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Maximal subgroups of finite classical groups

Aschbacher in some sense classified all maximal subgroups of the finite
classical groups. We will briefly see how this works.

Let M be a maximal subgroup of SL,(q). If M acts reducibly then it lies
inside the stabilizer of an m-space for some m, which is a parabolic
subgroup. Hence we may assume that M acts irreducibly.

If M acts irreducibly but not absolutely irreducibly then it lies inside
GLn/d(qd) for some d dividing n. Hence we may assume that M acts
absolutely irreducibly.

We take the Fitting subgroup. If this is non-trivial, either M normalizes a
p-subgroup, so is in a parabolic, or a p’-subgroup, and this is a semisimple
subgroup or the extraspecial type maximal subgroups.
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Maximal subgroups of finite classical groups

We take the Bender subgroup, the product of all components of M. One
can see that either E(M) is simple or we lie inside a normalizer of another
subspace decomposition.

Hence M is an almost simple group. If M is a group of Lie type in defining
characteristic then M is the intersection of GL,(q) with an algebraic
version of M.

Thus we see that M is either the intersection of GL,(g) with an algebraic
subgroup of GL,, or it is an almost simple (modulo the center) group
acting absolutely irreducibly on the natural module, and this simple group
is either alternating, sporadic or Lie type in non-defining characteristic.
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What about exceptional groups instead?

If that is the situation with classical groups, what is the situation with
exceptional groups? The ideal case we can hope for is the same
distinction, that a maximal subgroup is the intersection of G(q) with an
algebraic subgroup, or that it is almost simple acting absolutely irreducibly
on a minimal module.

Unfortunately this isn't true. Let's work through some of the proof to see
what's wrong. Subspace stabilizers are algebraic subgroups, true, but they
need not be positive dimensional, so that’s the first problem.

If M has a centre then M is contained in a p-local subgroup, but these sre
not so easy to understand any more.

So, everything looks pretty bad then.
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What about exceptional groups instead?

Despite this, we can get the following theorem.

Theorem
Let M be a maximal subgroup of a finite exceptional group of Lie type.
One of the following holds:

@ M is the fixed points of a Frobenius map of a positive-dimensional

subgroup of the corresponding algebraic group.

@ M is an exotic p-local subgroup

© M is the subgroup (Alts x Altg) - 22 and G = Eg, p > 5.

Q M is almost simple.

The subgroup in part 3 was discovered by Borovik, who proved this
theorem, as did Liebeck—Seitz. The exotic p-local subgroups are known.
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The exotic p-locals

Here are the exotic p-local subgroups. These are all maximal in the cases
below.

e 23.513(2) < Gy(p),
33.5L3(3) < Fa(p),
33+3,SL3(3) < E{(p), p=€emod 3, p > 5
53.5L3(5) < Eg(p?), p ;A 2,5,ac{1,2}, p>=(-1)>"?mod 5
2511051 5(2) < Eg(p), p > 3.

They exist for other primes as well, but are not maximal.

31
5r
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Maximal subgroups of exceptional algebraic groups

The maximal subgroups M of positive dimension in exceptional algebraic
groups have been completely classified by Liebeck and Seitz. They are
maximal parabolics, maximal-rank subgroups, (22 x D,).Sym; < E7 (p
odd), A; x Symg < Eg, (p > 5), or M? is one of a short list:

G MO
Ga AL (p>T)
Fa A1 (p=>13), G (p=T7), A1Gz (p > 3)

Es A (p=5), G2 (p#T7), G4 (p=3), Fa, A2Go
Ez A1 (p>17), A1 (p>19), A2 (p>5), A1A1 (p > 5),
A1Gy (p > 3), AtFa, GoGs
Es A1 (p>23), A (p>29), A (p>31), B (p>5),
A1Ax (p>5), A1GaG (p > 3), GoFs
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Almost simple subgroups

So we are now looking at classifying the maximal almost simple subgroups.
Unlike the classical case, where there are infinitely many cases so probably
no reasonable answer, here there should just be a list. This has already
been done for Gx(q), 2B2(q?), °G2(q?) and ?F4(q?) (and 3D4(q?) if you
think of that as an exceptional group).

This leaves F4(q), Es(q), *Es(q?), Ez(q) and Eg(q).
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N
A trifurcation

We want to focus on subgroups of Lie type in the same characteristic as
the ambient algebraic group, and we make the following distinction.
Suppose that the rank of the algebraic group is n.

e A (finite) subgroup is large rank if it has untwisted rank more than
n/2.

o A (finite) subgroup is medium rank if it has untwisted rank between
2 and n/2, except for °B»(q?) and ?G»(q?).

o A (finite) subgroup is small rank if it is one of SLx(q), ?B>(g?) and
20 ( o2
G2(q?).

The results about embedding H(q) into an algebraic group G depend on
whether H has large, medium or small rank, at least until now.
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Large-rank subgroups

Here we know the most, since there are not really many possible ways that
(for instance) Eg can be embedded in Eg.

Theorem (Liebeck—Sax|-Testerman, 1996)

Let g > 2. If H(q) is a large-rank subgroup of an exceptional algebraic
group G, then the inclusion map extends to a morphism of algebraic
groups.

If g =2 then something similar was proved by Liebeck and Seitz.

Theorem (Liebeck-Seitz, 2005)

If H(2) is a large-rank subgroup of an exceptional algebraic group G then
H(2) is contained in an algebraic subgroup of G stabilizing the same
subspaces of either the minimal or Lie algebra module, except for GL4(2)
inside Fy.
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Medium-rank subgroups

In this case not everything has been done, but there was still a strong
theorem of the same form as above.

Theorem (Liebeck—Seitz, 1998)

Let H(q) be a medium-rank subgroup, and assume that ¢ > 9 unless H is
of type Az, which case g > 9 and q # 16. If H(q) is contained in an
exceptional algebraic group G then H(q) is contained in an algebraic
subgroup of G stabilizing the same subspaces of the Lie algebra module.

So this is the first case where not everything is known. This is the case we
are mainly going to focus on in this talk.

David A. Craven (Birmingham) Maximal subgroups 30th April, 2014 11 /18



Small-rank subgroups

We should of course complete the case of the rank-1 subgroups. Define

12 G=6,
68 G =F,
u(G)={124 G =k,
388 G=F
(1312 G = Es.

and t(G) = u(G) - gcd(2,p — 1).
Theorem (Liebeck—Seitz 1998, Lawther)

Let H(q) be a small-rank subgroup contained in an exceptional algebraic
group G. If g > t(G) then H(q) is contained in an algebraic subgroup of
G stabilizing the same subspaces of the Lie algebra module.
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Other things about medium- and small-rank subgroups

These are the general results known about these cases, but there are
results due to Kay Magaard and Michael Aschbacher, stated in terms of
maximal subgroups.

Theorem (Magaard, Aschbacher)

Let G be Fy for g a power of p > 5 or Eg for any q. If M is a maximal
subgroup of G and M is a Lie type group in defining characteristic then M
is the fixed points of an algebraic subgroup of G of the same type as M,
with the potential exception of PSL2(13) inside Fa acting as the projective
cover of L(8\1) on the minimal module.

v

This is a special case of the main results of Magaard's thesis (on F4) and a
series of five papers by Aschbacher (the last one unpublished) (on Eg),
where they also mostly classify the other maximal subgroups as well.
Nothing much has been done for E7 and Eg, and Aschbacher's work does
not strictly address 2Fg(q?).
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Why are F4;, Es and E; different?

With F4, Es and E7, they each have a faithful module of dimension smaller
than that of the group, and hence the stabilizer of a line in this module
must be a positive-dimensional subgroup. If we can prove that a subgroup
H stabilizes a line, then we must have that H lies inside a
positive-dimensional subgroup.

This is partly what enabled Magaard and Aschbacher to deal with F; and
Eg, and it will help us with attacking E7.

Hence from now on, we exclude the case of Eg. Although that particular
trick will not work with Eg, there are some methods that will still work
there, and it might be possible to produce analogues of some of our results.
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An example: Sp,(2")

Suppose that we want to show that if H(q) = Sp,(2") lies inside G, one of
F4, Es and E7, then it has a trivial submodule in its action on the minimal
module, and hence is contained in a line stabilizer.

@ The simple modules for H have dimension 4/ for i > 0. Since the
minimal module for G has dimension at most 56, the dimensions of
simple modules are 1, 4 and 16.

@ H has a single conjugacy class of elements x of order 5, which are
hence rational (i.e., conjugate to all their powers). The trace of x on
the modules of dimension 1, 4 and 16 are 1, —1 and 1 respectively.

@ There is a single conjugacy class of rational elements of order 5 in G,
with character value 1, 2 and 6 as G = F4, Eg, E7.

@ There are no extensions between 1s and 16s, so there must be more
4s than 1s in the composition factors of the minimal module, else H
fixes a line or hyperplane. This yields a contradiction.
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They aren’t all that easy

Suppose that H is a copy of SL3(5) inside E7, acting with composition
factors 10,10, 10%,10%, 8,8 on the minimal module V. (M* is the dual of

M.)
@ Because there are no extensions between these modules, this action is
semisimple.
@ Let L be a Levi subgroup of H of type A;. The restriction of this
module is

L(3)% & L(2)™ @ L(1)®® @ L(0)®°,

since L is H-completely reducible.

@ Since L fixes a line, it lies inside a line stabilizer, and as it is a
summand, inside the corresponding algebraic subgroup, E¢ or Bs.

@ Play continues like this until we get that L is contained in X an
algebraic SL, stabilizing the same subspaces of V as L does.

o Take the subgroup generated by X and H. This stabilizes the same
subspaces as H, and is positive dimensional. Hence H is not maximal.
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A theorem

This sort of thing can be used to attack lots of cases, but there are still
obdurate cases that are not amenable to these ideas. There we have to try
harder.

Trying harder, we can prove the following theorem.

‘Theorem’ (C.—-Magaard—Parker)

If G is one of F4, Eg or E7, and H(q) is a medium-rank group of Lie type
in the same characteristic as G, then any image of H in G is contained in
a positive-dimensional subgroup of G.

WARNING: although this has been done, not everything has been double-
and triple-checked (triple because there are three authors). Use with
caution until May (estimated) when hopefully everything will be written
up, not just written down.
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Rough outline of the proof

@ Use traces of semisimple elements to get the composition factors of
the restriction of the minimal module to the potential subgroup H.

e Use actions of unipotent elements and a complete calculation of Ext!
between simples to determine potential modules, rather than just
composition factors.

e Often, H stabilizes a line (even better, has a trivial summand in its
representation). This is good.

@ In the remaining cases we have to be more tricksy. We can use the
trilinear form on F4 and Eg to prove that H stabilizes a subalgebra of
the Jordan algebra, which means that it lies inside a
positive-dimensional subgroup (as subalgebra stabilizers are positive
dimensional).
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