so is
7'. The image of any element of V' is in M, since

©(V)=|G: H|™* Z stsTV C |G H| ™ Z stV = |G : H|™ Z sM=|G: H|™! Z M = M.
s€eG/H seG/H s€eG/H se€G/H

Also, 7 is the identity on M, since s~'v € M whenever V is, and so

W) =G H[T" Y smsTN o) =[G HTH Y s(sTHw) =[G HTN Y vo=|G:H|[ G Hjv =
s€G/H s€G/H s€G/H

Finally, we need to show that 7’ is an RG-homomorphism. Let g € G, and v € V. Then

m(gv) = |G : H| ™ Z sms Tl (gv) = |G H| Z g9 tsms 1 gu

s€eG/H s€G/H
=g|lG:H|™! Z g tsms g
s€G/H
—g|G:H|? Z ror v = gn' (v),
reG/H

1

since as s runs through all elements of G/H, so does g~'s. This means that g—!

s represents
every linear transformation of V' that s does, when summed over all right cosets. So ¢ is an

RG-homomorphism, as required. O

2.2 Vertices and Sources

The concept of a vertex is closely related to how projective a module is. A vertex of a module M
will be a p-subgroup such that M is relatively P-projective. By Lemma 2.4 we know that Sylow
p-subgroups fit this description. We choose a minimal such member amongst the collection of all

p-subgroups which satisfy this criterion.

Definition 2.5 Let M be an indecomposable RG-module. A p-subgroup @ of G is a vertex of M
if M is relatively Q-projective but not relatively P-projective for any P such that P9 < @ for some
g €qG.
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Since M is projective relative to a Sylow p-subgroup, vertices of M exist. We could equivalently
define a vertex as a minimal member of the partially ordered set of all p-subgroups P of G such
that M is relatively projective to P. Although we are guaranteed that vertices exist, a priori we
know nothing about their structure. In fact, all vertices of a RG-module M are conjugate. To

prove this, we need the Mackey decomposition formula, or Mackey’s Theorem:

Theorem 2.6 (Mackey’s Theorem) Suppose that H and L are subgroups of the group G, let
M be an RH-module, and let S be a set of double coset representatives for G with respect to H
and L. Then

(MG)L = @ ((MS)LﬂsHsfl)L

seS

Theorem 2.7 Let @) be a vertex of M, an indecomposable RG-module, and let H be a subgroup
of G. M is relatively H-projective if and only if H contains a conjugate of Q).

Proof: Firstly, if H contains ), then M is a direct summand of a relatively Q-free module. Trivially
from the definition of a relatively @-free RG-module F', F' is also relatively H-free, and so M is
relatively H-projective. Now suppose that Q9 < H. Then M is relatively QQ9-projective, since in
the equivalent conditions of relative projectivity, we can simply factor any homomorphism through
the conjugation isomorphism to get the required map. So M is relatively Q9-projective, and thus
is relatively H-projective, by the previous part.

Now suppose that M is relatively H-projective. We must show that H contains a conjugate of
Q. Since M is relatively H-projective, there is a module N with M|NY. Then My|(N%)g. By
Mackey’s Theorem, we can decompose (N) g via (Q, H)-double cosets, and get

(N = D (V) rnses) "
ses

where S is a set of double coset representatives. Then M divides this direct sum, so it divides
((NS)Hmst_l)H for some s since M is indecomposable. Then M| ((NS)HQSQS_1)G, and so this
means that M is relatively H N sQs~!-projective since ((NS)HQSQS—l)G is relatively H N sQs~ -
free. Then it is relatively (H N sQs~!)*-projective by the previous part of the theorem. But

(HNsQs ) =HNQ <Q,

and by virtue of the fact that @ is a vertex, H* N Q = @Q; that is, H® contains (), so H contains a

conjugate of (), as required. O

Dual to the concept of a vertex is that of a source: the two are so closely related that they are
often described together, whereas here we have separated the proofs of the existence of each. The
reason behind this is so that we can compare the concept of a vertex easily in the next chapter. So
now we discuss the idea of a source. In the proof above, we often needed the statement that M
is a summand of some induced module. In fact, there is an indecomposable RQ-module, which is

unique in Ng(Q), such that M is a summand of its induction to G.
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Theorem 2.8 Let () be a vertex of an indecomposable RG-module M. Then there is an inde-

composable RQ-module S, called the source, such that M |SG, and S is unique up to conjugacy in

Ne(Q)-

Proof: Since M|(Mg)®, M|SY for some summand S of Mg, since M is indecomposable. We
can clearly choose S to be indecomposable. Now suppose that V is some other indecomposable
RQ-module with M|VY. But S|Mg, and M|V so S|(V)q, and again by Mackey’s Theorem and
the fact that S is indecomposable, we decompose with respect to the (@, @Q)-double cosets to get
S| ((VS)QQSQSA)Q. Then since Q is a vertex, Q = sQs !, so s € Ng(Q), and V5 =V, 0

2.3 The Green Correspondence

In this section we will state and prove the Green Correspondence. We fix a particular p-subgroup,
@, and write N for the normalizer in G of this subgroup. We will define a one-to-one correspondence
between a subset of the indecomposable RG-modules and a similar subset of the indecomposable
RN-modules. In fact, we will define this correspondence for H > N, but even if we only defined it
for N, we could apply the same technique as we did in the case of Brauer’s First Main Theorem to

extend it to H > N. The first step is to define three types of subset that we will consider.

Definition 2.9 Let G be a finite group, @ a p-subgroup of G, and H > N (Q). Let X denote the
set
X={K:K<QnNQ for some g€ G\ H}.

[Notice that since H contains the normalizer of @, Q N Q* # Q.] Let M be defined by
N={K:K<HNQY for some g € G\ H}.

Finally, let 2 be defined by
A={K: K <Qand K7 ¢ X for all g € G}.

We can easily see that 91 contains X, and that since Q ¢ X (by the remark made after its
definition), @ € 2A. We extend the definitions of relatively H-projective to say that a module M is

relatively .7 -projective for some set of subgroups .7 if it is relatively H-projective for some H € 7.

Lemma 2.10 Let K be a subgroup of (. The following are equivalent:
(i) there exists g € G such that K9 € X;
(i) K € X;

(iii) K € M; and

(iv) there exists h € H such that K" € M.
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Proof: Suppose that there is some g € G such that K9 € X. So there exists x € G\ H such
that K9 < Q N Q*. Conjugating by ¢g~! and noting that g~ ¢ H, we have K < ng_l. So
K <QnNQ" " since K is a subgroup of Q. This proves (i)=>(ii).

The statement (ii)==-(iii) follows from the fact that X C M. The statement (iii)==(iv) is
obvious, so it remains to show (iv)==-(i). Suppose that (iv) holds, so that there exists some h € H
such that K" € M. Then K" < HN Q" for some x € G\ H. We can conjugate by h~!, and notice

that zh~! € G\ H, to get K < HNQ™ . Since K < Q, this gives K < QNQ ", as required. [

We want to understand how RG-modules and RH-modules relate to one another. The first

result is preliminary in nature, but indicates how the Green Correspondence may work.

Proposition 2.11 Let U be a RG-module with vertex (). Then there exist RH-modules V' and
V', both with vertex @, such that U|VY and V'|Uy.

Proof: U is relatively Q-projective, and so the source S of U is a RQ-module such that U|SY. In
the proof of Theorem 2.8, we showed that S|Ug. Notice that (S7)¢ = S, and so since U|SY,
U|VY for some summand V of S¥. Since (Uy)g = Ug and S|Ug, S|V¢, for some summand V'|Up.
We will show that both V' and V' can be chosen to have vertex Q.

Consider V first. Now V[SH and so V|SY, and V is relatively Q-projective. Let Q' be a vertex
of V, which can be chosen to be contained in (. Then there is some RQ'-module W such that
VIWH  and so VE|WE. Then U|W®, and so U has vertex @Q'. This means that Q = @', and V
has vertex Q.

Next consider V'. Now V'|Ug|(S%) g, and so we can apply the Mackey decomposition, to get

VDS mrruge-1)

teT

(where 7 is a set of representatives for the (H, L)-double cosets), and so V'|((S") grygi-1)" for
some t. So V' is relatively H NtQt~'-projective. Let Q' be a vertex of V/, contained in H NtQt ™1,
and T be a source for V', so that V'|TH. Notice that |Q’| < |Q|. Also, we know that S|V, and
hence S|(T*)g, so we can decompose (T*7)g with respect to the (Q,Q’)-double cosets, yielding

S’((TI)QOLBQ'z*l )Q’

for some z € H. But this means that S is relatively @ N zQ'xz~!-projective, and so |Q| <
|QNx@Q'z7!]. Since |Q’'| < |Q|, we can only have 2@Q'z~! = Q, and V” has vertex Q, as required. []

We shall now state the Green Correspondence, but its proof will require several preliminary

results.

Theorem 2.12 (Green Correspondence) Up to isomorphism, there is a one-to-one correspon-

dence between the set of all RG-modules with vertex in 2 and the set of all RH-modules with
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vertex in 2. Furthermore, it is defined by
Ug=VaX, Ve =UaY,

where X is a relatively 91-projective RH-module and Y is a relatively 9t-projective RG-module.

Furthermore, if U has vertex @, V has vertex Q) as well.

We will prove this theorem in several stages, the first being to show that V is a summand of

(VY) g, with an important restriction on the other summands.
Proposition 2.13 Let M be a relatively Q-projective RH-module, where Q < H < G. Then
(Mg =MaW,

where every indecomposable summand of W is relatively g@Qg~! N H-projective for some g € G\ H.
Proof: Since M is relatively Q-projective, there is some RQ-module N such that N¢ = M @& M,
where My is relatively Q-projective as well. Then

(N = D (V")) rrsge)”
ses

Now every module on the right-hand side of this expression is relatively H N g~'Qg-projective for
various ¢ € G. Since we can choose S to include 1, we see that N appears in this decomposition.

We can write
(N = (M) g & (M§)n.

But every term on the left-hand side is already H N g~'Qg-projective, and so therefore is every
term of M§. Since M|N|(MY)y, we see that we can write

(Mg =MaeW,

where W is as stated in the proposition. O

We can now prove the first half of the Green Correspondence, that of the decomposition of Ug.

Theorem 2.14 Let U be an indecomposable RG-module with vertex @’ in 2(. Then Uy =V & X,

where U |VG and X is a relatively 91-projective module.

Proof: Proposition 2.11 implies that there exists an indecomposable RH-module V' such that
U|VE, and V has vertex Q. Now Ug|(V®)y = V @ W by the previous proposition, with every
summand of W relatively Q"9 N H-projective, and so W is relatively M-projective, from the definition
of M. So Uy is isomorphic with a summand of V @& W, either V & X or X for some summand X of
W. Notice that W is relatively 9-projective, and so therefore is X. We aim to show that Uy % X,

and obtain the result.
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But by using the second part of Proposition 2.11, we see that Uy has an indecomposable
summand with vertex Q'. If Uy = X, a relatively D-projective and hence relatively X-projective
(by Lemma 2.10) module, this would mean that @’ € X, a contradiction to the fact that Q' € 2.
So Uy 2V & X, with X relatively 9l-projective, as required. O

Theorem 2.15 Let V be an indecomposable RH-module with vertex Q' in A. Then VE€ =U @Y,
where U is an indecomposable RG-module with V|Uy, and Y is a relatively OM-projective RG-

module.

Proof: Since V is relatively Q'-projective, there is some RQ’-module U such that UY = V&M (and
so M is relatively Q'-projective as well). Then UY = V&G @ M, and so (US) g = (V) g @ (M) g.

Now we can apply the Mackey decomposition theorem to get

H
(UG)H = @ ((US)HHSQ’S—l) .
sesS
where s is a set of (H, Q')-double coset representatives in G. But U* = U, and since we can choose
S so that 1 € S, we can write
U%)m =Un ® N,

where N is a direct sum of RH-modules which are relatively 9-projective. The Krull-Schmidt

Theorem now applies, yielding
VeM)eN=V9yo(M%g.

Using Proposition 2.13 on V', and the fact that V' is indecomposable, we obtain (VG) u=VayY,
where Y’ is a sum of relatively X-projective modules, and so there is some summand U of V&
such that Uy = V @Y, where Y is a summand of Y’, and hence consists of relatively 9-projective

modules, as required. O

From this we have enough to easily demonstrate the truth of the Green Correspondence. We
have to show that the two methods of defining the correspondence are equal; i.e., if Uy = V' @Y
or V¢ = U’ @ X for some other modules U’ and V' with vertex Q’, then U = U’ and V = V',
But the Krull-Schmidt Theorem, together with the fact that U, U’, V and V' are not relatively 91-
projective and both X and Y are, gives that U’ = U and V' = V. Thus the Green Correspondence
is proven.

We now give one final very useful result in this section, the Burry—Carlson—Puig Theorem. We

do not prove it here; the reader is referred to, for example, [64] or [10].

Theorem 2.16 (Burry—Carlson—Puig Theorem) Let @) be a p-subgroup of G, and let H be
a subgroup of G containing Ng(Q). If M is an indecomposable RG-module such that a summand

N of My has vertex D, then M has vertex D, and M and N are Green correspondents.
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2.4 Nagao Decomposition

Let us fix a p-subgroup D of G, and a subgroup H such that D Cg(D) < H < Ng(D). We quote
the following result of Curtis and Reiner, (see [26, 58.11]).

Theorem 2.17 Let e be a block idempotent of RG, associated with the block B. Then either
o(e) =0 mod J(RH)oro(e) => e; mod J(RH), where the sum is taken over block idempotents
e; of RH associated with blocks that are Brauer correspondents of B. Furthermore, o(e) = 0

mod J(RH) if and only if there are no Brauer correspondents of B in RH.

Although the statement of the Nagao Decomposition is accessible at this point, the proof requires

some of the concepts from Sections 3.1 and 3.2.

Theorem 2.18 (Nagao Decomposition) Let e be an idempotent of RG, and M an RG-module
such that eM = M. Then e = e; + ez, where e; and es are either orthogonal idempotents such
that e? = e; for arbitrary h € H, or one of the e; is zero, and the resulting decomposition of the
restricted module

Mg =e1M & esM

has the following properties:

(i) e1M is either zero or a direct sum of indecomposable RH-modules belonging to blocks that

are Brauer correspondents of e(RG); and

(ii) eaM is either zero or a direct sum of indecomposable RH-modules whose vertices do not

contain D.

Proof: Let B denote the block with idempotent e. Consider o(e). Then by Theorem 2.17, o(b) is
congruent modulo the (unique) maximal ideal of A” to the sum of the block idempotents of RH
that are Brauer correspondents of B. So either o(e) = 0 or o(e) = € modulo the unique maximal
ideal J(AH). If o(e) =0, let €= 0. Let e; = €€, and ez = e(e — €). Then e = e; + €3, and ey and

eo are orthogonal. Also, since e; € A, el =¢; for all h € H. Also,

h =
M =eM = (e; +ea)M = e M @ ea M.

Since M = eM, ey M = eM, and so (i) is true by construction of e. We will now demonstrate (ii).

Let € be a conjugacy class of G, with class sum ¢, and write ¢ = ¢; = ¢y, where ¢; = o(c).
Then ¢, is a sum of elements each of which lies outside Cg (D). Since C(D) < H, € splits up as
1 U 63, where ¢; is the class sum of %, and %; is a union of conjugacy classes of H. Lemma 3.10
implies that, modulo J(A), Ag, = ), RC;, where each class sum C; comes from a conjugacy class
with defect group contained within D. So let x € %5, and let D’ be a defect group of 5. Then
D' € AR, and since = does not centralize D, D £ D'. So ¢ — ¢; belongs to A%, for some D' < H

that does not contain D. Thus

c—o(c) € Z Al

DD’
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But the block idempotent e is a linear combination of class sums, and so

e—o(e) e Z Al

DLD!

Now A%, is an ideal of AT, and so e(e — o (e)) € Z A But e(e —o(e)) = ez mod J(AM), and

DLD'
SO

ez € Y Af 4+ J(AT).
DLD!
Either e3 = 0 or ey is a sum of primitive orthogonal idempotents that live in A¥, and so live in

Z Al 1+ J(AH), since this is an ideal and ey lies in this ideal. We can use Rosenberg’s Lemma,
DLD'
Theorem 3.1, to show that each of these primitive idempotents lies in one of the Ag, for some

D £ D'. So these primitive idempotents are sums of indecomposable modules that are relatively

D’-projective, and so have vertices not containing D, as required. O

We will give a link between the Green and Brauer Correspondences in the next result, which
can be found in [26, §59].

Corollary 2.19 Let H = Ng(D), and suppose that M is an indecomposable RG-module. Let
M’ be its Green correspondent in H, an indecomposable RH-module, and suppose that both M
and M’ have vertex D. Then M and M’ lie inside blocks that are Brauer correspondents of one

another.

Proof: Let B be the block that M’ lies in. The Green Correspondence demonstrates that M'| My,
and so since M’ is indecomposable, it is a summand of either e; M or eo M, where these are given in
the Nagao Decomposition. If M’'|eaM, then M’ does not have vertex D, contrary to assumption.

If M'|e; M, then M’ belongs to a block that is a Brauer correspondent of B, as required. O

What this result says is that the Green Correspondence behaves well with respect to the Brauer
Correspondence: the Brauer Correspondence maps sets of kH-modules to sets of kG-modules, and
the Green Correspondence maps individual RH-modules to individual RG-modules, but respects

the partitioning that the Brauer Correspondence sets up.
2.5 Brauer’s Second Main Theorem

Before we start, recall the following famous result of Green, which he proved in [51].

Theorem 2.20 (Green’s Theorem on Zeros of Characters) Let @) be a p-subgroup of G,
and let H > @. Suppose that M is a relatively @-projective RH-module. If z is an element
of G whose p-part is not H-conjugate to an element of @), then the character afforded by K ® p M

is zero on x.
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Proof: Let ¢t denote the p-part of x. By assumption, ¢ is not an element of D, so in particular is
not the identity. Hence o(x) is a multiple of p. Set K = (z) and L = (2P). Then |[L : K| = p
and L < K. (We are planning to use Green’s Indecomposability Criterion here.) We know that M
is relatively Q-projective, and so there is an RQ-module N such that M|N*. Then, by Mackey’s

Theorem,

(NT) e = PN ko)™,

ses
where s is a set of representatives for the (K, Q)-double cosets of H. But since t is not H-conjugate

to an element of Q, t ¢ Q" for all h € H, and so Q" N K < L. So we can write (N*) as

Nk = D (V)xre)")"

seS
Now (Ngngs)* can be written as a direct sum of indecomposable RL-modules, say (Nxngs)t =
@ V:. Then for each V;, VZK is indecomposable by Green’s Indecomposability Criterion, and so
(Nknos)¥ is a sum of indecomposable RK-modules. But K is abelian and x ¢ L, so the trace of
any induced indecomposable representation from L to K vanishes on z. Thus the representation
afforded by (IV Ksz)K takes zero on x. But Mg is a sum of such modules, so vanishes on z. Thus

M vanishes on x, as required. O

The proof given here of Brauer’s Second Main Theorem follows that of Curtis and Reiner (see
[26]), itself based on Nagao’s proof. We first give a preparatory lemma, which relates characters to

the Nagao Decomposition of the previous section.

Lemma 2.21 Let e be a block idempotent in RG, and let M be an RG-module such that eM = M.
Let x € G, and write x = vu, where v is p-regular and w is p-singular. Set D = (u), and H = Cg(u).
Let

Mg =e1M ®esM

be the Nagao Decomposition of Mpyg. If x is the character of K ® g M and 1 is the character of
K ®p e1 M, then x(x) = ¢(x).

Proof: Certainly, since M = ey M @ eo M, the trace of the representations p, p; and po afforded by
the modules M, e; M and eg M, satisfy

Tr(p(x)) = Tr(p1(2)) + Tr(p2(x))-

Now Tr(p(z)) = x(z), and Tr(p1(z)) = ¥(z), so we are actually trying to show that Tr(pa(z)) = 0.
So let V be an indecomposable submodule of eaM. Then V does not have vertex containing D.
Let @ be a vertex of V, and notice that V' is an RH-module that is relatively Q-projective. Since
V' does not have vertex containing D, D € (. But this means that since H = Cg(u), u is not

H-conjugate to an element of ). Then Theorem 2.20 above demonstrates that the trace of V
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vanishes on x. This was an arbitrary summand of eo M, and so the result follows. O

We can now give Brauer’s Second Main Theorem. At this point, the reader is advised to look

back at the end of Chapter 1, where we defined the generalized decomposition numbers.

Theorem 2.22 (Second Main Theorem) Given the notation introduced in the above discus-
sion, suppose that dgj # 0 for some p-singular ¢, and C' = Cg(t). If ¢’ lies in the block B of kG,
and 17 lies in the block b of kC, then b = B.

Proof: Since ¢’ is an irreducible ordinary character of G, it is afforded by some module K @ M.
Then, if e is the block idempotent of B, eM = M. Let

Mo =e1M @& esM

be the Nagao Decomposition of M. Suppose that x is an element of G with p-part ¢, and write
r = tu. Then Lemma 2.21 tells us that ¢?(x) = x(z), where x is the character afforded by the
module e; M. But Theorem 2.18 says that e; M is either zero or a sum of indecomposable RH-
modules belonging to blocks that are Brauer correspondents of B. If ((f)y denotes the contribution

to (g from irreducible characters of H lying in the block ¥/, we have

C(x) = Z (Ca)y ().
(v)¢=B
Now, if b" does not correspond to B, then (¢x)y(z) = 0, since the contribution to (g (z) from
every summand of eo M is zero. Since each ordinary character can be written as a linear combination
of modular characters in its block, and the modular characters in a block are linear independent,
this implies that dfj = 0 for all modular characters ¢/ for which b # B. Then the result follows.
O
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Chapter 3

G-Algebras

The notions of defect groups and vertices look very different. However, they are intimately linked,
via the notion of G-algebras. These were first introduced by Green [53] in 1968, although it was
not until the time of Puig in the 1980s that the theory really came of age. In [23], Broué and Puig
generalize the Brauer homomorphism, first considered in [16] and [17] with regards to blocks, to
get the Brauer map, defined between subalgebras of fixed points of a particular G-algebra. The
next development came in [76], where Puig extended the notion of subpairs created by Alperin and
Broué in [6] to that of pointed groups. By considering ordering between pointed groups, we can
extend the notion of defect groups to pointed groups.

The main aim of this chapter is to see how the block-theoretic and module-theoretic methods
are similar. As such, we do not prove many important results in this chapter. One particularly
important result is that there is a correspondence between pointed groups, called the Puig Cor-
respondence, which mirrors that of the Green Correspondence; in fact, it is possible to derive the
Green Correspondence from the Puig Correspondence. For the statement and proof of the Puig
Correspondence, see [95], the book by Thévenaz.

In this chapter we will need an important result from commutative algebra.

Theorem 3.1 (Rosenberg’s Lemma) Let R be an artinian ring, and Iy,..., I, be a collection

of ideals. If a primitive idempotent lies inside I + - - - + I,, then it lies inside I; for some j.

3.1 G-Algebras

In this short section we will give the definition of a G-algebra and interior G-algebra, and give two

fundamental examples of G-algebras.

Definition 3.2 Let A be an R-algebra, and let ¢ : G — Aut(A) be a group homomorphism. Then
A is said to be a G-algebra. If instead A is equipped with a map ¢ : G — A* (the group of units of
A), then A is said to be an interior G-algebra.
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Notice that since there is always a homomorphism v : A* — Aut(A) by sending a to conjugation
by a, an interior G-algebra is always a G-algebra because we can construct the map ¢. The existence
of this homomorphism ) is why interior G-algebras are so-called: conjugation by a is an inner
automorphism. There is no uniqueness regarding (; there may be more than one way of making a
G-algebra into an interior G-algebra. Also, there exist G-algebras that are not interior GG-algebras.

Notice that G can act on A by filtering through ¢; if a € A and g € G, then a9 = (¢(g))(a), the
element a is sent to by the automorphism ¢(g). This action is very natural, and will be considered

in the sequel. We will call this action the left G-action on A.

Example 3.3 As an example of an interior G-algebra, consider the group algebra RG itself. The
map we need is immediately obvious: g — 1-g. This makes RG into an interior G-algebra. Indeed,
this is one of two very important examples of interior G-algebras, which we will consider in the rest

of this chapter.

This is the first of two G-algebras that we shall consider, although there are more examples
around, for example, the twisted group algebras — see [95] for more information on these and other
G-algebras.

Before we continue with the other main example, we recall how modules are connected with
representation theory. An R-module M together with a map G — Autgr(M) can be easily made into
an RG-module, and any RG-module can be thought of as an R-module with a map G — Autr(M).

Example 3.4 Consider an RG-module M. So we have the map ¢ : G — Autr(M). Let A =
Endgr (M), which is an R-module. Then Autp(M) = A*, and therefore we have a map ¢ : G — A*.
This makes Endr(M) for any RG-module M into an interior G-algebra.

The reason that these two interior G-algebras are important lies in the Brauer homomorphism,
although it does not look that way at the moment. In the next section we will define an important
map Br, which we will call the Brauer map, between a certain subset A7 of A, and a quotient of

Af Tt will become clear as to why this map is called the Brauer map.

3.2 Defect Groups and the Brauer Map

For this section, we let H be a subgroup of GG, a finite group, and consider a G-algebra A. Recall
the left G-action on A given by a9 = (¢(g))(a), and that this is an automorphism of A. It seems
natural to consider the set of all elements of A fixed by this action. Then this is a subalgebra, since

a — a9 is an automorphism.
Definition 3.5 Let H be a subgroup of G and A be a G-algebra. The set A is given by

Al ={aec A:a"=aforall hc H}.
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Since it is the intersection of subalgebras, A is also a subalgebra. However, it is not necessarily
a G-algebra. Now consider a conjugate g~ Hg of H. Since ¢ is a homomorphism, (a9)% = a9192,

and so if a € A" and h € H,
(ag)gflhg — a9 = a9,

and so aY is fixed under the action of g~'Hg. Now suppose that g € Ng(H). Then a9 is fixed
by g 'Hg = H, and so a9 € A”. So A" is preserved under the left Ng(H)-action. This means
that the map ¢|n : Ng(H) — Aut(A) is defined, since if g € Ng(H), then ¢(g) acts as an
automorphism which preserves AX (because (4(g))(a) = a9 € A7), and so we can make A into
an Ng(H)-algebra. We can also make A into an interior Cq(H)-algebra: if g € Cg(H), then
C(g) =g-1in A, and certainly g-1 € A, since g" = g for all h € H (as g centralizes H). Thus
Clog(rry maps into AH

Now suppose that K is a subgroup of H, and let T" be a right transversal of K in H. Before we
describe the Brauer map, we need to consider another map, called the relative trace map, Tr% (see
[53], although Green denotes this by Tk ). This is defined as

e . AR - AH Trg:aHZah.
heT

We first ought to check that this map is well-defined. But if 7" is another transversal, then for
t € T and ¢ € T" with ¢, in the same right coset. Then ¢ = kt for k € K, and a* = (a¥)! = o,
so this map is indeed well-defined.

h

Since a +— a" is a homomorphism, Tr% is also a homomorphism. This means that the image of

TriL(AK), written AL is a subalgebra. In fact, it is an ideal. This follows from (i) and (ii) of the

lemma below, which collects several properties of the trace map that we will need.

Lemma 3.6 Let H, K and L be subgroups of G with L, K < H, and let T and 7 be sets of
representatives for the K cosets of H and the (K, L)-double cosets of H respectively.

(i) bTril(a) = Trf(ba) for all a € AX and b e AH.
(ii) Tr(a)b = Tri(ab) for all a € AKX and b € AH.
(iii) If L < K, Tri Trl = Trll.

(iv) Tr(a) = Xyer Trinp(ah).
(v) ARAY < Ypem Afbnnr
Proof: Let a € AKX, and b € A”. Then

bTrii(a) = bz a = Z brah = Z (ba)" = Tri (ba),

heT heT heT

and

Tri (a)b = (Z ah) b= "' =" (ab)" = Trf(ab),

heT heT heT
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proving (i) and (ii).
To prove that the trace map is transitive is fairly straightforward: if T" is a transversal to K in

H, and S is a transversal to L in K, then ST is a transversal to L in H, and

t
T Tl (a Z(Za) :ZQSt:Trga,
t,s

teT \seS
proving (iii).
Now let 7 be a set of representatives for the (K, L)-double cosets. Then for each ¢t € 7, we

can find a K' N L transversal of L, say S;. Then the union .7 of all of the transversals tS; is a

transversal of K in H, and so

Tri(a Z a' = Z Z a ZTrIL(tmL(at)

teT te7T ues teT

proving (iv).
Now consider Tr(a) Tr (b), for a € AX and b € AL. Then by (i),

Trif(a) Tl (b) = Tof] (Tri(a)b),
and by (ii) and (iv),
Ty (Tri (a)b) = Try (Z TthmL ) :
teT

Finally, by (iii), the transitivity of the trace map,

T (ZTthmL hb) ZTthmL (a"D).

teT teT

So ALAI consists of elements in Y, Agth, proving (v). O

Parts (i) and (ii) demonstrate that indeed AZf is an ideal of AH.

We now come to the definition of a defect group, given in [53]. In this paper, Green first defines
defect groups of G-algebras, then shows that the two notions of defect group coincide when our
G-algebra is RG (or kG), and this notion of defect group coincides with the notion of a vertex

when the G-algebra is Endr(M), for M an indecomposable R-module.

Definition 3.7 Let A be a G-algebra over R or k, and let e be a primitive idempotent in A®. If
ee€ Ag and whenever e € Afl for any H of GG, some conjugate of D lies in H, then D is said to be
a defect group of the idempotent e.

In this definition, we have associated a defect group to an idempotent. This can be reconciled
with the definition of defect group we already have by noting that to every block there is associated
a unique primitive idempotent. We now show that these objects exist. The following result is due
to Green [53].
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Theorem 3.8 Let A be a G-algebra, with a primitive idempotent e. Then a defect group D of e

exist, any two defect groups are conjugate, and D is a p-group.

Proof: Consider the partially ordered set of all subgroups H of G such that e € Ag. This set is
non-empty, since e € Ag. Let D be a smallest member of this set. Then e € D. Now suppose that
H is another subgroup such that e € A%. By Lemma 3.6(v),

e € AGAG <Y Afunp.
geqG
By Rosenberg’s Lemma, Theorem 3.1, e lies in one of the ideals Aggm p- But D was chosen to be
the smallest group with e € A%, so HY contains D. Then H contains D!, as required.
Finally we need to show that D is a p-group. Equivalently, we can show that for some Sylow
p-subgroup P, e € AIG_;. Then some conjugate of D must lie inside P, making D a p-group. Let
a € A%. Recall that therefore a € A”. Then

Tr%(a) = Z a’,

geT

where T is a transversal to P in G. But a € A%, so Tr%(a) = |G : Pla. But |G : P| is not divisible
by p, and so an inverse to |G : P| exists, and notice that as a constant, it lies inside A%, So by
Lemma 3.6(i),

G a e
TTP(G;P\>_|G'P| Trg(a) = |G : P|" |G : Pla = a.

Therefore AIG3 = A%, and since e € A%, e € Ag, proving that D is a p-group. O

We have associated a defect group to a G-algebra. In the next section we shall prove that the
two notions of defect group coincide, as well as show that in the case of the G-algebra Endgr (M),
the defect groups are the vertices. We will end this section by defining the Brauer map.

Earlier, we showed that Ag is an ideal of A”. We will use this fact to define the Brauer map.
Since A% is an ideal of A" for all K < H , we can take the sum of various of these ideals. We will

also quotient out by the Jacobson radical of this quotient ring to get
Brj - AT — A(P),

the canonical surjection given by quotienting A by the ideal Z Ag + J(AT). This is called the

Q<P
Brauer map. Note that this is the zero map unless P is a p-group.

3.3 kG and Endgr(M)

Our first aim is to show that the G-algebra and block-theoretic definitions of defect group coincide.
Because of the obvious confusion that may arise in this section, we refer to the block-theoretic

defect groups as ‘class defect groups’, until we have shown that they do, indeed, coincide. Our first
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result is Osima’s Theorem, which gives an equivalent definition of the class defect group of a block

idempotent.

Theorem 3.9 (Osima’s Theorem) Suppose that P is a p-subgroup of G. Let Mp be the sub-
module of Z (kG) generated by the class sums of conjugacy classes with defect group contained in
P. Then Mp is an ideal of Z (kG). Let B be a block of kG, with block idempotent e. Then D is a
class defect group of B if and only if e € Mp but e ¢ Mp for P < D.

We can see that this formulation of class defect group looks much more likely to be shown
equivalent to that of a defect group. Before we prove this, we need a lemma, which we made use

of in the proof of the Nagao Decomposition, in the previous chapter.

Lemma 3.10 Let A denote the G-algebra RG, and let H be a subgroup of G. Then A has a
basis consisting of the class sums corresponding to the H-conjugacy classes. If D < H < G, and
D is a p-subgroup of G, then

Al = ZRCZ‘ mod J(AM),

where the terms in the sum are all H-class sums ¢; whose conjugacy classes have class defect groups

H-conjugate to a subgroup of D.

Now let e be a block idempotent lying in A®. Suppose that e has defect group D. Then e € A%,

and so may be written as

e= Z a;c; + Z bjc; mod J(AY),
D;=D D;j<D

where the first sum consists of class sums whose conjugacy classes have class defect groups conjugate
to D, and the second sum consists of class sums whose conjugacy classes have class defect groups
conjugate to proper subgroups of D. If a; = 0 for all 4, then e would be in ) A%/ over the proper
subgroups D’ of D, and so lies in one of the Ag, for some D’ by Rosenberg’s Lemma, contradicting
the fact that D is a defect group for e. Thus one of the a; is non-zero, and so by Osima’s Theorem,
D is a class defect group for e. By reducing modulo the Jacobson radical, the class defect groups
and the defect groups coincide when the G-algebra is kG, as we have asserted. So from now on, we
will simply refer to class defect groups as defect groups, as before.

Our next task is to consider the G-algebra Endgr(M), where M is an RG-module. Recall
Higman’s Criterion, Proposition 2.3. At that time, we did not have the relative trace map, and so

could not give one of the equivalent conditions for relative projectivity.

Proposition 3.11 (Higman’s Criterion) Let U be an RG-module and H be a subgroup of G.

Then the following are equivalent.
(i) U is relatively H-projective.

(ii) There exists f € Endpg(U) such that Tr$(f) = 1.
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The proof of this fact is given in [35, I1.3.8].

Example 3.12 Consider the G-algebra A = Endg(M), where M is indecomposable. We will
show that the defect groups of A are simply the vertices of M. Recall that the action of G on A
worked by sending ¢ € A to g '¢g, which makes sense because gm is defined for m € M. If H
is a subgroup of G, then A is the subalgebra of A that is fixed by this action, so it is all of the
R-endomorphisms of M that commute with h € H; i.e., all RH-endomorphisms of M. Now since
M is indecomposable, 1,7, the identity morphism, is a primitive idempotent of A (since it clearly

belongs to A%). Now if H is any subgroup of G,
1y € A — 1=Tr%(9),

for some ¢ € A, the set of all RH-endomorphisms of M. But this is precisely Higman’s Criterion,
and so 1,7 € Ag if and only if M is relatively H-projective. Then clearly the two concepts of defect
group, as a minimal subgroup D such that 1 € A%, and vertex, as a minimal subgroup D such that
m is relatively D-projective, are equivalent.

So the defect groups of Endg(M) are the vertices of M, as we have asserted before.

3.4 Pointed Groups

In this section we will introduce most of the definitions and terminology that are required to study
Puig’s work on G-algebras. Pointed groups are fundamental tools in this approach to representation

theory. First, we recall the definition of a point:

Definition 3.13 Let A be an R-algebra. A point of A is a conjugacy class of primitive idempotents
of A.

The reasoning behind calling these conjugacy classes points is that they are in one-to-one
correspondence with the maximal ideals of A, the correspondence being defined by sending the

maximal ideal to the unique point that is not contained within it.

Definition 3.14 Let A be a G-algebra. A pointed group on A is a pair (H,«), where H is a

subgroup of G and « is a point of AH.

Following [76], we will denote a pointed group (H, «) by H,. We will want to consider pointed
groups as a generalization of the notion of subgroups, and so we need to define a partial order
between pointed groups. Let H, and Kz be pointed groups. Suppose that K < H. Notice that
every element a € AM is also an element of A%X. Then we write K 3 < H, if for some idempotent
e € a, there is some f € (§ such that f appears in a decomposition of e, viewed as an element of
AKX,

More formally, we can define the restriction map, rif : A — AK given by simply embedding
Af into A®. Then for two pointed groups H, and Kg, we say that Kg < H, if K < H and for
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some e € « there exists f € § such that a decomposition of r%(e) includes f. Alternatively, we
can write this as for some e € « there exists f € 3 such that f = efe. In fact, if it is true for
some e € q, it is true for every € € «, since ¢/ = g 'eg by the definition of a point, and so ¢! fg
appears in a decomposition of 7£(e’).

We can introduce another relation as well as <: we say that H, is relatively Kg-projective
if K < H and a C TriZ(AKBAK). Let us examine what this second condition means — firstly,
ABBAK is an ideal of AKX (we need this rather than AX 3 since AX is noncommutative). This
means that Tr%(AKBAK) is an ideal of A, by Lemma 3.6. So oo C Trg(AKﬁAK) simply means
that one of the e € « is also in this ideal, since we can conjugate to get the rest. In fact, if we write
I for Tr%(AKﬁAK), then e € I if and only if @ C I, and « C I if and only if AHaA® C I. So we
can see this as the fact that the principal ideal generated by 3, then filtered through Tr%, contains
the principal ideal generated by a.

Example 3.15 Consider the G-algebra A = RG. Then A® = Z (RG), and a point of AY is simply
a block idempotent of RG. This gives us pointed groups (G, e), where e is any block idempotent
of G. Now Z (RH) C A™ and so corresponding to any block idempotent of RH there is a point of

A and so a pointed group.

We now define the concept of a local pointed group. Our final aim is to define yet another
formulation of defect group, this time for pointed groups. As such, they will be called defect
pointed groups. We first define the notion of a local pointed group.

Definition 3.16 A pointed group P, of a G-algebra A is a local pointed group if Br}@(a) #0. In

this case « is called a local point of P on A.

Of course, this definition precludes the possibility that A(P) = 0, so in particular P has to be a
p-group, as the notation suggested. We can take the collection of all local pointed groups contained
within a particular pointed group, and choose the maximal elements. These will be p-groups, of
course, and so we will have picked a collection of p-groups that have been maximized with respect

to inclusion. This sounds a lot like defect groups and vertices, and in fact they are the same thing.

Definition 3.17 Let A be a G-algebra, and H, be a pointed group (so that a is a point of A7),
Let . denote the set of all local pointed groups P, for which P, < H,, in the sense defined above.
Partially ordering this set with respect to <, the maximal elements of .% are called defect pointed

groups of Hy.

It turns out that the maximal local pointed groups contained in H, are also the minimal groups
P, such that H, is relatively P,-projective (see [95, 18.3]).

We can already see that the definition of a defect pointed group may well be applied to the
G-algebra RG, whose pointed groups G, are simply (G, e) where e is a block idempotent. So we
would essentially be associating a p-subgroup of G to a block idempotent.

We now state without proof a result regarding defect pointed groups (see [76, Theorem 1.2]).
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Theorem 3.18 Let H, be a pointed group on a G-algebra A. If P is a minimal subgroup of G
such that a C A%, there exists a local point v of P such that o C Tr&(APyAP).

Example 3.19 Consider the G-algebra A, and let G, be a pointed group of A. Let Pg be a defect
pointed group of G. Then G, is relatively Pg-projective, and so a@ C TYIGD(AP BAF) C AIG;:. Thus
« is contained in Ag, and every idempotent of o has a defect group contained within P. Let () be
such a defect group. Then if e € a, e € AG, and so by the above result, there is some local point ~
of ) such that

aC Trg(AQvAQ),

and so G, is relatively QQ-projective, contrary to the hypothesis that Pg is a defect pointed group
of G4. So the defects of G, are equivalent to the defect groups of e, where o = {e}.
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Chapter 4
Simple Group Theory

The applications of modular representation theory were most immediate in the field of simple group
theory. Richard Brauer used the modular character theory to stunning effect in the 1950s and 1960s
to massively restrict the structure of simple groups with certain properties.

His character-theoretic techniques were used firstly in the Brauer—Suzuki Theorem [21], in which
the two authors use modular character theory to demonstrate that there are no finite simple groups
with a Sylow 2-subgroup isomorphic to a generalized quaternion group. This was one of the first
steps in the Classification of the Finite Simple Groups.

After his initial successes with the Brauer—Suzuki Theorem, Brauer applied his almost magical
ability with characters to play a pivotal role in the proof of the Alperin—Brauer—Gorenstein Theorem
[5], which classifies all possible simple groups with a quasi-dihedral or wreathed Sylow 2-subgroup.

After the publication of the Brauer—Suzuki Theorem, Glauberman generalized the result, consid-
ering a very special way in which the Sylow 2-subgroup is embedded. More precisely, Glauberman
considered the case where an involution in the Sylow 2-subgroup is not conjugate to any of the
other involutions in that subgroup. The result is his celebrated Z*-Theorem, which is proven in
Section 4.4.

Also in this chapter we consider in detail the modular representations of the smallest (non-

abelian) simple group, As.

4.1 Modular Representations of Ay

Consider the group G' = As, the smallest non-abelian simple group. It has order 60 = 22 -3 - 5,
and has five conjugacy classes with representatives 1, (123), (12)(34), (12345) and (13452) of
orders 1, 20, 15, 12 and 12. So there are four classes of 2-regular elements, four classes of 3-regular
elements and three classes of 5-regular elements.

In characteristic 0, there are five irreducible ordinary characters, namely
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xi |1 (123) (12)(34) (12345) (13452)
x1 | 1 1 1 1 1
X2 | 3 0 -1 « 15}
x3 | 3 0 -1 16} Q
ald 1 0 —1 —1
X5 | -1 0 0

where o = (1++/5)/2 and 8 = (1 — /5)/2.

Now consider a subgroup of the form Ng(P), where P is a 2-subgroup. The only 2-local
subgroups of G are isomorphic to A4, the normalizer of Cy x C5 in As. This has four conjugacy
classes, with representatives 1, (123), (132) and (12)(34), of cardinalities 1, 4, 4 and 3 respectively.
The ordinary character table for A4 is given by

G |1 (123) (132) (12)(34)
G ]1 1 1 1
G| 1 1 w w?
(3|1 1 w? w
Ca |3 -1 0 0

where w is a primitive cube root of unity.

The only non-trivial 3-subgroup is Cs, and has normalizer S3. Its ordinary character table was
given in Section 1.6. The only non-trivial 5-subgroup is C5, which is normalized by Dig. If the
Sylow 5-subgroup is given by (z) = ((12345)), we know that a generating involution must map
x to x~ 1. The involution (2 5)(3 4) does that. The conjugacy classes of M = Djq are represented
by 1, (12345), (13524) and (25)(34), and have cardinalities 1, 2, 2, and 5 respectively. The

ordinary character table is given below.

0; |1 (25)(34) (12345) (13524)
6, | 1 1 1 1

6y | 1 -1 1 1

03 | 2 0 a—1 6—1
0y | 2 0 B—1 a—1

Characteristic 2

In characteristic 2, there are four irreducible Brauer characters, labelled ¢1, ¢2, ¢3 and ¢4. We know
that ¢ is the trivial character, and so it remains to find the other three. Let w be a primitive cube
root of unity in k. We have the isomorphism A5 = SLo(4), and so there is a natural representation

of As as 2 x 2 matrices over GF(4). This is given by

(12x34)H><i ?), u35)ﬁa<2 1).
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Of course, GF(4) has a field automorphism of order 2, since it is field of order ¢?, and so we can

apply this field automorphism to get another representation

(12x34)F9<:é ?), a35)ka<? i).

These two representations are irreducible. The Brauer characters afforded by these two represen-
tations will be labelled ¢2 and ¢s.

Finally, we have the 4-dimensional representation of As as €2, (2), as 4-dimensional matrices
over GF(2),

1 0 0 O 01 0 0

00 10 0 0 0 1
(12)(34) — . (135)

0100 0010

1 1 11 1 0 0 O

This is irreducible as well, and we label the Brauer character afforded by this representation ¢y.
To calculate the Brauer character, we calculate the eigenvalues of the matrix, and express them as
roots of unity inside k. Then we pull back to our field K, where we sum the eigenvalues to give the

Brauer character. For example, in the 4-dimensional representation of (135 24), which has matrix

(13524) ~

_ = O O

0
0
1
0

S = O
S = = O

we find that the characteristic polynomial is z* + 23 + 22 + x + 1, and so the eigenvalues are the
fifth roots of unity other than 1, in k. Pulling back to K, we sum the non-unital fifth roots of unity
and this is equal to —1. So ¢4 ((1 352 4)) = —1. Doing this for all of the representations, we have
the table

¢ |1 (123) (12345) (13524)
o1 1 1 1

dr |2 -1 a—1 B-1
b3 |2 -1 B-1 a—1
bs |4 -1 -1 —1

where a and 3 are as before. From these two tables we can easily see that x1 = ¢1, x2 = ¢1 + ¢,
X3 = @1+ ¢3, xa = ¢4 and x5 = ¢1 + @2 + ¢3. Now two irreducible ordinary characters x; and
x; lie in the same block if and only if |€s|xi(xs)/xi(1) = |6s|x;(xs)/x;(1) for all conjugacy classes
s, where x5 € €. This means that x1, x2, x3 and x5 all lie in the principal block By(G), and
the remaining character y4 lies in the other block B;(G). Since ¢4 = x4 on G°, ¢4 lies in By (G),
and all of the other modular characters lie in By(G). The principal block has defect group a Sylow
2-subgroup, and so has defect group Co x Cy. The block B (G) has defect zero.
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The decomposition numbers for G are

o1 P2 P3 P4
x1|1 0 0 0
x2 | 1 1 0 0
x3| 1 0 1 O
xa| 0 0 0 1
x5/ 1 1 1 0

and we can use these decomposition numbers to get the Cartan matrix, namely

2
2
1
0

= o O O

2
1
2
0

S NN

The algebra kG decomposes into @?:1 M;, where M; is an indecomposable module with M;/J(M;)
affording the character ¢;. The Cartan matrix tells us the irreducible constituents in a decomposi-
tion of M;.

We now consider the subalgebra kNg(Ce x C3) = kN, and decompose it into blocks, to see
the Brauer Correspondence. Since Co x Cy < Ay, it lies in the kernel of every irreducible 2-
representation, and so there are three representations which can be lifted from the abelian quotient
Cs. These are therefore given by (12 3) + w’, where w is a primitive cube root of unity and
i = 0,1,2. We can easily find the Brauer character of a linear representation, and the Brauer

character table is given by

vi |1 (123) (132)
b1 1 1
o | 1 2
Y3 |1 w?

From this we can easily see that (1 = ¥1, (o = ¥, (3 = 13 and {4 = Y1 + Y2 + 1P3. The fact that (4
is made up from all of the modular characters means that all modular and all ordinary characters
lie in the principal block By(N), which has defect 2. By Brauer’s First or Third Main Theorem,
Bo(N)% = By(G). There are no more defect groups in this characteristic. For completeness, we

give the Cartan matrix for kH,

Ty =

=N
— N
N = =

Characteristic 3

In characteristic 3 there are four irreducible modular representations, of dimensions 1, 3, 3 and 4.

We will denote the Brauer characters afforded by these ¢1, ¢2, ¢3 and ¢4, and let ¢1 be the trivial
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character. We have the irreducible 3-dimensional representation of G over GF(9) given by

-1 0 010
(12)34)— |0 -1 0|, @35~]0 o0 1],
A 100

where A denotes a generator for GF(9), (so that A* = —1 and A® = 1). Since GF(9) has a field

automorphism mapping A to A3, we have another representation

-1 0 010
(12)34)— |0 -1 0|, (135—]|0 01
AN 100

Finally, we have a 4-dimensional irreducible representation over GF(3), given by

-1 0 0 0 0 -1 0
0 -1 0 -1
(12)(34) — , (135) —
-1 0 0 -1 0
1 1 1 1 ~1 0

These give rise to the four irreducible Brauer characters, which we will calculate by other means.
Consider the blocks of kG. They have defect either 1 or 0. Now an irreducible ordinary character
x lies in a block of defect 0 if 3 | ((1), and in a block of defect 1 if 3 1 ((1). This means that x2 and
x3 lie in blocks of defect 0, and x1, x4 and x5 lie in blocks of defect 1. If an ordinary character and
a modular character lie in different blocks, the ordinary character does not involve the modular
character in its decomposition. So x2 can only involve modular characters in its own block. But
if a block has defect 0, then there is only one irreducible modular and ordinary character in the
block. So there are at least three blocks, say Bo(G) (principal block), B1(G), the block containing
X2 (and without loss of generality, ¢2), and B2(G), the block containing y3 (and therefore ¢3).

Given that ¢1 = 1g0, so far we have constructed the table

¢ |1 (12)(34) (12345) (13524)
o |1 1 1 1

P2 | 3 -1 Q@ 16}

o3 | 3 -1 8 Q@

¢y | 4

and we are left to decide where x4, x5, and ¢4 go, whether into the principal block or into some
other block. Now ¢4 is the only modular character left, so there can be at most one other block. If
¢4 were in a different block from By(G), then both x4 and x5 cannot be expressed as a multiple of
the trivial character, and so must lie in the same block as ¢4. But certainly they cannot be both
expressed as a multiple of any single Brauer character, so cannot lie in the same block as ¢4 on its

own either. This means that ¢4 lies in the principal block, as does x4 and xs.
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We have three blocks, By(G) containing ¢1, ¢4, X1, X4, and x5, B1(G) containing ¢o and xa,
and Bs(G) containing ¢3 and x3. Then x4 can be expressed as a non-negative linear combination
of ¢1 and ¢4. This means that either x4 = 4¢1 (absurd) or x4 = ¢4, and we have the full table, as

shown below.

o |1 (12)(34) (12345) (13524)
o |1 1 1 1
P2 | 3 -1 a B
¢3 | 3 -1 B a
ba | 4 1 1 1

The decomposition numbers were found in the discussion above, and they are given below,

together with the Cartan matrix they yield.

¢1 P2 P3 P4
wl1 0o 0o o 200 1
x2| 0 1 O FZOlOO
x3/ 0 0 1 0 00 10
x4/ 0 0 0 1 1 0 0 2
sl 1 0 0 1

The Brauer Correspondence in this case is even less interesting than in the characteristic 2
case. Since Ng(P) = S3, there are only two irreducible modular characters, since C3 is a normal
subgroup. These are both linear, and so the ordinary character of degree 2 of S3 must be the
sum of these two. Hence again there is only one block, By(Ng(P)), naturally of defect 1, and
Bo(Na(P))€ = Bo(G).

Characteristic 5

There are just three conjugacy classes of 5-regular elements, and so there are three irreducible
5-representations. Along with the trivial representation, we have the irreducible representations

over GF(5) given by

1 0 0 010
12)34)— | 0 -1 o], (135)— |0 0 1],
2 92 1 1 0 0
and
1 0 0 0 0 0O 1 0 0 0
0O 0 1 0 0 0O 0 0 1 0
12)34)—|0o 1 o o o], (135—=]10 0 0 0 1
0O 0 0 1 0 1 0 0 0 0
1 -1 -1 -1 -1 -1 -1 -1 -1 -1
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We again calculate the modular characters without resorting to characteristic polynomials.
Label the trivial character ¢, the degree 3 character ¢9, and the degree 5 character ¢s. It seems
likely that ¢ and ¢ lie in the principal block along with all but one of the ordinary characters,
and ¢s3 lies in its own block along with x5. This is indeed the case. The ordinary character xs has
degree 5, and it lies in a block of defect 0 (since the maximal power of 5 in |G| divides the degree of
the representation). It has to take with it a single modular character, and this modular character
must have degree a multiple of the maximal power of 5 dividing |G|. Thus x5 and ¢3 are separated
off in a block of defect 0. Thus ¢3 = x5 on the 5-regular elements of G.

It remains to find ¢o, which lies in the principal block, else we could not get all of the ordinary
characters from multiples of modular characters. But x3 is a positive linear combination of ¢, and
¢2, and SO ¢2 = x2 on the H-regular elements of G. Then x3 = ¢ and x4 = ¢1 + @2, and so we

have the Brauer character table

o |1 (123) (12)(34)
o111 1
o2 | 3 0 -1
¢35 -1 1
We have determined the decomposition numbers. These are the Cartan matrix are given below.
o1 P2 P3
1 0 0
. 0 1 0 2 b0
X2 o o T=|rso
X8 00 1
X4 1 1 0
X5 0 0 1

The Brauer Correspondence is uninteresting in this case as well. Consider the normalizer of the
group C5 = P in G. Then Ng(P) = D1p = M, and since C5 < M, any irreducible 5-representation
must have kernel at least P. So there are two irreducible 5-representations of Dyg, lifted from the

two 5-representations of M /P = Cy,
(25)(34) — 1, (25)(34) — —1.

There is only one block, By(M), which has defect 1, and Bo(M)¢ = Bo(G).

4.2 Preliminary Lemmas — Decomposition Numbers Revisited

In the proofs of the Brauer—Suzuki Theorem and Glauberman Z*-Theorem we will need quite a
few results on decomposition numbers with respect to an arbitrary basis of Char(G°). We will give
these without proof: the interested reader is referred to [79].

Firstly we will consider the following situation. In the section on Brauer’s Second Main Theo-

rem, we defined the decomposition numbers to be the integers d;; such that x;(z) = >°7_; 1;(z),
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where Y; is an irreducible ordinary character and the v; are the irreducible modular characters. We
could write x; in such a way because the irreducible modular characters form a basis for Char(G°).
But there is nothing stopping us from choosing any other Z-basis for Char(G°) = M and decom-
posing x; relative to that. In fact we can decompose 9, relative to any Z-basis, and so relative to

an arbitrary basis 91, ..., ¥, we have
n
Xi = E a;jy;.
Jj=1

These are called the decomposition numbers relative to the bases 15;. We will always place bars on
top of any basis element which is not an irreducible modular character, to distinguish it from the
natural basis. We define the Cartan matrix relative to the basis ¥; as AT A, where A is the matrix
of decomposition numbers relative to that basis.

We can also define generalized decomposition numbers relative to any basis. Let z be a p-
singular element of G, and let H = Cg(z). Then the irreducible ordinary characters of G x;,
restricted to H, can be written as an algebraic combination of the irreducible modular characters
of H,;, by

Xi(zx) =Y di(x).
j=1

Now let z/;j be a Z-basis for Char(H®). Then again we can write ¢; as an integral linear combination

of 1Zj, and so we have
Xi(zx) = Y iy (x).
=1

Note that the d7; in the two equations are different. These are called the generalized decomposition
numbers relative to the basis ;.
We now give several results regarding generalized decomposition numbers: again, the interested

reader is referred to [79], and in this case [35].
Theorem 4.1 Let the Cartan matrix of the basis 1); be given by ¢ij. Then
n R
> didi; = cji,
=1

where the bar denotes complex conjugate. If ¢ is a non-trivial p-singular element of G not conjugate

to z, and d,f»j are the generalized decomposition numbers at ¢ relative to a Z-basis 1; of Char(Cg(¢)°),

then .
S, =0
=1

Corollary 4.2 Let t be a p-singular element of G. Denote by x1,...,Xs the irreducible ordinary
characters in the principal block of kG, and denote by (i, ..., (, the irreducible ordinary characters
in the principal block of k Cg(t). Let = € Cg(t)°. Then
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S T
@) D alt)? =Y 1G(@)
i=1 i=1
(ii) If y is another p-singular element not conjugate to ¢, then Y ;| x;(tx)x;(yz) = 0.

S
(iii) If Cg(t) has a normal p-complement, then Z Ixi(tz)|> = |P|, where P is a Sylow p-subgroup

i=1

of Cq(t).

Lemma 4.3 Let t be a non-trivial 2-singular element of G, and let ¥; and %> be two classes of
involutions such that no element of 471%5 has t as its 2-part. Let x1,...,xs denote the ordinary
characters in the principal block of G, and let 1)1, ..., be a Z-basis of Char(Cg(t)°) such that
the first n of them form a Z-basis for the submodule generated by modular characters lying in the
principal block of k£ Cg(t). Let dfj denote the generalized decomposition numbers relative to the

basis above. If z € %} and y € %> we have
Zd%xi(l’)xz'(y) — 0,
i=1 xi(1)

for j=1,...,n, and

ZS: Xi(t)xi(@)xi(y) _ 0.
i=1 xi(1)
Theorem 4.4 Let B = By(G), the principal block of kG. If z € O, (G), then = € ker ¢ for each

irreducible modular character ¢.

Lemma 4.5 Suppose that a Sylow p-subgroup P of a group G is isomorphic to Cy x Cs, and that
G contains only one conjugacy class of involutions. Then there are exactly four irreducible ordinary
characters in the principal block By(G), labelled x1 = 1, x2, x3 and x4, and if the x; are chosen
in a particular order, then the restrictions of x1, x2 and either y3 or —y3 form a Z-basis for the
submodule of Char(G°) generated by the modular characters in By(G). Furthermore, the Cartan

matrix A with respect to this basis is A;; = 1 4 d;5, where 9;; is the Kronecker delta.

4.3 Groups of 2-Rank 1

Definition 4.6 Let G be a (non-abelian) finite simple group. Then the p-rank of G is the rank of
a maximal elementary abelian p-subgroup of G. The 2-local p-rank of G is the maximal p-rank of

a 2-local subgroup of G.

By the Feit-Thompson Theorem, every non-abelian finite simple group is of even order, and

therefore has a Sylow 2-subgroup. We can classify finite simple groups according to their 2-rank.

Lemma 4.7 Suppose that G has 2-rank 1. Then a Sylow 2-subgroup of G is either cyclic or

generalized quaternion.
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Suppose that a Sylow 2-subgroup P of G is cyclic, say P = (z). The automorphism group of
P has order 2"~ !, where |P| = 27, since each automorphism sends a generator for p to one of the
#(2") = 2"~ ! other generators. But Ng(P)/ Cg(P) is isomorphic to a subgroup of Aut P. So since
Cq(P) contains P (recall P is abelian), Ng(P)/ Cq(P) has odd order. Thus Ng(P) = Cq(P). By
Burnside’s Transfer Theorem, G has a normal p-complement.

Now suppose that a Sylow 2-subgroup of G is generalized quaternion. The Brauer—Suzuki

Theorem is as follows.

Theorem 4.8 (Brauer—Suzuki Theorem) Let G be a group with a generalized quaternion Sy-
low 2-subgroup of order at least 16. Then Z (G / OQI(G)) is of order 2. In particular, G is not

simple.

The proof of this theorem, whilst able to be done using modular representation theory, is more
often done using exceptional character theory, and is not of concern here — for a proof, see [48].
The Brauer—Suzuki Theorem also holds when the Sylow 2-subgroup has order 8, and this is the
case which interests us here. The proof of this fact is best done using modular characters, although
Glauberman has produced a proof without modular character theory. The proof of the Brauer—

Suzuki Theorem in the case of quaternion Sylow 2-subgroups is the main aim of this section.

Theorem 4.9 Let G be a group with a Sylow 2-subgroup P which is a quaternion group. Then
Z (G/ Ov(G)) has order 2.

The proof of this theorem goes in stages: P is generated by two elements x and y of order 4,
with 22 = y? and 27 'yz = y~!. We denote by t the (unique) involution in P. Suppose that G is
a counterexample to the theorem of minimal order. We first quotient by O4/(G). Notice that the
Sylow 2-subgroup of G/ O« (G) is also quaternion, so that G/ O« (G) is a counterexample to the

theorem whenever G is. So since G is minimal we can assume that O« (G) = 1.

Lemma 4.10 All elements of order 4 in P are conjugate in Ng(P).

1

Proof: The six elements of order 4 are x, y, zy, 27!, y~! and (2y)~!. The other elements are t (of

order 2) and 1. Now z~lyz =y~ ! 1

1

are conjugate. But by the symmetry of P = Qs, =
1

,s0y and y~

and 7! and xy and (zy)~! are conjugate. (Alternatively, y 'y = 27! and 27! (ay)x = (zy)~1.)
So there are at most three conjugacy classes of elements of order 4 in Ng(P), namely {y,y~ '},
{2,271}, and {zy, (zy)~'}. If these are not all conjugate in G, then one of them is not conjugate
to either of the others. Assume without loss of generality that {z,2~'} is a conjugacy class of
Ng(P).

Since in a Sylow p-subgroup @, two elements of () are conjugate in G if and only if they are
conjugate in Ng(Q) (standard result that will not be proven here), this means that {z,z7'} is
not conjugate to either of the other two sets in G either. So let A = {z,27',t,1} and B =

{y,y~ 1, 2y, (xy)~'}. Then no element of A is conjugate to an element of B, and AU B = P. Let
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X : G — K be the class function given by x(g) = 1 if the p-part of g lies in A and x(g) = —1 if it
lies in B.

We want to show that this is a character of G. Since it is linear (x(1) = 1) it will therefore be
an irreducible character of G. Consider two elements ag and a’¢’ of G (where a, a’ are the p-parts of
ag and a'g’). Then x(aga'g’) = x(a(ga’g~')gg’). Since no element of A is conjugate to an element
of B, both x(a') = x(ga’g™'). So x(aga’g") = x(ad’), since x(ag) = x(a) for all p’-parts g. Notice
also that the product of any two elements of A is in A, as is the product of any two elements of B.
However, the product of one element of B and one element of A is in B. Hence x(aa’) = x(a)x(a’)
for all elements a,a’ € P, and Y is a linear character.

Also note that |G/ker x| = 2. Now every subgroup of P of index 2 is cyclic, so ker y has a
cyclic Sylow 2-subgroup, and so by Burnside’s Transfer Theorem ker x has a normal 2-complement
L. But Lcharkery < G, so L < G. But then L < Oy (G) =1, so L = 1 and ker y is a 2-group,
and thus so is G since |G/ ker x| = 2. Thus G = P, and so G satisfies the theorem. So since G is a

minimal counterexample, all elements of order 4 in P are conjugate in Ng(P). O

We shall label the irreducible ordinary characters of G that lie in the principal 2-block By(G)
as X1, X2, -- -, Xs- We now aim to determine x;(z) for each i.

Firstly notice that since x has order 4, the eigenvalues of any representation of x will be fourth
roots of unity. Let T be a representation, and let the eigenvalues of T'(z) have multiplicities
miy, m_1, m; and m_; respectively. Then x;(z) = m; — m_1 + (m; — m_;)i. Now y;(2?) =
xi(t) = m1 +m_1 —m; —m_; (since (—1)2 = 1, etc.), and x;(1) = my +m_1 +m; + m_;. Also
xi(x™h) =my —m_1 —i(m; —m_;), and since x;(z) = xi(r '), we must have mg —my = 0. Then
Xi(z) =my —m_1, x;(t) = mi +m_q, and x;(1) = my; + m_1 + 2m_;, and so y;(x) is congruent
to xi(t) mod 2, and x;(1) mod 2. This is true for all characters x; in the principal 2-block.

Now x ¢ Z(P), and so Cg(z) < G. Since z is of order 4, the Sylow 2-subgroup of Cg(x)
must be (z). But this means that Cg(P) has a cyclic Sylow 2-subgroup, and so has a normal

s
2-complement. Then by Corollary 4.2(ii), Z Ixi(x)] = [(x)| = 4.

i=1
Now x1(x) = 1g(z) = 1, so the sum of the squares of the remaining characters x; for 2 <i < s

is 3. This must mean that x;(z) = £1 for three of the characters, and x;(z) = 0 for the remaining
characters. In this case y;(1) is odd for three of the characters, and even for the rest.

Denote by H a subgroup Cg(t), and let H = H/(t). If a is a 2’-element of H, then it is the only
one in its coset of () (since this coset is {a, ta}). Conversely, if {3,t3} is a 2/-element in H, then
B =1 or (t4)™ = 1, where n is odd, providing us with a 2’-element of H. So there is a bijection
between the set of 2'-elements of H and the 2’-elements of H. Let P denote the image of P under
this quotient. We know that Qg/Z (Qs) = C3, the direct product of two Cy groups. Any element of
G that normalizes P must centralize t since {t} is a characteristic subset of P. Since all elements of
order 4 are conjugate in Ng(P) C Cg(t), their images — all three involutions in P — are conjugate in
H. By Lemma 4.5, the submodule M of Char(H®) corresponding to the principal block By(H) has
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a basis (as a Z-module) consisting of three generalized modular characters, which we denote 1)1,
and 3. Let v1 be the trivial modular character of H. The Cartan matrix relative to this basis has
the form ¢;; = 14 6;;. Now (t) is a normal 2-subgroup of H, and so every irreducible representation
of H over a field of characteristic 2 has kernel including (¢). So we can link the irreducible modular
characters of H to those of H by 1 (z) + 9 (z(t)). In particular, we can map upwards the three
generalized modular characters 1)q, 1o and 3 to three generalized modular characters of H, which

generate the submodule of Char(H°) corresponding to the principal block Bo(H). We have

(i, Vi) o = %<¢i7¢j>ﬁ0a

since |[H°| = |H°|, but |H| = 2|H|. This means that the Cartan matrix for vy, 9,3 is twice that
of 11, 109,13, namely Cij = 2+ 20;5

Finally, the principal block of kH has defect 2, since it has Sylow C3. This means that the
degrees of the irreducible modular characters in By(H) have odd degree. By this correspondence
just described, the degrees of the irreducible modular characters in Bo(H) are also odd.

Now we shall apply the Second and Third Main Theorems to obtain information about the

decomposition relative to the basis ¥, ¥2 and 3.

Proposition 4.11 With the notation introduced previously in this section, ¢ lies in the kernel of

X2-

Proof: We know that 11, 19 and 3 form a basis for Char(H®), and so by the Second and Third

Main Theorems 5
Xi(th) =Y aijibs(h),
j=1

for all 2-regular h € H. Now t has order 2, so the \; in the definition of the (ordinary) generalized
decomposition numbers are £1, and so in particular are integers. Also, since 1, 19,13 form a
Z-basis of Char(H?), each modular character in By(H) can be expressed as an integer combination
of these three modular characters. This means that a;; is an integer for all ¢ and j.

By Theorem 4.1, with the Cartan matrix ¢;; = 2 + 20,5,

s

S
doai=4, 1<5<3), D aya; =2 (1<i#2<3).
i=1 =1

We know that the degrees of the irreducible modular characters in Bo(H ) have odd degree, and so
3 3
Xi(l) = Xi(t) = Zaijwj(l) = Zai]‘ mod 2,
j=1 g=1

since x;(t) = x4(1) mod 2 and (1) =1 mod 2.
Next, the ordinary orthogonality relations give

3 s

0= xiWxi(th) =D agxi()w;(h),
i=1

j=1i=1
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from the expression we have for x;(th). Since the 1); are linearly independent, for a linear combi-

nation of them to be 0, each co-efficient must be 0, and so

s
Z aijxi(l) =0.
i=1

Consider the matrix A = [a;;]. Suppose a row of A is full of zeros; i.e., a;; = 0 for j = 1,2,3.
Then x;(t) = 0 and so x;(1) is even since it is even whenever x;(t) is. Since x;(1) is even, we have

shown before that y;(x) = 0, and so the only element g € P for which x;(g) # 0is g = 1. So

(xis 1p)p = 8 1xi(1).

Thus x;(1) is a multiple of 8, and so y; lies in a block of defect 0 since 8 is the highest power of 2
dividing |G|. But x; € Bo(G), a contradiction. So no row of A is zero.

Since the sum of the squares of a;; down the columns is 4, if any of the a;; were not equal to
0 or £1, a;; = £2 and then all other entries in that column would be zero. Then ) a;;x;(1) # 0,
contradicting a previous assertion. So each entry in A is 0 or £1. Also, each column has four
non-zero entries since the sum of their squares is 4.

So far we have not used the fact that >, ; aja;; = 2 for i # j. We can use this to show that
the non-zero entries of any row are the same sign. Indeed, suppose that for column ¢ and column
Js» a;; = 1 and a;; = —1. Then their product is —1, and since there are only four non-zero entries
in each column, for all other rows I, ay; = ay;. But then the sum 25/:1 aypixr (1) is not the same
as 25':1 ayjxr (1), since aj; # a;; and all other terms are equal. But both of these are meant to be
zero, a clear contradiction.

How many rows of the matrix a;; are there; that is, what is s? Well, each row has either one,
two, or three non-zero entries, and so we can denote the number of rows with ¢ non-zero entries by

r;. We need three simultaneous equations for these three unknowns. Firstly,

S
da=A=ri+2+3r5=12, (1)
i=1
by adding together a?j for all ¢ and j. On the one hand, it is equal to 3 x 4, and on the other, it is
equal to r1 + 2r9 + 3r3.
Next,
S
Zalialj =2=19+3r3 =06, (2)
=1
since summing ¢ = 1 and j = 2, ¢ =1 and j = 3, and ¢ = 2 and j = 3, and noticing that the
non-zero entries in each row are of the same sign, we count each row with two non-zero entries once
and each row with three non-zero entries three times. This is also equal to 2 x 3 = 6.

Finally,

3
Zaij =xi(l) mod 2= r; + 13 =4, (3)
j=1
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since exactly four of the x;(1) are odd, and exactly r1 + 73 of the sums across j of a;; are odd.
There is a unique solution to these three simultaneous equations, namely r; = 3, ro = 3 and
rg = 1. [(2) — (3) gives r2 + r3 = 4, which combined with (1) gives 3 = 1. Substituting this into
(3) and (1) gives ro = 3 and r; = 3.] Thus s = 7. x1 = 91, and so there are three other rows with
a;1 = £1, say © = 2,3,4. One of these, say ¢ = 2, is the unique row with three non-zero entries.
Since two distinct columns ¢ and j have non-zero entries in exactly two of the same rows, we have
X3 involving 1 and 9, x4 involving 17 and 3, and x5 involving 1o and 3. This leaves xg and x7
as involving only t» and only 3 respectively, since each column has to have four non-zero entries.

So the table is as below.

Xi | Y1 Y2 3
X1 1 0 0

X2 | g 2 Q2

X3 |as az O
X4 | s 0 ay
Xxs | 0 a5 as
x6e | 0 as O
x7| 0 0 a7

Now consider x;(x). We know that it is equal to O for three of the characters, and for these
characters x;(1) is even — we need to determine which ones. Well, we know that Z?:l a;j = xi(1)
mod 2, and we can evaluate the left-hand side of this easily. Then x;(1) is even for i = 3,4,5 and
odd for the rest. So x;(z) = 0 for i = 3,4,5 and for the remaining characters x;(z) = +1. Let j;
denote the value that y;(x) takes.

Consider Cg(x). Now a Sylow 2-subgroup of Cg(z) must be contained in a Sylow 2-subgroup
of G, and if so must be either equal to (z) or a quaternion group. But then z would centralize a
quaternion group, so lie in its centre, which is not possible. So C(z) has a cyclic Sylow 2-subgroup,
and therefore has a normal 2-complement. [Notice that this means that C(z) is actually the direct
product of (z) with a group of odd order.]

Putting this together, a basis for Char(Cg(x)°) consists of one element, the trivial character x;.
Then the generalized decomposition numbers d7; are simply the values Xi(z). Applying Theorem

4.1 to the sets of generalized decomposition numbers df; and df; gives (recalling 8; = 0 for i = 3,4, 5)
l+agfe=0, (i=1), bt+afs=0, (i=2), abf=afr=0, (i=3).

Remembering that «;, 3; = 0,£1, we get g = —f2 from the first equation, and then ag = (g,
a7 = (7 for the second and third equations.

Now if a and b are involutions in G, then ab cannot be 2-singular (and not equal to 1). To see
this, suppose that ab is, in fact, 2-singular. Then (a, b) = 20(ab) is a power of 2, and so since (a, b)
is a dihedral group, it is a subgroup of QJs. But Qg contains only one involution, so a = b and
ab=1.
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By Lemma 4.3, with 41 = %, the unique class of involutions of GG, we have for ¢,

7 2
Xi(t)
a;; =——~ =0, 1,2,3
; T xi(1) (1:2:3)
and for the second equation
xa(t)? xo(t)? x7(t)®
1+ + + =0.
Pa® TP T e

The a;; are given in the table above, and replacing the 3; with the corresponding expressions

involving «; gives

xe®? o oxe(®)? xa(t)?
1— a9 + a6 + ar = 0. 4
e T T ) W
We have four equations, the three (1), (2) and (3) depending on 5 = 1,2,3 and Equation (4).

Consider the sum (1) — (2) — (3) + (4). Then this is

7
> (ain — aiz — aiz + xi(x)) ad A
i=1

It remains to determine the terms in this sum. Substituting in our expressions for «; (and dividing

by 2) gives
xa(t)? xs(t)*
1-— (6] — Q5 =0. )
xz2(1) x5(1) ®)
Consider Lemma 4.3 again, but instead we use 1 rather than ¢. So we have the equations
7
> aijxi(1) =0, (6,7.8)
i=1
and
1 —agxa(1) + agxe(l) + arxz(1) = 0. (9)

(Here we have substituted in the expressions for 3; in terms of «;.) In fact, these are exactly the

same equations as before, except with x;(1) instead of x;(¢)?/x:(1). So (6) — (7) — (8) + (9) gives
1-— 052)(2(1) - a5X5(1) = 0. (10)

Finally consider the decomposition numbers: x2(t) = a2(1 + ¥a(t) + ¥3(t)) and x5(t) =
as(he(t) + ¥3(t)). So asxa(t) = asas + asxs(t), and since o = +1, we can divide by asas

to get
1 — aax2(t) + asxs(t) = 0. (11)
Multiplying (11) by x5(t)/x5(1) and adding it to (5) gives
X5(t) 5(t) )
14+ = 0.
( x5(1) > czxalt x2(1 5(1

Multiplying (10) by x5(t)/x5(1) and adding it to (11) gives

(1) (- 2) -

54



These two equations clearly imply xa(t) = x2(1), and ¢ € ker xa. O

Proof of Theorem 4.9: Consider the kernel of the character xs. Denote this by N. Suppose
firstly that P is contained in N. Since N # G (x2 is not the trivial character), and G is a minimal
counterexample to the theorem, N must satisfy it, and so Z (N) = {1,u}. So (u) is characteristic
in N.

Now suppose that P € N. Then the Sylow 2-subgroup of N is PN N, and is thus cyclic of order
2 or 4 (else N is a normal 2'-group, contrary to the statement that Oo (G) = 1). In either case, by
Burnside’s Transfer Theorem, N has a normal 2-complement, say M. Then M lies inside Oy (N),
which itself is contained within Oy/(G) = 1. Then N = PN N, and so N < P. Then Z (N) = (u)
and so (u) is again characteristic in N.

In either case, {1,u} < G, and so u is a central element of G. Now {1,u} = Z(P). Since
O2(G) = 1, every central element of G is a central element of P, and so Z (G) = (u), agreeing with
the theorem. O

The proof of this theorem does not require modular characters — in 1974, Glauberman proved
Theorem 4.9 using only ordinary character theory. This proof is in [41]. The original proof, by

Brauer and Suzuki, was briefly given in [21].

4.4 Glauberman’s Z*-Theorem
Before we begin, we will state without proof the following lemma about dihedral groups.

Lemma 4.12 Let G be a dihedral group of order 2n, generated by the involutions x and y. Then

o(zy) = n, and n is odd if and only if z and y are conjugate in G.

The proof of Glauberman’s Z*-Theorem requires a specific lemma regarding the values of char-

acters, which we will state and prove now.

Lemma 4.13 Suppose that  and y are distinct involutions, contained in conjugacy classes 47 and

%> respectively. Let x be a character, and assume that for each a € %2, x(zy) = x(za). Then

x(@)x(y) = x(Vx(zy).

Proof: Let ¢; and ¢y be the class sums of 67 and % respectively. Suppose that T is a representation
which affords the character x. Now T'(c;) and T'(¢) are scalars, and so by taking traces we find
(since z € €] and y € 62)

Te) = 16155 Tl = @MY
Consider a product ab where a € 41 and b € 6. Then a9 = z for some g € G, and so (ab)? = zbI.
So every product ab is conjugate to xd, where d € %2. Now x(ab) = x(zd) = x(xy), the first
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equality since conjugate elements have the same character values, and the second by assumption.

Now

T(e)T(c2) = Y T(ab).

aEG1,bEG

Evaluating both sides, we have

(14155 ) (122 =l (252))).

Cancelling |61||%2|/x(1) from both sides, we have

x(@)x(y) = x(Vx(zy),

as required. 0

Recall that a subset S of a group is weakly closed in a subgroup H if the only conjugates of S

in H are already in S.

Theorem 4.14 (Glauberman’s Z*-Theorem) Let G be a finite group and ¢ an involution in G

such that ¢ is weakly closed in a Sylow 2-subgroup P. Then t* € Z (G*), where G* = G/ Oy (G).

Proof: Suppose that G is a minimal counterexample to the theorem, and suppose that O« (G) is
non-trivial. Let ¢ be an involution weakly closed in a Sylow 2-subgroup P. Now P Oy (G)/ O« (G)
is a Sylow 2-subgroup containing t Oy (G), so if t Oy (G) is weakly closed in P Oy (G)/ O (G) then
since G/ O9/(G) is of strictly lower order t O (G) € Z (G/ O« (G)), a contradiction to the fact that
G is a minimal counterexample.

Since we are quotienting by Oa/(G), our cosets are of the form = Oy (G), where z € P Oy (G).

By expressing x as a 2-element multiplied by a 2'-element zq, we can write
z O09(G) = 2¢ Oy (G) = 2 0 (G),

and so we can assume that our coset representatives are all 2-singular, so that they come from P.
Suppose that t Oy (G) is conjugate to x Oy (G) C P Oy (G)/ Ox(G). We can assume that x is
2-singular, and

t=g lagh,

where g € G and h € Oy (G). But the decomposition into 2-part and 2’-part is unique, and so
h=1andt=29. But x € P and t is weakly closed in P, and so t = x. Thus t Oy (G) = 2 Oy(G)
as required, and t Oy (G) is weakly closed in its Sylow 2-subgroup. This is a contradiction, and so
we can assume that Oy (G) = 1. This also means that Z (G) < O2(G).

Suppose that ¢ lies inside a proper normal subgroup N of G. Now O (N) = 1, since Oy (N) <
O (G) = 1. Also, if P is a Sylow 2-subgroup of G containing ¢, then PN N is a Sylow 2-subgroup
of N containing t. Clearly t is weakly closed in PN N, and so since G is a minimal counterexample

to the theorem, t is central in N. Since Oy (N) = 1, there are no 2-regular elements in Z (N). So
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Z(N) < O2(N)< PNN. Also, any conjugate of ¢t by an element of G lies inside N, and so by the
same argument this conjugate also lies in Z (V). But ¢ is weakly closed in P > Z (N), and so {t}
is a conjugacy class of G. So t € Z (G), contrary to the fact that G is a minimal counterexample.
So t lies outside every proper normal subgroup of G.

Next we will show that Z (G) = 1, by proving O2(G) = 1. Then O3(G) < P, and for any
x € 02(G), 27tz € P, and so t centralizes O2(G). Since the centralizer of O2(G) is a normal
subgroup containing ¢, G centralizes O2(G), whence O2(G) < Z (G). [This means Z (G) = 02(G).]
Hence Oy (G/ Z (G)) is trivial. If tZ (G) is conjugate to some other element of PZ (G), then g~'tg
is an element of P, contrary to the fact that ¢ is weakly closed in P. Then tZ (G) is weakly closed
in G/Z(G), and the fact that G is a minimal counterexample means that tZ (G) € Z(G/Z (G)),
sot € Z(G). But then Z (G) = G, and so G is not a counterexample. So Z (G) = O2(G) = 1.

We know from the Brauer—Suzuki Theorem, Burnside’s p-Complement Theorem and Lemma
4.7, P contains more than one involution. Label another of these involutions z. Note that ¢t and
x are not conjugate. We consider the principal 2-block B of GG. Let x be an irreducible ordinary
character in B.

Let g be an arbitrary element of G. We will show that x(tx) = x(tz9). If this is true, then
Lemma 4.13 shows that x(tz) = x(¢)x(x)/x(1). Similarly, x(x) = x(t(tz)) = x(t)x(tz)/x(1). Then

xx@)  x(Wx(a)
=20 = X0

and so x(z) = [x(t)?/x(1)?]x(x), for all x in the principal 2-block. Since ¢ is not in the centre of G,

by assumption, for a non-trivial x, x(¢) # x(1). So either x(z) = 0 or x(¢)2 = x(1)?, which implies
x(t) = —x(1). We have, since x(1) + x(t) = 0 unless x is the trivial character,

Yo x(Wx(@) + D x()x(@) = Y (x(1) + x(#)x(x) = 2.

XE€B XEB XEB

However, by Corollary 4.2(ii), with y = 1 (noting that ¢ is not conjugate to x),

XEB

and from the block orthogonality relations (since z is a 2-element and 1 is a 2’-element),

> x(@)x(1) =o.

xX€B

This contradiction will prove the theorem.

It remains to show that x(tx) = x(tz9) for all g € G. Write y for ta9. If y has odd order, then
29 and t are conjugate in the dihedral group (t,z9), and so y has even order 2n. Then y" is an
involution. Consider the subgroup Cg(y™). Since t and 29 both invert y, they centralize y™ = y~—"
and so lie inside Cg(y").

Suppose that b is a 2-block of Cg(y™) with defect group D. Then since y™ is a normal element

of Cq(y™), y* € D. Thus D Cq(D) < Cg(y"), and so b is the principal block of Cg(y™) whenever
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b is the principal block of G by Brauer’s Third Main Theorem. Now we use the Second Main
Theorem: if 1, ...,%, denote the irreducible modular characters, then for all p-regular elements

2y

X("z) = dl i(z),
=1

where d?;n denote the generalized decomposition numbers of x.

Since Z (G) = 1, Cq(y") # G, and so by the minimality of G, t € Z*(Cg(y™)). So tz9t=1(29)~! €
Oy (H). But t7! =t and (29)~! = 29, so (tz9)%? = 32 € Oy(H). This means that n is odd, since
o(y) = 2n. So y™*! is an even power of y, and thus is a power of y? and so in Oy (H). Consider

the equation above with z = y"*!, we have
5 5
X(w) = x(y"y™) =D d iy = > dl (D),
i=1 i=1
because y"*! € ker ¢ by Theorem 4.4. But
s
X" = d (1),
i=1

by letting z = 1 in the equation above. So x(y) = x(y").

We must now show that tx is conjugate to y™, and the proof is complete. Firstly notice that
since t is weakly closed in P, t € Z(P). Since z is also in P, t centralizes x. This fact will be
important. Also t € Cg(y™) and since both ¢ and y™ are involutions, ty™ is an involution as well.

However, we also have
ty" = (ty)(y" 1) = 29y" " € a9(y?) C O (H).

This means that ty™z9 € Oy (H), and so has odd order. By Lemma 4.12(i), ty™ and 29 are conjugate
in G, and so ty™ is also conjugate to z. Therefore, there is an element z € G such that 2 'zz = ty".

Recall that t € Cg(z), and so
2tz € 27 Co(x)z = Cg(z 1 a2) = Ca(ty™).

Now t centralizes both ¢ and y”, and so centralizes ty™. Thus both involutions z~'tz and ¢ lie in
Ca(ty™). But Z(G) = 1, and so Cg(ty") satisfies the theorem. Then ¢ € Z*(Cq(ty™)), and so
2t Oy (Ca(ty™)) = tz 02 (Ce(ty™)). But this means that 2~ 'zt is 2-regular and so by Lemma 4.12,
2~z is conjugate to t in the dihedral group generated by ¢ and z~'tz. Thus there exists a € Ciyn

such that a=12z71tza = t. Then

(za)_lx(za) =gt (2_11:2) a= a_lty"a =ty" = ((za)_lt(za)) y",

1

since a centralizes ty" and za centralizes t. But this clearly means x = t(za)y"(za)™", or in other

words

tr = (za)y" (za) ",
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and so tx is conjugate to y" and hence to tx9. So x(tx) = x(tz9), as required, and the resault

follows. O

Sometimes an alternative form of the Z*-Theorem is required, and this is given now.

Theorem 4.15 (Glauberman’s Z*-Theorem) Let G be a finite group, and ¢t an involution,

contained in a Sylow 2-subgroup P. Then the following are equivalent:
(i) t is weakly closed in P;
(ii) [g,t] is 2-regular for all g € G; and
(iii) O (G)t lies in the centre of G/ O (G).

Proof: The previous theorem dealt with (i)==-(iii). We will now show (i) <= (ii). Suppose that
[g,1] is a p-regular element of G, for every g in G. Let g~'tg be an element of P. Then so is
g~ 'tgt = [g,t]. But this is a p-regular element of G, and so since it lies in a 2-group, must be the
identity. So g~ 'tg = t, and t is weakly closed in P.

Conversely, suppose that ¢ is weakly closed in P. Let g € GG, and suppose that [g,¢] has even
order. Now the element ¢9 is also an involution, and so H = (¢,t9) is a dihedral group. Now (t9¢)
has index 2 in a dihedral group. But t9¢ = [g, t], and so |H| is a multiple of 4. Write u for t9. Then
t~'ut = u~?, and so the only power of u in Z (H) is u(®/2 (which exists since u = [t, ] has even
order). Write z for this central involution. Notice that z # ¢, 9.

Let S be a Sylow 2-subgroup of H that contains ¢t. Then z € S since it lies in O2(H), and so
|S| > 2. Also S contains a non-central (and hence reflectional) involution of H, along with the
central (rotational) involution. So they generate a (finite) group of reflections and rotations which
fix a |H|-gon, and so therefore S is dihedral.

Now t9 and t generate H, and (t9t)? € H'. Since t9t has order |H|/2, and ((tg")?) < H, this
means that |H : H'| = 4. Also tH' # t9H’, since neither ¢ nor t9 are elements of H’, and so t and 9
are not conjugate in H, and so certainly not in S. Since t9 is an involution, it is contained within
its own Sylow 2-subgroup of H. But all Sylow subgroups are conjugate in H, and so there exists
h € H such that t9" € S. Now t9" # ¢, by the argument earlier in this paragraph.

Finally, since P is a Sylow 2-subgroup of G, P N H is a Sylow 2-subgroup of H, and so is
conjugate to S. Thus there is some element k& € H such that S* = PN H. Then t* € T, since
t € S. But t* =t since ¢ is weakly closed in T. Also, (t9")% € P, since t9" € S. Thus t9"F =t as

well. But then
(tgh)x =t=t"

so that 9" = t. But we have already said that t9" # ¢, a contradiction. So (i)==(ii).
Lastly, we need to show that (iii) implies either (i) or (ii). But if O (G)t commutes with all
other cosets of Oy (G), this means that for all g € G, tg O (G) = gt O (G), or that g~ 't gt =
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[9,t] € O (Q), as required. O

Proven in 1966 in [39], Glauberman’s Z*-Theorem is of fundamental importance in the Clas-
sification. As an application of the Z*-Theorem outside of the Classification, Glauberman proved
a special case of the Schreier Conjecture. Recall that the Schreier Conjecture is that Out(G) is
soluble for any finite simple group G. This conjecture is a corollary of the Classification, although
it is interesting that the following theorem is the only real progress made on this conjecture outside
of the Classification (see [49]).

Theorem 4.16 Let G be a finite group with Oo/(G) = 1 (particularly G simple) and let P be a Sy-
low 2-subgroup of G. Then Cy () (P) has abelian Sylow 2-subgroups and a normal 2-complement;
in particular, Cpye()(S) is soluble.

The proof is described briefly in [49, p223]; Glauberman’s original proof of this theorem is [40].
The Z*-Theorem has been generalized, in particular by Timmesfeld (see [97]), who considered

the case of an elementary abelian 2-group. We state it here, following [49], for simple groups.

Theorem 4.17 (Timmesfeld) Let G be a simple group and A a (non-trivial) elementary abelian

2-subgroup of G. If A is weakly closed in C(a) with respect to G for each non-trivial a € A, then
(i) G =Ln(q), Sz(q), Us(q), ¢ = 2%
(i) G= A,, 6 <n<9;or

(lll) G = MQQ, M23, M24 or He.
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Chapter 5
Frontiers in the Theory

In this chapter we will take a broad look at some of the recent progress in representation theory.
We examine several long-standing conjectures, and look at some of the work that has been done to
prove them.

Firstly, we consider Broué’s Abelian Defect Group Conjecture. This conjecture says that if D is
an abelian defect group of a block B, then B and its Brauer correspondent in k Ng(D) are derived
equivalent. This conjecture has been verified in a number of situations, most notably for blocks
with cyclic defect groups and for blocks with defect group Cs x Cbs.

We next examine two of the most famous conjectures in modular representation theory: the
Alperin-McKay and Alperin’s Weight Conjectures. The first has its origins in simple group theory:
it was becoming apparent that for certain simple groups, the number of irreducible ordinary char-
acters of odd degree in the principal block By(G) was equal to that of By(Ng (D)), in characteristic
2. The Alperin—-McKay Conjecture generalizes this property, using the definition of height zero, a
concept which coincides with having odd degree in the case of the principal block over characteristic
2.

Finally, we consider two other famous conjectures — Brauer’s k(B) and Height Zero Conjectures.
The first conjecturally bounds the number of irreducible ordinary characters lying in a block by the
order of its defect groups. That the number of irreducible ordinary characters is bounded above
by a function of the defect of the block was proven by Brauer and Feit, in the same paper as the
k(B) Conjecture itself. The second concerns itself with the powers of p dividing the degree of a
character lying in a block B with |D| = p?. It says that all of the ordinary characters lying in B
have degree x(1) =0 mod p? but x(1) 0 mod p?*! if and only if D is abelian.

For the relevant category theory and homological algebra, the books [70] and [99] are recom-
mended. We will assume a familiarity in particular with the notions of complexes and Morita and

derived equivalences.
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5.1 Broué’s Abelian Defect Group Conjecture

Broué’s Abelian Defect Group Conjecture first appeared in [22]. It relates to the structure of blocks

with abelian defect group, as its name suggests.

Conjecture 5.1 (Abelian Defect Group Conjecture) Let G be a finite group, and B a block
of RG with defect group D. Suppose that D is abelian. Let b be the (unique) block of RN¢g(D)

that is the Brauer correspondent of B. Then B and b are derived equivalent.

If the blocks B and b are derived equivalent, then this has many consequences; for example, the
two blocks will have the same numbers of irreducible ordinary and modular characters.

The Abelian Defect Group Conjecture is known to be true for blocks with a cyclic defect group.
This was proven in [81] and [67]. In the first paper, Rickard proves the following.

Theorem 5.2 (Rickard) Let G be a finite group, and B a block of kG with abelian defect group
D. Let E =Ng(D)/Ca(D). Then the derived categories of B and k(D : E) are equivalent, where
D : E denotes the semidirect product of D by F.

This theorem is proven by the method of tilting complexes (see later). In the second paper,
Linckelmann lifts the tilting complex up to the local ring, demonstrating the result for a block of
RG.

Another major area in which this conjecture is proven is for defect groups Cy x C5. The final
step in this proof was given by Linckelmann [68], building on work of Erdmann. In this paper,

Linckelmann actually proves more:

Theorem 5.3 (Erdmann, Linckelmann) Let B be a block of the group algebra RG, having
D = (5 x O as its defect group. The source algebra is isomorphic to one of the interior D-algebras
QL (RD), L (RAy) or Q) (Bo(RAs)) for some integer n.

Now the source algebra is Morita equivalent to the block algebra, and so this gives a list of
the possible isomorphism types of the block algebra. Now all of the Heller translates are Morita
equivalent, and so the block algebra B is Morita equivalent to either RD, RAy, or By(RAs5). Rickard
has shown that the algebras RA4 and by(RAs5) are derived equivalent, and so the block algebra B
is derived equivalent to either RD or RA4. Thus Broué’s Conjecture is proven in this case.

In the case of p-soluble groups, it is also known to be true. This fact was proven in 2000, by
Harris and Linckelmann [54], working on a result of Dade. Let B denote a block of RG, and b its
Brauer correspondent in R Ng (D). In [28], Dade proves that B and b are Morita equivalent. Harris
and Linckelmann use this result to show that this Morita equivalence induces a derived equivalence,
which is isomorphic with a splendid derived equivalence, as defined by Rickard.

Koshitani and Kunugi in [63] prove the Broué Conjecture in the case where D = C3 x Cj is the
defect group of the principal block. Their method is to reduce the case to that where O3 (G) = 1,

and then use a theorem of Yoshiara, which says that any finite group with elementary abelian Sylow
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3-subgroup of order 9 (and O3/(G) = 1) is either the direct product of two finite simple groups with
cyclic Sylow 3-subgroups, or a finite simple group itself. Their proof then follows by checking each
possible case, and so this relies heavily on the Classification of the Finite Simple Groups.

There are also results for all blocks of a particular type of group. One of the best examples is
the symmetric group, where the Chuang-Rouquier Theorem gives considerable information about
the structure of blocks in the symmetric group. One of the consequences of this theorem is that
the Abelian Defect Group Conjecture is proven true for all blocks of the symmetric group. In [71],
Andrei Marcus uses this result and some Clifford theory to show that the conjecture is also true
for all blocks of the alternating group.

There are also proofs for particular groups, normally simple, or connected with a simple group.
In this case it is often shown that the two blocks are derived equivalent directly, rather than in any
general theorem. What has appeared as the standard method of proving that two rings are derived
equivalent is the method of so-called tilting complexes. These are given in the following theorem

(see [84] and [82]).

Theorem 5.4 Two rings R and S are derived equivalent if and only if S is isomorphic to the
endomorphism algebra, in D?(R), of an object T" such that
(i) T is a bounded complex of finitely generated projective R-modules,
(ii) Hompy(py (T, T[i]) = 0 for i # 0, and
(iii) if X is an object of D?(R) such that Hom po (g (T, X[i]) = 0 for all i € Z, then X = 0.

The object T described above is a one-sided tilting complex. There is also a two-sided tilting

complex, with the following theorem (see [83] and [60]).

Theorem 5.5 Two rings R and S are derived equivalent if and only if there is a bounded complex
X of (R, S)-bimodules and a bounded complex Y = Homp(X, R) of (S, R)-bimodules such that

(i) all the terms of X and Y are finitely generated and projective as left modules and as right

modules,
(ii) as a complex of R-bimodules, X ®rY = R @ C for some acyclic complex C, and
(iii) as a complex of S-bimodules, Y ®p X = R @ C’ for some acyclic complex C".

In this case X is called a two-sided tilting complex. Tilting complexes are seen to be one of
the best hopes for proving the Abelian Defect Group Conjecture for particular cases; for example,
Gollan and Okuyama [47] prove the conjecture in the Janko group Jy, (p = 2), with defect group
cs.

Work on the simple groups of Lie type includes, for example, Landrock’s and Michler’s proof
that all of the principal blocks of the Ree groups ?G2(32"*!) are Morita equivalent, which reduces

the Broué Conjecture to the case of 2?Go(3), for which it is known to be true.

63



5.2 Alperin—McKay Conjecture and Alperin’s Conjecture

Recall that if G is a finite group, the character x lies in a block of defect d, and the Sylow p-subgroups
of G have order p*, then the height of x is x(1), — (a — d), where x(1), denotes the power of p
dividing x(1). Particularly important are the height zero characters, for which x(1), = a — d; since
p®~4|x(1) for all characters x in a block of defect d, these are called height zero because they have
the smallest power of p dividing their degree.

We fix some notation: let ht(x) be the height of the character x; if B is a block, write k(B)
for the number of irreducible ordinary characters that lie in B, and write ko(B) for the number of
irreducible ordinary characters of height zero lying in B. The Alperin-McKay has its roots in [72],

and its modern formulation appeared in [1].

Conjecture 5.6 (Alperin—McKay Conjecture) Suppose that B is a block of the group algebra
kG with defect group D, and let b be its Brauer correspondent in Ng(D). Then ko(B) = ko(b).

We next describe the other conjecture in this section. Following [62], let I(B) denote the
number of isomorphism types of simple B-modules, and fo(B) be the number of isomorphism

types of projective simple B-modules. Alperin’s Conjecture is given now (see [3]).

Conjecture 5.7 (Alperin’s Conjecture) For any finite group G,

(G)= > foNa(P)/P),

pPePp

where P is a set of representatives for the conjugacy classes of p-subgroups of G.

This conjecture has been tightened to deal with individual blocks — if B is a block of GG, and has
correspondents by, ..., by, in Ng(P), then the left-hand side becomes I(B), and the right-hand side
becomes the sum of the number of all projective simple N (P)/P-modules that lie in one of the b;
when viewed as a k Ng(P)-module.

Okuyama [74] has proven Alperin’s Conjecture for p-soluble groups, proceeding by induction
on |G|. Firstly, he supposes that O,(G) # 1. Then quotienting out by this normal subgroup sets
up an induction, and the result follows easily in this case. So he is reduced to considering the case
where O,(G) = 1. Then, since G is p-soluble, O,/ (G) = E # 1. Again, he splits into cases, whether
or not ED is a normal subgroup of G. If it is not, then H = Ng(D)FE < G, and so he can perform
an induction argument to show that the result holds for H and Ng (D).

If the inertia subgroup of a particular £FE-module is not equal to G, then a result of Fong and
Cliff is used to get the needed result. If this inertia subgroup is G, Okuyama shows that O,/ (G) is
central and O,(G) # 1, reducing to the earlier case. So only the case where DE < G remains, and
a similar argument to the case DE G with the inertia subgroup of a particular block reduces
to the case that D is a Sylow p-subgroup of G, which is much easier to deal with and Okuyama

quickly proves the result in that case.
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It is also known that both Alperin’s and the Alperin—-McKay Conjectures are true in the case of
finite groups with T.I. Sylow p-subgroups. Recall that a subgroup H is T.I. (or trivial intersection)
if HHNH =1 for g € G\ Ng(H). In this case, the structure of the defect groups are very easy
to determine: by Proposition 1.20 any defect group is the intersection of two Sylow p-subgroups,
which in this case is either the Sylow p-subgroup itself or the trivial group.

Blau and Michler [12] have proven these two conjectures, as well as Brauer’s Height Zero Con-
jecture, for all finite groups with T.I. Sylow p-subgroups. Their method relies heavily on the
Classification, just as Koshitani and Kunugi did in their proof of a special case of Broué’s Conjec-
ture. For now, suppose that G is a finite group with a T.I. Sylow p-subgroup, and let P denote a
Sylow p-subgroup of G. Blau and Michler rely heavily on Proposition 1.20, so a block either had
defect P or defect zero.

The first stage is to restrict the possibilities for G and P. If X is a finite group, and Z (X) =
Op(X) =2 (Op/(X)> = Cx (0" (X)) and O (X)/Z (Op/(X)) is a non-abelian simple group,
then Blau and Michler call X almost simple with respect to p. They then show, in a lengthy
derivation, that a minimal counterexample G to the theorem must be almost simple. But in this
definition O (X) is quasisimple, and with the Classification of Finite Simple Groups, all of the
Schur multipliers and hence all of the quasisimple groups are known.

All of the non-abelian simple groups with T.I. Sylow p-subgroups are enumerated:
(i) PSLa(q) for ¢ =p™, n #1;
(ii) PSUs(¢?) for ¢ = p™;
(iii) p =2, 2By(22™T1);
(iv) p =3, 2G2(3?™*1) for m > 1, PSL3(4) and My;
(v) p=>5, 2F4(2)" and M°L; and
(vi) p=11, Jy.

They then check in turn each of the almost simple groups whose simple factors are the groups on
this list: if B is a block of kG, and b is a block of k Ng(P), then k(B) = k(b) and ko(B) = ko(b).
With this verification, these equations hold for all finite groups with a T.I. Sylow p-subgroup. Since
the only non-trivial defect group is P, if z(G) denotes the number of defect zero characters of G,
then k(G) = k(Ng(P))+ 2(G). Finally, by [35, IV.6.6], and the fact that Cg(x) < Ng(P) for every
non-identity x € P, k(B) — I(B) = k(b) — I(b), and so [(B) = I(b).

So they prove the following theorem.

Theorem 5.8 (Blau, Michler) Let G be a finite group with T.I. Sylow p-subgroup P. Let B
be a block of kG with defect group P, and let b be its Brauer correspondent in Ng(P). Then
k(B) = k(b), ko(B) = ko(b), I(B) = I(b) and k(G) = k(Ng(P)) + 2(G).
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This demonstrates Alperin’s Conjecture and the Alperin-McKay Conjecture in one go, as well
as Brauer’s Height Zero Conjecture (see Section 5.3). These two cases are in some sense ‘easy’,
because in the one case the presence of normal p- and p’-subgroups is very useful, and in the second
case there is a great restriction placed on the possible defect groups. In general, Alperin’s Weight
Conjecture in this form is far from being understood. However, there are alternative forms of this
conjecture, which may well be more amenable to solution.

In [62], Knorr and Robinson introduce four types of simplicial complex: &2, which consists of
all chains of p-subgroups; &, which consists of those of & which consist of elementary abelian
subgroups of G; .4, which consists of those of & with the added condition that each term is
normal in the following; and %/, which consists of those chains of &2 such that each term @; has
the property that Q; = O,(Ng(Q;)). If C is the chain Qy < Q1 < -+ < @y, then let |C| = n.
Denote by G¢ the stabilizer of the chain C' (under conjugation), and B¢ = Brg, (15)kG., which is
either 0 or a sum of blocks of kG..

The main result of this paper is the following:

Theorem 5.9 (Knérr—Robinson) Let B be a block of the group algebra kG, with G a finite
group, and write lo(B) for dimy(Tri(B)). Then

> (DB = D (=1)UBY)= D> (=1)Ng(Be),
CeA1/G CeAqr/G CeAs3/G
where the A; are any of the four complexes defined above.
Moreover, Alperin’s Conjecture is valid for the prime p if and only if each of these sums is zero

for every block B of non-zero defect in kG.

The proof of the first statement requires first to show that the sums do not depend on the choice

of simplicial complex. Then they prove Z (-1)I“Ik(B,) = Z (=1)I€l1y(B,); they consider
ce?/G ce?/G
the Lefschetz conjugation module of B, and show that this virtual module is virtually projective in

the Green ring. This then provides two ways of counting the fixed points, giving the result. After

demonstrating this, the other half of the equality Z (-DICk(B,) = Z (-D)ICN(B.)
Cez/G Cez/G
is proven again making use of the virtual projectivity of the Lefschetz conjugation module.

Earlier in the paper, Knérr and Robinson had shown that Alperin’s Conjecture was equivalent

to the statement

Z (_1)|C‘Z(Bc) =0,

CeN |G
thus completing the proof of Theorem 5.9.
Since this article appeared in 1989, many variants of Alperin’s Weight Conjecture have appeared,
due to Theorem 5.9. The first variant appears in [90] (it is easily seen to imply Alperin’s Conjecture,
and was actually proved equivalent to it in [66]), and other formulations appeared soon after that.

Another formulation, due to Robinson, (see [86]) is the so-called Ordinary Weight Conjecture.
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Again working from [62], the Dade Conjecture is actually a series of conjectures: we refrain
from presenting them here. In [29] he presents his ‘Ordinary Conjecture’, and shows that it is true
for blocks with cyclic defect groups and a couple of sporadic simple groups. In [30] he present
what is known as Dade’s Projective Conjecture (Charles Eaton has proven that Dade’s ‘Projective
Conjecture’ is equivalent to Robinson’s Ordinary Weight Conjecture in [34]), and in [32] he presents
other forms. In [31], Dade proves that his ‘Invariant Projective Conjecture’, which implies the
normal Projective Conjecture, holds for blocks with cyclic defect groups. The most general of
Dade’s Conjectures, the ‘Inductive Conjecture’, has the very useful property that if it holds for all
of the finite simple groups (and their automorphism groups and covering groups), then it holds for
all groups. However, a proof of this fact has not been published, and even the statement of the
conjecture in [32] is not fully correct.

Dade believes that this reduction to the case of simple groups is the best hope that there is
for proving Alperin’s Conjecture, and since Dade’s Projective Conjecture (and hence all further
forms of Dade’s Conjectures and the Ordinary Weight Conjecture) implies the Alperin—-McKay
Conjecture, a proof of Dade’s Inductive Conjecture would significantly alter the field of modular
representation theory. However, a purely number-crunching approach to these conjectures will not
provide the insight into the way that p-local subgroups influence representation theory that we
need.

The body of evidence supporting all of these conjectures is enough to convince many of their
truth. To quote Jonathan Alperin in his review of [30], ‘Proofs of all these results elude us still but
the evidence for them is overwhelming and includes proofs of special cases and examples, derivation
of known results from the conjectures as well as connections between all the conjectures. If the

subject were physics and not mathematics all these special conjectures would be accepted truths.’

5.3 Brauer’s Conjectures

Brauer’s name is associated with two major conjectures, Brauer’s k(B) Conjecture and the Height
Zero Conjecture. We will deal firstly with the k(B) Conjecture, which appeared in 1959 in a paper
by Brauer and Feit [20].

Conjecture 5.10 (Brauer’s k(B) Conjecture) Let B be a block of kG, with defect d. Then
k(B) < p?.

In [20], Brauer and Feit prove k(B) < p??/4 + 1, so it is known that k(B) is bounded by some
function of the defect. However, the k(B) Conjecture bounds this rather tighter than p?/4 + 1.
The k(B) Conjecture has recently been verified for all p-soluble groups. The first results in this

area were due to Nagao [73], who proved the following statement.

Theorem 5.11 (Nagao) The Brauer k(B) Conjecture is valid for p-soluble groups if and only if

whenever G = SP, where P is a normal elementary abelian p-group of order p™, and S is a p/-group
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acting faithfully and irreducible on P, then G has at most p" conjugacy classes.

We can think of P in this case as a vector space of dimension n, and so for p-soluble groups the
conjecture is equivalent to the so-called k(GV') Conjecture, which considers a p/-group G acting on
a vector space, and counting the number of conjugacy classes of the semidirect product GV'.

Reinhard Knérr introduced an important technique in [61], which led to a proof of the k(GV')
Conjecture when |G| is odd by Gluck [42] — of course, since V is assumed to be a 2-group, this
means that GV is 2-soluble — and so it remained to consider the cases where V' has odd order.

The next breakthrough came in the paper [91], where Robinson and Thompson proved the

530 — the presence of 5% is because of a result of Liebeck’s

k(GV') Conjecture for all primes over
which determines the structure of certain GF(p)G modules, where G is a p’-group (see [91] for more

information). In fact, their paper goes much further than that — it proves the following theorem.

Theorem 5.12 (Robinson—Thompson) Let p be a prime such that for all finite p’-groups X,
finite fields GF(p™), and faithful GF(p"™)X-modules M, either

(i) for some prime ¢, O4(X) acts absolutely irreducibly on M, and every characteristic abelian

subgroup of O4(X) is central; or

(ii) if E(X) is quasisimple and acts absolutely irreducibly on U, then there is a vector v € M

such that Resé(x(v)(M ) contains as a summand a faithful permutation module.

Then the k(B) Conjecture holds for this prime, so for all finite p-soluble groups G and p-blocks B
with defect group D, k(B) < |D|.

This allowed the problem to be assaulted, because not only had all but finitely many primes
been checked, but there were now two possible ways to attack a prime p. The first of these two
conditions became known as the ‘symplectic case’, and the second the ‘quasisimple case’. The work
on the quasisimple case by Riese in [98], and Gluck and Magaard in [43], solves the k(GV') problem
for all primes except 3, 5, 7, 11, 13, 19, and 31. The problem now became very tractable, and only
seven cases needed to be decided.

All cases except for p = 5 were solved, mostly by Riese, Schmid, and Gluck, by 2002, and finally
the case p = 5 was settled last year in [44]: in the end they had to actually count conjugacy classes
to get the solution. This means that for p-soluble groups, the k(B) Conjecture is true. We are
still far from a solution in the general case, however, since no reductions of the form of Nagao are
known in this case, so the entire structure we have built up here no longer applies.

The second of the conjectures in this section is called Brauer’s Height Zero Conjecture. It is

easy to state.

Conjecture 5.13 (Brauer’s Height Zero Conjecture) Let B be a block of a finite group G.
Then k(B) = ko(B) if and only if B has abelian defect group.
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So the conjecture is that a block has only height zero characters precisely when its defect group

is abelian. The first real result in this area is in [36], where Fong proves the following theorem.

Theorem 5.14 (Fong) Let G be a p-soluble group, and B a block of kG, with defect group D.
If D is abelian, then all characters of B have height zero.

So this proves one direction of the Height Zero Conjecture for p-soluble groups. Fong also proves
the converse for the principal block.

The full converse had to wait until 1984. First, Gluck and Wolf in [46] prove the Height Zero
Conjecture for soluble groups. They then extend this result in [45] to p-soluble groups, proving:

Theorem 5.15 (Fong, Gluck—Wolf) Let G be a p-soluble group. Every character in a block B
of kG has height zero if and only if the block’s defect group is abelian.

As Gluck and Wolf do, we introduce the notation Irr(G|y) to mean the set of all irreducible
characters of G that are involved in a decomposition of 1 into irreducible constituents. Gluck

and Wolf prove the following theorem in both [46] and [45], with ‘soluble’ changed to ‘p-soluble’.

Theorem 5.16 (Gluck—Wolf) Suppose that N < G, that G/N is (p-)soluble, that i) € Irr(N),
and that p1 (x(1)/¢(1)) for all x € Irr(G|y). Then the Sylow p-subgroups of G/N are abelian.

Proof of Theorem 5.15: Proceed by induction on |G : Oy (G)|. Since G is (p-)soluble, so
is G/ Oy (G), and so Theorem 5.16 applies. We use an important result in [37], which states that
if G is a p-block of a p-soluble group G, then there is a subgroup H of GG, and a block b of H,
such that there is a height-preserving bijection from Irr(B) onto Irr(b), and such that either H
contains O (G) or H/ O (H) =2 G/ Oy (G), and Irr(b) = Irr(H|¢) for some irreducible character
¢ of Oy (H), and b has full defect in H.

The first possibility falls to induction easily, and so we can assume that Irr(b) = Irr(H|y). We
can apply induction again to get Irr(B) = Irr(G|¢) for some irreducible character ¢ of O, (G),
and the defect groups of B are Sylow p-subgroups of G. Since every character of B is of height
zero, pt x(1) for all x € B. Then Theorem 5.16 shows that the defect groups of B are abelian, as
required. ]

The proof of Theorem 5.16 for p-soluble groups requires the Classification, because it has to pin
down the possible structure of a p-soluble group that is not soluble, and consider automorphism
groups of simple groups.

Considering the Height Zero Conjecture for arbitrary finite groups, in 1963 Reynolds [80] proves
(both directions of) the conjecture when D is a normal subgroup of G. In [11], Berger and Knorr
prove another reduction of the Height Zero Conjecture, possibly making it accessible to exhaustive

search methods.
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Theorem 5.17 (Berger, Knorr) The conjecture ‘every irreducible ordinary character in B has

height zero if its defrect group is abelian’ holds for all finite groups if it holds for quasisimple groups.

Including the previously mentioned results of Blau and Michler proving the Height Zero Conjec-
ture for groups with T.I. Sylow p-subgroups, this is broadly the current progress of directly tackling
this conjecture to date. The Berger—Knorr Theorem allows us to check every single quasisimple
group, and so prove one half of the conjecture. But this sounds like a daunting task, and it has not
been seriously attempted since the publication of the result in 1988.

However, there is interplay between the various conjectures: Knorr and Robinson in [62] state
that, for abelian defect groups, any two of Alperin’s Conjecture, the Alperin—-McKay Conjecture and
the ‘if” direction of Brauer’s Height Zero Conjecture imply the third. Given that if Dade’s Inductive
Conjecture is finally proved, it will simultaneously prove both Alperin’s Weight Conjecture and the
Alperin—McKay Conjecture, it will also prove one direction of Brauer’s Height Zero Conjecture. At
the moment, this really does seem the best way to prove this conjecture. Of course, a solution to
the Broué Conjecture would also yield a solution, but it seems that a proof even of the Height Zero

Conjecture is more likely than that.
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Chapter 6
Conclusions and Further Topics

In this short final chapter, we conclude this dissertation, and also give some suggestions for further

exploration of this topic.

6.1 Conclusions

The main aim of this dissertation was to examine the modular representation theory of finite groups,
and particularly to exhibit some non-trivial results from both the block-based and module-based
approaches.

We have seen Brauer’s approach, using block theory. The Three Main Theorems, and the Brauer
Correspondence in general, are the fundamental concepts in this way of doing representation theory.

In the module theory, we proved the Green Correspondence and the Nagao Decomposition,
certainly two non-trivial results in this area. The Green Correspondence can be seen as the module
equivalent of the Brauer Correspondence, since both lie at the centres of their respective fields.

Corollary 2.19, although not a major result in itself, hints at the subtle interplay of the two
correspondences, and of the two approaches. We used a module approach to prove Brauer’s Second
Main Theorem, mainly because the proof is cleaner and more illuminating, but it also illustrates
the co-dependency of the modules and of the blocks.

To demonstrate this relationship Green developed the concept of G-algebra, and we examined
this straight after the two approaches. There is some argument to place the applications of block
theory, Chapter 4, straight after Chapter 1, because nothing from the following two chapters is
required. However, this would break up the comparison between the two methods, and so was left
until Chapter 4.

To conclude, the comparison between the two methods was at least partially successful, although
the author believes that more weight could have been placed on the block theory, by perhaps
describing Brauer’s theory of blocks of defect one. On the whole, especially with the chapter on
G-algebras connecting the two, the author considers the main aim to have been fulfilled.

It was also important to stress how this theory is used to extract information about particular
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groups, and applications to group theory in general.

Ordinary character theory can be used to gain considerable knowledge about groups: we can
easily check if a group is simple, by examining the kernel of each character; and we can find out
the quantity |G : G’| by counting the number of linear characters, to name just two of the many
applications of ordinary character theory. In the preface we mentioned Burnside’s p®¢” theorem, a
major application of character theory to finite groups.

It seems important to stress the usefulness of modular representation theory, given that it
requires considerably more effort to understand the characteristic p representation theory of a
group than the characteristic 0 theory. We have tried to accomplish this in Chapter 4, giving two
theorems — the Brauer—Suzuki Theorem and Glauberman’s Z*-Theorem — that are of fundamental
importance in finite group theory.

Finally, we tried to see some of the representation theory that is being done now, to place this
work in context. The applications that we gave of block theory were both simple group theory
related, indicative of how modular representations have been used in the past. However, with the
Classification of the Finite Simple Groups over, the field of modular representation theory, like
many fields of group theory, has had to change direction. It is perhaps not surprising that when
modular character theory stopped being useful in the Classification —about 1975 — the new methods
of representation theory started to appear.

The goal of Chapter 5 was to make clear this change in impetus and, in the author’s opinion,
it has succeeded. There is a definite sense of progress and vitality in representation theory, and it
is hoped that some of this has come across. Perhaps a more in-depth study of one or two results
would have been useful, but then considerably more methods and techniques would have had to
be described to make the jump between the first four chapters and the current research. It is the
author’s opinion that what has been done in Chapter 5 is all that could have reasonably been
achieved in an MSci project.

In summary, generally the aims have been achieved, although the author has concerns over the

depth of study in the block theory.

6.2 Further Topics

In the block theory, the major outstanding problems of Brauer, Alperin and McKay, Olsson, and
others, dominate the current research. In Chapter 5 we gave a brief description of the current state
of affairs on some of the conjectures, although the processes by which this knowledge is reached
are not given. For a better understanding of this research, the reader should consult the references
given in that chapter.

We have not really mentioned the theory of cyclic defect groups in any detail at all, and this
theory is very important in modern block theory. The blocks with cyclic defect groups are much

better understood than arbitrary blocks, and this theory is possibly the next logical step for a
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better understanding of this subject.

The blocks of defect zero have a very simple structure, having only one irreducible ordinary and
modular character, having trivial Cartan matrices and decomposition numbers, and so on. The
blocks of defect one were studied by Brauer in [13], [14] and [15]. Of course, a block of defect
one has a cyclic defect group. Brauer’s methods do not seem to generalize, and the theory of
blocks with arbitrary cyclic defect group was really started with Dade in [27], building on results of
Thompson. Later work by several mathematicians has lead to the current theory of these blocks.
For an introduction, the reader is referred to, for example, [35], which also gives a brief chronology
of this theory.

Clifford theory is concerned with how the representation theory is affected by the presence
of normal subgroups. Clifford’s Theorem itself describes how a simple module breaks up when
restricted to a normal subgroup; [26, §11] describes some of the results in Clifford theory, including
Clifford’s Theorem, and is recommended for further reading on this topic.

Moving on to the module-theoretic viewpoint, the books by David Benson [10] offer a concise
introduction to this area. This approach to representation theory is inextricably intertwined with
cohomology, and so a necessary background in cohomology is essential.

Auslander—Reiten theory is one of the central areas in this approach; the book [8] introduces
the subject. An Auslander—Reiten sequence (sometimes almost split sequence) of modules over the

ring R is one of the form

0 M E 25 N 0

where M and N are indecomposable, o does not split, and given any R-module L and homomor-

phism 0 : L — N that is not split onto, there is a homomorphism ¢ such that the diagram

comimutes.

In 1975 Auslander and Reiten proved that if R is finitely generated when viewed as a module
over its centre, and its centre is an artinian ring, then such sequences exist for any non-projective
indecomposable module N, and they are essentially unique. Auslander—Reiten sequences are con-
nected to objects known as quivers, which are broadly a type of directed graph. For a very readable
introduction to quivers see [85].

Finally, although we have given some of the foundations of the block-theoretic and module-
theoretic approaches, there is also the theory of integral representations, that is not considered at
all in this dissertation. For a reasonably comprehensive treatment of this topic, the book of Curtis

and Reiner [26] is recommended.

73



Bibliography

[1] Jonathan Alperin, The main problem in block theory, Proc. of the Conference on Finite
Groups (Univ. of Utah, Park City, Utah, 1975) (1976), 341-356.

2] , Sylow intersections and fusions, J. Algebra 6 (1976), 222-241.
3] , Weights for finite groups, Proceedings of Symposia in Pure Mathematics 47 (1987).
[4] — | Local representation theory, Cambridge, 1996.

[5] Jonathan Alperin, Richard Brauer, and Daniel Gorenstein, Finite groups with quasi-dihedral

and wreathed Sylow 2-subgroups, Trans. Amer. Math. Soc. 151 (1970), 1-261.

[6] Jonathan Alperin and Michel Broué, Local methods in block theory, Ann. Math. 110 (1979),
143-157.

[7] Michael Aschbacher, Finite group theory, Cambridge, 2000.

[8] Maurice Auslander, Idun Reiten, and Sverre O. Smalg, Representation theory of Artin alge-
bras, Cambridge, 1997.

[9] David Benson, Modular representation theory: New trends and methods, Springer—Verlag,
1984.

, Representations and cohomology (2 vols.), Cambridge, 1998.

[11] Thomas R. Berger and Reinhard Knoérr, On Brauer’s height 0 conjecture, Nagoya Math. J.
109 (1988), 109-116.

[12] Harvey I. Blau and Gerhard O. Michler, Modular representation theory of finite groups with
T.1. Sylow p-subgroups, Trans. Amer. Math. Soc. 319 (1990), 417-468.

[13] Richard Brauer, Investigations on group chracters, Ann. of Math. 42 (1941), 936-958.

[14] , On groups whose order contains a prime number to the first power I, Amer. J. Math.

64 (1942), 401-420.

, On groups whose order contains a prime number to the first power II, Amer. J. Math.
64 (1942), 421-440.

74



[16] — | Zur Darstellungstheorie der Gruppen endlicher Ordnung, Math. Zeitschrift 63 (1956),
406—444.

[17] , Zur Darstellungstheorie der Gruppen endlicher Ordnung II, Math. Zeitschrift 72

(1959), 25-46.

[18] , Defect groups in the theory of representations of finite groups, lllinois J. Math. 13

(1969), 53-73.

[19] , On the first main theorem on blocks of characters of finite groups, lllinois J. Math

14 (1970), 183-187.

[20] Richard Brauer and Walter Feit, On the number of irreducible characters of finite groups in
a given block, Proc. Nat. Acad. Sci. U.S.A. 45 (1959), 361-365.

[21] Richard Brauer and Michio Suzuki, On finite groups of even order whose 2-Sylow group is a
quaternion group, Proc. Nat. Acad. Sci. U.S.A. 45 (1959), 1757-1759.

[22] Michel Broué, Isométries parfaites, types de blocs, catégories dérivées, Astérisque 181-182
(1990), 61-92.

[23] Michel Broué and Lluis Puig, Characters and local structure in G-algebras, J. Algebra 63
(1980), 306-317.

[24] Martin Burrow, Representation theory of finite groups, Academic Press, 1965.

[25] John Conway, Robert Curtis, Simon Norton, Richard Parker, and Robert Wilson, The ATLAS
of finite groups, Oxford, 1985.

[26] Charles Curtis and Irving Reiner, Representation theory of finite groups and associative al-
gebras (2 vols.), John Wiley and Sons, 1987.

[27] Everett C. Dade, Blocks with cyclic defect groups, Ann. of Math. 84 (1966), 20-48.

, A correspondence of characters, The Santa Cruz Conference on Finite Groups 1979,
vol. 37, Amer. Math. Soc., 1980, pp. 401-403.

[29] — | Counting characters in blocks I, Invent. Math. 109 (1992), 187-210.

[30] —, Counting characters in blocks II, J. Reine Angew. Math 448 (1994), 97-190.

[B1] —— | Counting characters in blocks with cyclic defect groups I, J. Algebra 186 (1996),
934-969.

(32] , Representation theory of finite groups, vol. 6, ch. Counting Characters in blocks I1.9,

pp- 45-59, Ohio State University Math Research Institute Publications, de Gruyter, 1997.

75



[33]

[34]

[38]
[39]

[40]

[41]
[42]

[43]

[47]

[48]
[49]

[50]

[51]

_, Another way to count characters, J. Reine Angew. Math 510 (1999), 1-55.

Charles Eaton, On the equivalence of some conjectures of Dade and Robinson, J. Algebra
271 (2004), 638-651.

Walter Feit, The representation theory of finite groups, North—Holland, 1982.

Paul Fong, On the characters of p-solvable groups, Trans. Amer. Math. Soc. 98 (1961), 263—
284.

, Solvable groups and modular representation theory, Trans. Amer. Math. Soc. 103
(1962), 484-494.

William Fulton and Joe Harris, Representation theory, Springer—Verlag, 1991.
George Glauberman, Central elements in core-free groups, J. Algebra 4 (1966), 403-420.

, On the automorphism group of a finite group having no nonidentity normal subgroups
of odd order, Math. Zeitschrift 93 (1966), 154—-160.

, On groups with a quaternion Sylow 2-subgroup, Illinois J. Math. 18 (1974), 60-65.

David Gluck, On the k(GV') problem, J. Algebra 89 (1984), 46-55.

David Gluck and Kay Magaard, The extraspeical case of the k(GV') problem, Trans. Amer.
math. Soc. 354 (2002), 287-333.

David Gluck, Kay Magaard, Udo Riese, and Peter Schmid, The solution of the k(GV)-

problem, Preprint.

David Gluck and Thomas Wolf, Brauer’s height conjecture for p-solvable groups, Trans. Amer.
Math. Soc. 282 (1984), 137-152.

, Defect groups and character heights in blocks of solvable groups II, J. Algebra 87
(1984), 222-246.

Holger Gollan and Tetsuro Okuyama, Derived equivalences for the smallest Janko group,

Preprint.
Daniel Gorenstein, Finite groups, Chelsea, 1980.

, Finite simple groups: An introduction to their classification, Plenum Press, 1982.

James A. Green, On the idecomposable representations of a finite group, Math. Zeitschrift 70
(1959), 430-445.

__, Blocks of modular representations, Math. Zeitschrift 79 (1962), 100-115.

76



[52] | A transfer theorem for modular representations, J. Algebra 1 (1964), 73-84.

(53] , Some remarks on defect groups, Math. Zeitschrift 107 (1968), 133-150.

[54] Morton E. Harris and Markus Linckelmann, Splendid derived equivalences for blocks of finite
p-solvable groups, J. London Math. Soc. 62 (2000), 85-96.

[65] Graham Higman, Indecomposable representations at characteristic p, Duke Math. J. 21
(1954), 377-381.

[56] , Modules with a group of operators, Duke Math. J. 21 (1954), 369-376.

[57] 1. Martin Isaacs, Character theory of finite groups, Dover, 1994.

[58] I. Martin Isaacs and Gabriel Navarro, New refinements of the McKay Conjecture for arbitrary
finite groups, Ann. Math. 156 (2002), 333-344.

[59] Gordon James and Martin Liebeck, Representations and characters of groups, Cambridge,
2001.

[60] Bernhard Keller, Deriving DG categories, Ann. Scient. Ec. Norm. Sup. 27 (1994), 63-102.

[61] Reinhard Knorr, On the number of characters in a p-block of a p-solvable group, Illinois J.
Math. 28 (1984), 181-210.

[62] Reinhard Knorr and Geoffrey Robinson, Some remarks on a conjecture of Alperin, J. London
Math. Soc. 39 (1989), 48-60.

[63] Shigeo Koshitani and Naoko Kunugi, Broué conjecture holds for principal 3-blocks with ele-
mentary abelian defect group of order 9, Preprint (2000).

[64] Burkhard Kiilshammer, Lectures on block theory, LMS Lecture Notes, Cambridge, 1991.

[65] Burkhard Kiilshammer and Geoffrey Robinson, Alperin-McKay implies Brauer’s Problem 21,
J. Algebra 180 (1996), 208-210.

, On Alperin’s Conjecture and certain subgroup complexes, Algebr. Represent. Theory
1 (1998), 383-398.

[67] Markus Linckelmann, Derived equivalence for cyclic blocks over a p-adic ring, Math.
Zeitschrift 207 (1991), 293-304.

, The source algebras of blocks with a Klein four defect group, J. Algebra 167 (1994),
821-854.

, The isomorphism problem for cyclic blocks and their source algebras, Invent. Math.
125 (1996), 265-283.

77



[70] Saunders MacLane, Categories for the working mathematician, Springer—Verlag, 1971.

[71] Andrei Marcus, Broué’s abelian defect group conjecture for alternating groups, Proc. Amer.
Math. Soc. 132 (2003), 7-14.

[72] John McKay, A new invariant for simple groups, Notices Amer. Math. Soc. 18 (1971), 397.

[73] Hirosi Nagao, On a conjecture of Brauer for p-solvable groups, J. Math. Osaka City University
13 (1962), 35-38.

[74] Tetsuro Okuyama, Module correspondence in finite groups, Hokkaido Math. J. 10 (1981),
299-318.

[75] Masaru Osima, Notes on blocks of group characters, Math. J. Okayama Univ. 4 (1955), 175—
188.

[76] Lluis Puig, Pointed groups and construction of characters, Math. Zeitschrift 176 (1981),
265-292.

, Nilpotent blocks and their source algebras, Invent. Math. 93 (1988), 77-116.

, Pointed groups and construction of modules, J. Algebra 116 (1988), 7-129.

[79] B.M. Puttaswamaiah and John Dixon, Modular representations of finite groups, Academic
Press, 1977.

[80] William F. Reynolds, Blocks and normal subgroups of finite groups, Nagoya Math. J. 22
(1988), 15-32.

[81] Jeremy Rickard, Derived categories and stable equivalence, J. Pure Appl. Alg. 61 (1989),
303-317.

[82] , Morita theory for derived categories, J. London Math. Soc. 39 (1989), 436-456.
[83] , Derived equivalence as derived functors, J. London Math. Soc. 43 (1991), 37-48.
[84] , The abelian defect group conjecture, Doc. Math. J. DMV Extra Volume ICM II

(1998), 121-128.

[85] Claus Ringel, Tame algebras, Representation Theory I, Proceedings, Ottawa, Carleton Uni-
versity, 1979, Springer—Verlag, 1980, pp. 137—287.

[86] Geoffrey Robinson, Local structure, vertices, and Alperin’s Conjecture, J. London Math. Soc.
72 (1996), 312-330.

[87] , On a projective generalization of Alperin’s Conjecture, Algebr. Represent. Theory 1

(1998), 129-134.

78



[38]

[89]

_, Cancellation theorems related to conjectures of Alperin and Dade, J. Algebra 249

(2002), 196-219.

, More cancellation theorems for conjectures of Alperin and Dade, J. Algebra 249
(2002), 463-471.

Geoffrey Robinson and Reiner Staszewski, More on Alperin’s conjecture, Astérisque 181—182
(1990), 237-255.

Geoffrey Robinson and John Thompson, On Brauer’s k(B) problem, J. Algebra 184 (1996),
1143-1160.

Alex Rosenberg, Blocks and centres of group algebras, Math. Zeitschrift 76 (1961), 206-216.

Raphaél Rouquier, Modular representation theory of finite groups, ch. Block Theory via Stable
and Rickard Equivalences, pp. 101-146, de Gruyter, 2001.

Leonard L. Scott, Modular permutation representations, Trans. Amer. Math. Soc. 175 (1973),
101-121.

Jacques Thévenaz, G-algebras and modular representation theory, Oxford, 1995.
John Thompson, Defect groups are Sylow intersections, Math. Zeitschrift 100 (1967), 146.

Franz Timmesfeld, Groups with weakly closed T.I. subgroups, Math. Zeitschrift 143 (1975),
243-278.

Riese Udo, The quasisimple case of the k(GV') conjecture, J. Algebra 235 (2001), 45-65.
Charles Weibel, An introduction to homological algebra, Cambridge, 1994.

Robert A. Wilson, The McKay conjecture is true for the sporadic simple groups, J. Algebra
207 (1998), 294-305.

79



