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Abstract

In this article we study embeddings of PSL2(qo) into exceptional groups G(q) for G = Fu, Fs, E7,

and go and ¢ powers of the same prime p. With a few possible exceptions, we prove that there are no

maximal subgroups with socle such a simple group inside an almost simple group with socle G(q), except

for those that arise as fixed points of a maximal positive-dimensional subgroup of the corresponding

algebraic group.

In the few remaining cases we provide considerable information about a potential maximal subgroup.
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1 Introduction

Classifying the maximal subgroups of a finite group is one of the most fundamental problems in the field
of finite group theory. Michael Aschbacher and Len Scott [5] reduced the problem for all finite groups to
understanding H' (G, M) for all simple modules M for all finite simple groups G, and classifying all maximal
subgroups of almost simple groups.

This paper is a contribution towards the latter, ambitious goal. For alternating and classical groups
there is in some sense no complete answer, since the dimensions of the classical groups (and degrees of
the alternating groups) tend to infinity, although there is substantial work in this direction. However, for
sporadic and exceptional groups there is a possibility of a complete answer being known.

For sporadic groups, a complete answer is known for all groups but the Monster, and here we concentrate
on exceptional groups of Lie type. There is a classification of maximal subgroups for exceptional groups
G = G(q) for G not of type Fy, Es, °Eg, E7 and Fg already, and so we focus on these cases. What is known
in the literature so far is summarized in Section 3, but broadly speaking, all maximal subgroups are known
in these groups apart possibly from various almost simple maximal subgroups, and these are either a small
list of simple groups that are not Lie type in defining characteristic, and if the potential maximal is Lie type
in defining characteristic then what is left are groups of small rank and small field size, together with a large
collection of possible subgroups PSLy(p®), the focus of this paper. We prove the following theorems, for any
almost simple group of the appropriate type.

Theorem 1.1 Let p be a prime, a > 1 be an integer, and let ¢ be a power of p. Let G be an almost simple
group with socle Fy(q), and suppose that H is an almost simple group with F*(H) = PSLo(p®). If H is

maximal in G then one of the following holds:



(ii) p* =13, H = PSL2(13) and is a Serre embedding;

(iii) ¢ = p*, p > 13, F*(H) = PSL2(q), and H is the intersection of G with a maximal algebraic A;
subgroup of the algebraic group Fj.

The definition of a Serre embedding is given formally in Definition 4.7, but informally it is a copy of
PSLy(h + 1) where h is the Coxeter number of G and this subgroup contains a regular unipotent element.
(This subgroup is named after Serre as he constructed copies of PSLa(h + 1) (if A+ 1 is a prime) over all
fields in [27].)

In recent work of Tim Burness and Donna Testerman, this case has been solved, and proved to be a
subcase of (iii) above, so p® = 9 is the only outstanding case. It seems difficult to remove the first possibility,
although it might be possible using more advanced geometric techniques than employed here; of course no
such maximal subgroup is known. In Section 8.2 we give more information about the case p® = 9, where we
give the action of a potential maximal subgroup on the minimal module; such a subgroup does exist, but is
contained inside a positive-dimensional subgroup, and representation-theoretic techniques do not seem able
to prove uniqueness.

Kay Magaard [24] proved Theorem 1.1 for p > 5 in his PhD thesis, with the extra condition that ¢ = 13
in (ii).

For Eg we have a complete theorem, as the Serre embedding can be shown to lie in Fy.

Theorem 1.2 Let p be a prime, a > 1 be an integer, let ¢ be a power of p, and let G be an almost simple
group with socle either Eg(q) or 2Eg(q). There does not exist an almost simple maximal subgroup H of G
with F*(H) = PSLa(p?).

Almost all of this theorem was obtained by Aschbacher [4] using geometric techniques, where only the
case ¢ = p® = 11 and H contains a semiregular unipotent element, from class Eg(aq), is left open; here we
remove it using the Lie algebra structure of the adjoint module L(G).

For E7, here we again have some potential exceptions, but not the case p® = 9, which was completed in
[9]. This time the difficult cases are the Serre embedding and p® = 7,8, 25.

Theorem 1.3 Let p be a prime, a > 1 be an integer and let ¢ be a power of p. Let G be an almost simple
group with socle E7(q), and suppose that H is an almost simple subgroup with F*(H) = PSLy(p®). If H is

maximal in G then one of the following holds:
(i) p* =17, p* =8 or p* = 25;
(ii) p® =19, H = PSLa(p®) and is a Serre embedding;

(iil)) ¢ = p*, p = 17, F*(H) = PSL2(q), and H is the intersection of G with a maximal algebraic A;
subgroup of the algebraic group Fr.

Again, Burness and Testerman have showed that (ii) is a subcase of (iii). In the case (i) where p* = 8,
we can give the composition factors of H on the minimal module, and can give the precise module structure
as well whenever 8 | q. For p® = 7, there are unresolved cases of potential copies of PSLy(7) where the
preimage of the subgroup in the simply connected version of E7 is both 2 x PSLy(7) and SLo(7). In both

cases the module structures on the minimal module can be given precisely, but it seems difficult to progress



further using these techniques. In the case of p® = 25, this is a copy of SLy(25) inside the simply connected
version of F; with centres coinciding, and we have complete information about the module structures on
both the minimal and adjoint modules. If it exists then it is a maximal subgroup of E7(q) for the smallest
q into which the group embeds.

We do not deal with maximal subgroups of Eg here, and only consider it for certain lemmas, which will
be useful in a later treatment of this case. A rough estimate is that, with current techniques, attempting Eg
here would result in many unresolved cases and double the length of this work. For exceptional groups other
than Eg, the minimal module has dimension much smaller than the dimension of the group (as an algebraic
group) and we can use representation theory to analyse this module. We can still do things with the Lie

algebra for Eg, as we did in [9],

The strategy for the proofs of these theorems is given in Section 7, and relies heavily on computer

calculations in three ways:

(i) The first is to compute the traces of semisimple elements of large order on various modules for excep-
tional groups. Tables of these traces are available for elements of small order, but we need them for
very large orders, sometimes in the hundreds. For this we can use the program that Litterick produced
in his PhD thesis [22], or construct the normalizer of a torus explicitly in Magma and take the con-
jugacy classes, then compute their eigenvalues. (Litterick has produced a much faster algorithm for

computing traces of elements on fundamental modules, but we do not need this for our cases.)

(ii) The second is to do large linear algebra problems. To find all sets of composition factors that could
arise as the composition factors of the restriction of a G-module to a subgroup H involves checking
many possible combinations against these large lists of possible sets of composition factors. This is
done to reduce the possible module structures for the subgroup on the minimal and adjoint modules,

and was also used in [22].

(iii) The third is to construct explicit modules for finite groups, and show that certain module structures
cannot exist. This would be possible by hand, at least in some cases, but incredibly complicated and
prone to mistakes. In each case, a clear recipe is given for how to reproduce the module we construct

to ease verifiability.

With these three uses of a computer in mind, the rest of the argument is done by hand, in Sections 8 to 12.

The structure of this article is as follows: in the next section we give notation and some preliminary
results. In Section 3 we give information about maximal subgroups of finite and algebraic exceptional
groups, and in the following section we give lots of information about unipotent and semisimple elements of
exceptional groups, together with information about sly-subalgebras of exceptional Lie algebras. Section 5
gives information about modules for SLa(p?®), and the section after gives some constructions of PSLsgs inside
FEg in characteristic 3.

We then launch into the proof proper, with Section 7 giving an outline of the strategy of the proof, Sections
8 and 9 proving the results for F; and Ejg, and then the three sections after doing F; in characteristic 2, and
then E7 in odd characteristic, split into two sections according as the embedding into the simply connected
group is 2 X PSLy(p®) and SLa(p®).

The appendix gives some information about the composition factors of the reductive and parabolic
maximal subgroups of Fy, Fs and F7 on the minimal and adjoint modules, information that is well known

but given here for ease of reference.



2 Notation and preliminaries

In this section we give the notation that we need, both for groups and for modules, and give a few preliminary
results.

Throughout this paper, G = G(k) will denote an exceptional finite group of Lie type defined over k,
a field of characteristic p > 2. More specifically, let G be a simple, simply connected algebraic group of
exceptional type, equipped with a Frobenius endomorphism o and set G = G°. The precise types of G that
we are interested in are those exceptional groups whose maximal subgroups are not yet known, i.e., Fy(q),
FEs(q), *Es(q), E7(q) and Eg(q), although we do not do much in the case of Eg(q), and often will exclude it
from consideration.

Notice that we consider the simply connected version of G, so Fr(k) possesses a centre when p is odd.
We want the simply connected versions in order to work with the minimal module and the adjoint module
simultaneously. Where this is particularly important we will remind the reader, for example when considering
PSLs(p®) embedded in the simple group of type E7, where in E7(k) we can embed either SLa(p®) in Er(k)
with the centres coinciding or 2 x PSLa(p?) into Er(k) with the centres coinciding, representing the two
possible preimages of a copy of PSLy(p®) in the simple group. If G possesses a graph automorphism of order
2, denote this by 7; we will remind the reader of this notation when we use it.

We let G be an almost simple group with socle G/Z(G). The maximal subgroups M of G split into three
categories: M N G is a maximal subgroup of G, M N G is not a maximal subgroup of G, and G < M. The
third collection are easily computed, and the first can be deduced from a list of maximal subgroups of G.
However, the second, called novelty maximal subgroups, cannot easily be seen from the maximal subgroups
of G. They arise in the following manner: let H be a subgroup that is not maximal in a simple group X,
but H is normalized by a group of outer automorphisms A of X while every proper subgroup of X properly
containing H is not normalized by it. In this case, H.A is a maximal subgroup of X.A. However, it is of
course very difficult to understand these if one is simply given a list of maximal subgroups of X, so we will
prove more than simply that a given subgroup is not maximal in the simple group, but that it is contained
in stabilizers of various subspaces of a given module, enough that we can see that it does not form a novelty
maximal subgroup.

The modules that we normally consider are the two smallest non-trivial ones. Write Vi, for one of the
minimal modules for G, namely L()\;) for Fy, either L(\;) or L(Xg) for Es and ?Eg, L(\7) for E7 and not
defined for Eg. We write L(G) for the Lie algebra or adjoint module, which is L(A1), L(A2), L(A1) and
L(\1) respectively. If L(G) has a trivial composition factor so is not irreducible, which occurs in E7 in
characteristic 2 and Eg in characteristic 3, let L(G)" denote the other simple factor, and in other cases let

L(G)" = L(G). These two modules have the following dimensions:

Group dim(Vin) dim(L(G)")

Fy  26—0,3 52
Eg 27 78— b3
E; 56 133 — 0,2
Es 2438 248

If G = Fy in characteristic 2, L(G) has factors Vi, and V7., where 7 denotes the graph automorphism

m?’

of G, so in this case we will not consider L(G) at all but these two modules. In all other cases, L(G) is

irreducible.

We now introduce some notation for modules. All modules will be finite dimensional and will normally



be defined over k, the field over which G is defined. If H is a group, let Irr(H) denote the set of irreducible
modules over the field, which is always k unless otherwise stated. As usual write ‘@’ and ‘®’ for the direct
sum and tensor product of two modules. Let A’ and S? denote the exterior and symmetric powers. We
write M | for the restriction of M to H, and write soc’(M) for the ith socle layer and rad’(M) for the ith
radical layer of M. Write top(M) for the top of M, i.e., M/rad(M), and cf(M) for the composition factors
of M as a multiset. Let H'(H, M) denote the 1-cohomology group of M, and in general Ext' (M, M’) denote
the group of extensions with submodule M’ and quotient M. The projective cover of a module M will be
denoted by P(M).

We will often have to talk about the structures of modules, as in their socle layers. If M is a module

with socle A and second socle B then we can write

B
A

for this structure; however, this is often too space-consuming when we have many socle layers, and so we
also write B/A for this module.

We also introduce the concepts of radical and residual. If I is a subset of Irr(H), then the I-radical of
M is the largest submodule of M whose composition factors lie in I, and let I’ = Irr(H) \ I. The I-residual
of M is the smallest submodule whose quotient has composition factors in I.

One lemma that we occasionally use, that can be quite powerful, relates the minimal and adjoint modules

for exceptional groups. We place it here because there seems no more appropriate place.

Lemma 2.1 Let G be one of Fy, Fg and E;.

(i) Let G = Fy. If p = 3 then L(G) is a submodule of A%(Vipin). If p > 5 then L(G) is a summand of
A% (Vinin)-

(ii) Let G = Eg. If p =2 then L(G) is a submodule of Vi, @ V%5;,. If p = 3 then the socle of Vipin ® Vi,
is 1-dimensional, and quotienting out by this, L(G)’ is a submodule. If p > 5 then L(G) is a summand
of Vipin @ V*

min*

(iii) Let G = E7. If p = 2 then the socle of A?(Vy) is 1-dimensional, and quotienting out by this, L(G)’
is a submodule. If p = 3 then L(G) is a submodule of S?(Vinin). If p > 5 then L(G) is a summand of
S%(Vinin)-

In many cases we want to prove that a module has a particular composition factor as a submodule or
quotient, often the trivial module. Thus we need a method of proving that a particular composition factor
is always a submodule or quotient in any module with those factors. This is the idea of pressure.

Suppose that H is a finite group such that OP(H) = H, and such that for all simple modules M over a
field k, H*(H,M) = H*(H,M*). The pressure of a module V for H is the quantity

> dimH'(H, M) = 6y
Mect(V)
Results on pressure have occurred in the literature before, with the most general being in [9]. Another
generalization of this allows us to understand the situation of forcing a module from a collection M of

simple modules to be a submodule of a given module V. If M is a collection of simple modules for a group



H, with Ext'(M,M’) = 0 for all M, M’ € M, and such that Ext'(A4, M) = Ext'(M, A) for all simple
modules A and M with M € M, then the M-pressure of a module V is the quantity

S>> Ext (M, M) = u

M’ ecf(V) MEM
The lemma from [9] directly generalizes to M-pressure, with the exact same proof, and we give it now.
Lemma 2.2 Suppose that H is a finite group, and let M be a set of simple modules for H such that

Ext' (M, M’) = 0 for all M, M’ € M, and Ext' (M, A) = Ext*(A, M) for all M € M and all simple modules
A. Let V be a module for H of M-pressure n.

(i) If n < 0 then Hom(M, V) # 0 for some M € M, i.e., V has a simple submodule isomorphic to some
M e M. If n = 0 then either Hom(M, V') # 0 or Hom(V, M) # 0, i.e., V has either a simple submodule

or quotient isomorphic to some member of M.

(ii) More generally, if a composition factor of V has M-pressure greater than n, then either Hom(M, V') # 0
or Hom(V, M) # 0 for some M € M.

(iii) If Hom(M,V) = Hom(V,M) = 0 for all M € M, then any subquotient W of V has M-pressure

between —n and n.

The concept of pressure can be used to prove that either Vi, or L(G) possesses a trivial submodule or
quotient when restricted to H. We therefore would like to know whether that is enough in some circumstances

to conclude that H is contained within a o-stable, positive-dimensional subgroup of G.

Lemma 2.3 [[9, Lemma 1.4]] Let G = G be one of Fy, Eg, *Egs, E; or Eg. Let H < G, acting on a
module V' defined over k, where V is either Vi, or L(G)’ and k is the underlying field of G. If one of the

following holds, then H is contained in a o-stable, positive-dimensional subgroup of G:
(i) H fixes a l-space or hyperplane of Vi, or L(G);
(ii) G = Fy, Es, ?Eg or E7, and H fixes a 2-space or a space of codimension 2 in Vipin;
(iii) G = Eg or ?Eg, and H fixes a 3-space or a 24-space of Vinin.

In the next section we consider the set of maximal positive-dimensional subgroups, and this lemma will
more or less translate across to the almost simple group G.
We end with giving the line stabilizers for the minimal modules for the finite groups Eg(k) and E7(k).

These have appeared in the literature before, and we take these from [15, Lemmas 5.4 and 4.3].

Lemma 2.4 Let G = Eg(q). There are three orbits of lines of the action of G on Viuin, with line stabilizers

as follows:
(i) Fi(g) acting on Vi a5 L(A) & L(0):
(ii) a Ds-parabolic subgroup; ¢'%Ds(q).(¢ — 1), acting uniserially as L(A1)/L(A4)/L(0).

(iii) a subgroup ¢'%.B4(q).(¢ — 1) acting indecomposably as L(0), L(A1)/L(A\4)/L(0).

Lemma 2.5 Let G = E7(q). There are five orbits of lines of the action of G on Vi, with line stabilizers

as follows:



(i) FEs(q).2 (the graph automorphism) acting semisimply with composition factors of dimensions 54, 1, 1;
(ii) 2Eg(q).2 (the graph automorphism) acting semisimply with composition factors of dimensions 54, 1, 1;
(iii) an Eg-parabolic subgroup ¢*7.Eg(q).(q — 1) acting uniserially as L(0)/L(\1)/L(X\g)/L(0);
(iv) a subgroup ¢'*32.B5(q).(q — 1) acting uniserially as L(0)/L(A\1)/L(\5)/L(A1)/L(0);

(v) a subgroup ¢?%.Fy(q).(¢ — 1) acting indecomposably as L(0), L(0)/L(A\4)/L()\4)/L(0), L(0).



3 Maximal subgroups

This section summarizes what is known about the maximal subgroups of the finite groups G' and G, and
also the algebraic group G, about which complete information on positive-dimensional maximal subgroups
is known.

The maximal subgroups of positive dimension in G are given in [20], and given G we denote by 2~ this
collection; write 27 for the fixed-point sets X7 for X € 2 being o-stable. Note that we also include in
2% the fixed points of G under a field, graph, or field-graph automorphism of prime order (so, for example,
2B (p?) and Fg(p) inside Eg(p?)). If G is almost simple rather than merely simple, the set 27 shall be
taken to mean the normalizers in G of the elements of 277 for F*(G).

While the maximal subgroups of G are known, the maximal subgroups of G and G are of course not. We

start with a broad characterization of the maximal subgroups of G, given in [7] and [17, Theorem 2].

Theorem 3.1 Let M be a maximal subgroup of G' not containing F*(G). One of the following holds:
(i) M is a member of 2°7;
(ii) M is the normalizer of an elementary abelian r-group for some r # p;
(iii) M = (Alt(5) x Sym(6)) - 2 and G = Eg with p > 5;
(iv) M is almost simple.

The algebraic groups containing the subgroups in (i) are known and are the fixed points of those in [20];
the subgroups in (ii) are known and given in [8]; the subgroup (iii) was discovered by Borovik and is unique
up to conjugacy. The potential subgroups in (iv) have been steadily reduced over the last two decades. We
start with those almost simple groups that are not Lie type in defining characteristic. Here the list is fairly
short and given in [19], but note that a fair number of these have been eliminated in a variety of papers,
too numerous to list here, but we mention the papers [23] and [9] for all Lie type groups, and with F, and
Eg having almost all possibilities for M removed by Magaard and Aschbacher in [24] and [4] respectively.
The author has also made progress on eliminating still more of this list and proving uniqueness of various

maximal subgroups, with details appearing elsewhere.
For M a group of Lie type in defining characteristic, define ¢(G) and v(G) to be the following integers:
H(Ga) =12, t(Fy) =68, t(Eg) =124, t(E;) =388, t(Es)=1312.

’U(Gg) = 4, U(F4) = 18, U(EG) = 18, U(E7) = 75, U(Eg) = 1312.

The rank of M is at most half the rank of G by [16] and [21]. Furthermore, for those groups we have the
following possibilities by [18]:

(i) M(q) has semisimple rank at most half that of G, ¢ < 9, and M(q) is not one of PSLa(q), 2B2(q) and
“Ba(q);

(ii) PSL3(16) and PSU3(16);

(iii) PSL2(q), *B2(q) and *G2(q) for ¢ < ged(2,q — 1) - ¢(G).



The paper [10] allows us to replace t(G) by v(G) in (iii). For (ii), note that PSL3(16) has elements of order
9, and PSU3(16) has elements of order 255, so neither case can occur for G # Eg by [10, Theorem 1.1]. The
author, Kay Magaard and Chris Parker have removed almost all of (i) for G # Eg in work in preparation,
as well as the Suzuki and Ree groups from (iii), leaving just PSLs(p®), which we consider in this paper.
We can therefore assume, from now on, that p* < ged(2,p — 1) - v(G). We remind the reader at the start

of each section the value of v(G).

We wish to end this section with a result that states that if H is a copy of PSLy(p®) inside an exceptional
group of Lie type (other than Fg), then Nz (H) is either an almost simple maximal subgroup or is inside
a member of Z°7. The rest of this paper will be spent proving that the latter case holds rather than the
former, but for this section we will need to have some exceptions. One source of possible exceptions is that
Ng(H) is contained inside another maximal subgroup of G' other than those in 277, for example a copy of
PSpg(p), which contains PSLa(p?).

The statement of the next result, and the proofs of the next two results, use ideas, definitions and
techniques that will be introduced throughout this paper, but logically the results should be in this section.
As such, the author recommends that the reader does not read the proofs of these results until after they

have read the next few sections.

In order to reduce the list of exceptions that arise, we will remove some of the Lie type groups of medium
rank appearing in (i) above. We start with a table giving the largest possible order of semisimple elements
of various groups of Lie type. The group type appears on the left and the field size on the top. In each
entry, there is a number which is the largest order of a semisimple element in the simple group, and if this
is even we include the largest element of odd order in brackets, then for groups for which not all semisimple

elements are real (type A only) we place after that the largest order of a real semisimple element.

Group 2 3 4 5 7 8 9
PSL; 7,3 13, 4 7,5 31,6 19, 8 73,9 91, 10
PSLy, 15,5 20 (13),10 85,17 39,13 200 (171), 50 585, 65 205, 41
PSU;4 - 8 (7), 4 15,5 8(7),6 48 (43), 8 21,9 80 (73), 10
PSU; 9,5 8(7),8 65, 17 63, 26 86 (75), 25 513, 65 365, 82
PSp, 5 5 17 13 25 65 41
PSpg 15 20 (13) 85 78 (63) 200 (171) 585 410 (365)
PQy 15 20 (13) 85 78 (63) 200 (171) 585 410 (365)
G, 7 13 21 31 57 73 91

(We omit PSUj3(2), which is not simple, and consider the derived subgroup when the group is not simple,
i.e., PSp,(2)" and G2(2).)

We now compare these numbers to v(G): for Fy if the first number is greater than 18 then the subgroup
is a blueprint for Vi,i,; for Eg if the number in brackets is greater than 75 or the second number is greater
than 18 then the subgroup is a blueprint for Vi,i,; for E7 the number in brackets needs to be greater than
75 for this. For example, subgroups isomorphic with G2(9) and PSpg(8) are always blueprints for Vi, when
inside Fy, Eg and E7, whereas PSU4(7) is always a blueprint for Vi, for Fy and Eg, but not necessarily for
Er.

We prove an intermediate proposition that will help in our stated goal of producing the result we men-

tioned about Ng(H) being either almost simple or in a member of 2°% when H is PSLa(p®).

Proposition 3.2 Let G be one of Fy, Eg and E7.
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(i) For p = 5,7, any copy of H = PSp,(p) in G, or H = Sp,(p) in G = E;(k) with Z(H) = Z(G), is a
blueprint for Vi,iy,.

(ii) For p = 5,7, any copy of H = PSL4(p) or PSUy(p) in G, or H = 2 - PSL4(p) or H = 2 - PSU4(p) in
G = E;(k) with Z(H) = Z(G), is a blueprint for Viyin.

(iii) Let p be an odd prime and a > 1. Any copy of H = PSpg(p®) in G, or H = Spg(p®) in G = E7(k)
with Z(H) = Z(G), is a blueprint for Vi,ip.

(iv) Let p be an odd prime and a > 1. Any copy of H = Q(p®) in G, or H = Spin,(p®) in G = E,(k) with
Z(H) = Z(Q), is a blueprint for Viyin.

Proof: We prove (i) and (ii) for p = 5 first. For the first part, we first compute the conspicuous set of
composition factors for Vi, Ly in the case of G = E7. The simple modules of dimension at most 56 are 1,
5, 10, 13, 30, 351, 352 and 55. The only conspicuous set of composition factors is 102, 5%, 16, and since these
composition factors have no extensions with each other, Vi,i, {5 is semisimple, thus a unipotent element
from the conjugacy class of H with the largest centralizer acts on Vi, as 32,216 118 a generic class. This
proves the result since generic classes are blueprints for Vi,;,. Of course, since the minimal modules for Fy
and E7 are submodules of V,,;,, the result holds for Fy and Fg as well.

If H = Sp,(5) < E7(k) with centres coinciding, then the involutions in H act on faithful modules with
trace 0, not allowed since the trace of an involution in E7 is +8. This proves (i).

As SL4(5) and SU4(5) contain Sp,(5), and the centres of SL4(5) and SU4(5) contain the centre of Sp,(5),
we have that PSp,(5) < PSL4(5), PSU4(5), and therefore (ii) holds as subgroups that contain blueprints are
themselves blueprints.

For p = 7 the exact same proof holds, except that the dimensions of the simple modules are now 1, 5,
10, 14, 25, 351, 352 and 54.

We now prove (iii). For p* # 3,5, the largest semisimple element of odd order has order greater than
75, so these are already blueprints for Vi,. If H = PSpg(3) then there are only three simple modules of
dimension at most 56, with dimensions 1, 14 and 21. The traces of elements of orders 5 and 7 are enough to
prove that H does not embed in G = E7, and hence not in its subgroups. If H = Spg(3) then the appropriate
simple modules have dimensions 6, 14 and 50, and traces of elements of order 5 are enough to prove that
the only conspicuous set of composition factors for Vi g is 14,67. There are no extensions between
composition factors, so this is semisimple, and the action of a unipotent element with largest centralizer in
H is 2'2,132 a generic class. We conclude that H is a blueprint for Vi, and therefore so is any subgroup
containing H, as needed.

For p = 5 all of the same statements hold except we only need traces of elements of order 3 to prove that
PSpg(5) does not embed, and for Spg(5) elements of orders 2 and 3 suffice.

Finally, we consider (iv). Since the semisimple elements have the same orders in Q7(p®) as PSpg(p®), we
again need only consider p* = 3,5. For p® = 3, the simple modules for H = Q7(3) of dimension at most 56
are 1, 7, 27 and 35. The traces of elements of orders 2 and 4 are enough to find the unique conspicuous set of
composition factors, 212, 72. and since there are no extensions between these modules Viin |77 is semisimple.
A unipotent element H with maximal centralizer size acts on this module with blocks 32,26, 18 which is
generic by [13, Table 7], so that H is a blueprint for Vj,;,. In the other case of H = Spin,(3), a non-central
involution in H has trace 0 on all faithful modules, and so since an involution in E; has trace +8, we cannot

get this case.
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The exact same proof works for p = 5 except we use traces of elements of orders 2 and 3 to eliminate all

but one set of composition factors. O

From this we can see that if H is a potential maximal subgroup, and we prove that H is contained inside
a larger subgroup that is not G, then for almost all possibilities for H, either H must lie inside another

almost simple group or it lies inside a member of 2. This is made formal with the following proposition.

Proposition 3.3 Let H = PSLa(p?), let G = G(k) be an exceptional group of Lie type in characteristic p
other than Fg, and let G be an almost simple group with socle G. If H < G then one of the following holds:

(i) Na(H) is contained in a member of 277
(ii) Ng(H) is an almost simple maximal subgroup of G' with socle H;
(iii) one of the following holds:

(a) G=Ga, p* =4,7T;
(b) G =Fy, p*=4,5,7,8,9,11;
(¢) G = Eg, p® =4,5,7,8,9,11,16,25 (for p® = 25, H < ?F4(2)");
(d) G =E7,p*=4,57,8,9,11,16,25,64 (for p* = 25, H < Ru).
Proof: As we wrote above, the classification-so-far of maximal subgroups of G (not equal to Eg) states that

if M is a maximal subgroup then one of the following holds:
(1) M is a member of 2°7;
(2) M is an exotic local subgroup;
(3) F*(M) is PSLa(p®) for p® < ged(2,p — 1) - v(G);
(4) F*(M) is 2By (p®) for p* < 32 or 2G(p®) for p* < 27;

(5) F*(M) is a simple group of Lie type in characteristic p, whose untwisted rank is at most half of that

of G, and whose field of definition is at most 9;

(6) F*(M) is a simple group not of Lie type in defining characteristic, and is one of the groups in [19,
Section 10].

If we assume, in the proposition, that neither (i) nor (ii) holds, then there must be a maximal subgroup,
M, containing H, and such that M arises in (2), (3), (4), (5) or (6). The Suzuki and small Ree groups cannot
contain H and so we can exclude (4), and (3) is dealt with as we get (i). For (5) we have the restrictions
imposed above, and from (6) we can exclude all alternating groups other than Alt(6) and Alt(7) by [9].

The exotic local subgroups for G # FEs have composition factors either cyclic groups, or SL3(2) (G2 and
above), SL3(3) (Fy and above) and SL3(5) (Eg and above); the first two are minimal simple groups anyway,
and the third contains only STy (4), so we get p* = 4 for Eg, which is also contained in Alt(6), for example,
so we can exclude (2).

For G = (3, the possible M that are not minimal simple are PSU3(3) which contains PSLy(7), Ji
in characteristic 11, which contains PSLy(11), and J in characteristic 2, which contains SLy(4), which

completes the proof for this case. (We exclude p* = 11 > 2 - v(G3).)
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For F,, Alt(6) contains PSLa(5) = SL3(4), and from Lie type in defining characteristic we can place
PSLy(p*) inside another Lie type group in characteristic p, say PSL3(p?), for p® < 9. All other possibilities
for M cannot include PSLy(p®) for p* # 4,5,7,8,9,11.

For Eg and E7, from (5) we get Sp,(8), which contains SLo(64) (but this fails v(FEg)), and Sp,(4) which
contains SLy(16). From (6), note that PSLo(25) lies inside 2F4(2)’ and the sporadic group Ru. The former
of these must act irreducibly on the minimal module for Eg, and with factors 272,12 on the minimal module
for F7, thus lies inside a Fg-parabolic and is indeed a blueprint for Vi, in this case (see the table in [23]).
The latter only embeds in E7, and as 28 & 28*. O
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4 Unipotent and semisimple elements

This section collects together a variety of facts about unipotent and semisimple elements in groups of Lie
type. We consider criteria for semisimple elements that are blueprints (see Definition 4.5 below), summarizing
results of [10] and providing one more example of the calculations performed there. We then move on to
considering modules for SLy, and how the weight spaces of the module and the eigenvalues of elements of

SLs interact, with the aim of finding blueprint elements and subgroups of SLs.

4.1 Actions of unipotent elements

Let G be a simple algebraic group in characteristic p. The Bala—Carter—-Pommerening labelling system for
the unipotent classes, as used in a slightly modified form (to deal with interpolation of extra classes in certain
bad characteristics) in our main reference [13] for unipotent classes of exceptional groups, gives us a way to
discuss unipotent classes that is independent of the characteristic p of G. We may therefore compare the
action of a unipotent class on a fixed simple module for different primes.

As is well known, any matrix of order a power of a prime p defined over a field of characteristic p can
be written in Jordan normal form, with the conjugacy class in the general linear group being determined
by the sizes of the Jordan blocks. Thus, if u is a unipotent element of an algebraic group G then for every
module for G of dimension n we can associate a partition of n, the sizes of the various Jordan blocks in the
action of u on the module. We use the notation for this, and unipotent classes, from [13], which determines
the Jordan block structure of the action of all unipotent classes of exceptional groups on the minimal and
adjoint modules.

The only cases we will need that are not covered in [13] are when the minimal or adjoint module is
not simple, e.g., Fy in characteristic 3. The next lemma gives the actions of the unipotent classes on the
25-dimensional simple module, on the 26-dimensional module 25/1, which is the ‘minimal module’ for other

characteristics, and on the 27-dimensional minimal module for Eg, which has structure 1/25/1.

Lemma 4.1 Let u be a unipotent element in F4;(3"). The Jordan blocks of the action of w on the 25-
dimensional minimal module, together with the extension 25/1 and the minimal module for Ejs is one of

those given in Table 4.1.

Proof: The actions of the unipotent elements on the 26-dimensional module are given in [13, Table 3], and
using a computer, a representative of each of the classes was constructed in Fy(3). The actions on the 25-
dimensional composition factors were then computed, and are as above. The classes on the 25/1 are exactly

those in [13, Table 3], and the corresponding classes for Eg are in [13, Table 5]. O

Using a computer and constructing classes manually is the method by which we prove the next two

lemmas, which we include for completeness.

Lemma 4.2 Let u be a unipotent element in Fg(3™). The Jordan blocks of the action of uw on the 77-
dimensional Lie algebra module L(G)’ are obtained from the action on L(G) by removing a Jordan block of

size 1, except in the cases listed in Table 4.2.

Lemma 4.3 Let u be a unipotent element in E7(2"). The Jordan blocks of the action of u on the 132-
dimensional Lie algebra module L(G)’ are obtained from the action on L(G) by removing a Jordan block of

size 1, for every unipotent class.
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Class in Fy Action on 25 Action on 25/1  Action on 1/25/1
Al 267113 267114 267115

A, 3,28, 16 3,28,17 3,28 18
A+ A 33,26 14 33,26 15 33,26 16
Ay 36,17 36,18 36,19

Ay + Ay 37,22 37,221 37,22 12
Ay and As + Ay 381 38,2 39

B 5,44, 14 5,44,15 5,44,16
Cs(ay) 52,423 22 52 42392 1 52,423,922 12
Fy(as) 53,331 53,3312 53,3313
Bs 73,14 73,15 73,16

Cs, Fy(az) 9,62,3,1 9,62,3,2 9,62, 32
Fy(ay) 92,7 92,7.1 92,7,12
Fy 15,9,1 15,9,2 15,9,3

Table 4.1: Actions of unipotent elements on Vi, and its extensions for Fj in characteristic 3

Class in Fg  Action on L(G)"  Action on L(G)
24, 323 18 323,917
924, + A, 324 92 1 324 93

As 93,82 6 32 14 93 82 64,322 13
Ee(as) 947,64, 33,1 94.7,64,3%,2
Es(ar) 985 98,6

Es 19,152,93,1 19,152,93,2

Table 4.2: Actions of unipotent elements on L(G)" and L(G) for Eg in characteristic 3, where one does not

obtain the former from the latter by removing a trivial Jordan block
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We can see from the tables in [13] that for every unipotent class there is a set of primes P such that, for

any prime p ¢ P the partition describing the Jordan block structure is the same.

Definition 4.4 Let G be an algebraic group and let M be a highest weight module for G. Let u be a
unipotent element of G. If the Jordan block structure of w on M is the same as for cofinitely many primes,

then w is said to be generic on M.

Thus, informally, the non-generic classes are those where the prime is in the set P described above, where
the partition differs from the ‘usual’ one.
The reason that generic unipotent classes are interesting is that we can find ‘nice’ A; subgroups containing

them, at least if the class has order p. To pin down the concept of ‘nice’, we introduce the following definition.

Definition 4.5 Let G be an algebraic group and let M be a module for G. A subgroup H of G is a blueprint
for M if there exists a positive-dimensional subgroup X of G such that X and H stabilize the same subspaces

of M. An element z is a blueprint for M if (x) is.

We may now state the lemma from [9] that defines ‘nice’.

Lemma 4.6 ([9, Lemma 1.2]) Suppose that G = Fy, Eg, E7, and if G = Fj then p is odd. If H is a finite
subgroup of G and H contains a non-trivial unipotent element whose action on Viin, Vinin @ Vi if G = Eg,
or L(G) is generic, then u and therefore H are blueprints for Vinin, Vinin @ V.5, or L(G) respectively, and in

particular H is contained in a member of Z77.

Thus, if any subgroup H of an exceptional algebraic group G contains a unipotent element of order p
that is generic for either the minimal or adjoint module, then H is contained inside an element of 2~ and
indeed 277 if H is inside G = G°.

For large primes, we will often prove that H stabilizes a unique 3-dimensional submodule of L(G), which
must be a subalgebra of the Lie algebra. If this 3-dimensional submodule of L(G) |y is a summand then we
may apply Proposition 4.17, but if the 3-dimensional submodule is not a summand then we cannot easily
prove that it is an sls, as it need not be simple. There is one case in particular where this occurs, which we
refer to as a Serre embedding. These are embeddings of PSLy(h + 1) into an algebraic group, where h is the

Coxeter number of the group.

Definition 4.7 Let G be an exceptional algebraic group with Coxeter number h, and let p = h+ 1. A
subgroup H = PSLy(p) is a Serre embedding if the following conditions hold:

(i) on L(G), H stabilizes a unique 3-dimensional subspace;
(ii) H contains a regular unipotent element.

In Section 4.6 we discuss subalgebras of L(G).

4.2 Blueprints and element orders

Here we give a brief account of [10]; the result from it that we will use is the following theorem.

Theorem 4.8 Let x be a semisimple element of the simply connected form of an exceptional group of Lie

type G. If one of the following holds then x is a blueprint for Vi;y:
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(i) G = Fy and o(x) > 18;
(ii) G = Fs, z is real, and o(x) > 18;
(ili) G = E7, o(x) is odd and greater than 75.

Write v(G) for these bounds, so v(Fy) = v(Eg) = 18, v(E7) = 75. If Vi, extends to a module for G,
i.e., if G doesn’t induce a graph automorphism on G, then the same statements hold for G, and so any
subgroup of G containing an element of the appropriate order is a blueprint for V. If G does induce
a graph automorphism on Vi, then we need to consider either L(G) or Vi, @ V7., where 7 is a graph
automorphism, and whether  is a blueprint on one of these modules. In [10] it is shown that for G = Eg and

x real (so every semisimple element in SLo(p?)), x is a blueprint for Vi, @ V7. whenever it is a blueprint

min
for Vinin. For Fy in characteristic 2, [10] proves that there is no almost simple maximal subgroup with socle
SLy(2%) for a > 5 in G even if G induces a graph automorphism on G, so this case has also been dealt with.

We can push being a blueprint for the minimal module of Fj up into Eg and Fr.

Lemma 4.9 Let G be Eg or E7, and let x be a semisimple element of G that lies in Fy. If x is a blueprint
for the minimal module for F}, then x is a blueprint for the minimal modules of Fg and E~7, and also the
module Vi, @ VE. - for Fg.

min
Proof: The restrictions of the modules in question to F are a sum of minimal modules and trivial modules.
Since 1 is always an eigenvalue of any semisimple element of Fj; on its minimal module, any element of Fj

with the same eigenspaces on the minimal module for F as x also has the same eigenvalues on the three

modules mentioned for Fg and E7. This completes the proof. O

If G = E; then v(G) = 75 is fairly large, and in certain circumstances we can bring this down. Here is one

such circumstance.

Proposition 4.10 Let G be the simply connected form of E7, and let x be a semisimple element of G. If
the 1-eigenspace of x on Vi, has dimension at least 6 then x lies inside a conjugate of either an Fy or Ay

subgroup. If in addition o(x) > 30 then x is a blueprint for Vi,ip.

Proof: Since the 1-eigenspace is positive dimensional, x fixes a line on Vi, and so lies inside Fg or Bs. If
x lies inside Ejg then it must fix a line on its minimal module again, and so lies inside F}, as claimed, or Ds.
However, D5 centralizes only a 4-space on Vi, and so x fixes a line on either the natural or 16-dimensional
spin module. If x fixes a line on the 10-dimensional module then x lies inside By < Fy, and if x fixes a line
on the 16-dimensional module then x lies inside A4, as needed.

Thus we may assume that x lies inside Bs, whence again it fixes a line on either the 11-dimensional
natural module or the 32-dimensional spin module: the first puts = inside D5 and we are done, and the
second puts z inside A4 again. Thus x lies inside either Fy or A4.

If x € Fy and o(x) > 30 then z is a blueprint for Vi, since x is a blueprint for the minimal module for
F, by Lemma 4.9. On the other hand, if € A4 then one uses the proof of the results from [10], noting that
the composition factors of A4 on Vi, are, up to multiplicity, 0000, 1000, 0100, 0010 and 0001. A computer
program running the algorithm in [10] yields the answer 30. O

Suppose we want to find the eigenvalues on Vi, of semisimple elements of order 63 inside Er, which
we will need to do when considering SL2(64). There are too many to construct them all and store them

all effectively, but we can take an element z of order 21 and consider all 37 = 2187 preimages & of x in a
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torus. Since we have the eigenvalues of all elements of order 21, given a potential multiset of eigenvalues
for an element x of order 63 in E7, we take the eigenvalues of 3, find all semisimple classes of elements of
order 21 with those eigenvalues, then consider all preimages of representatives of each of those classes. The
eigenvalues of x are valid for coming from FE7 if and only if one of those elements of order 21 has a preimage
with those values.

This idea to get the eigenvalues of elements of large composite order will be called the preimage trick in

the rest of this paper.

4.3 Blueprints inside A;s

We now prove that certain semisimple elements, and subgroups of the form SLa(p®) and PSLy(p®) of ex-
ceptional groups, are blueprints for a given module by examining the constituents of the restriction of the
module to an A; subgroup containing the element or subgroup.

The first lemma deals with modules for the algebraic group SLy, and when the eigenspaces of semisimple

elements match the weight spaces.

Lemma 4.11 Let M be a module for SLy with composition factors highest weight modules L(Aq), ..., L(\.),
arranged so that A; < A\;11. Let T be a maximal torus of SLe, and let € T be a semisimple element of
order n. If A; < n/2 then the eigenvalues of x on M are the same as the weight spaces of T'. In particular,

x is a blueprint for M.

Proof: Since all maximal tori are conjugate, we may assume that x is the matrix

¢ 0
0 ¢1)’

where ( is a primitive nth root of 1. The eigenvalues of x on L(1) are ¢,{!, and the eigenvalues of = on
L()\;) are roots of unity ¢/ for 0 < j < A;. If A\; < n/2 for all i then the eigenspaces of = are simply the
weight spaces of the L();), and so x and T stabilize the same subspaces of M, thus x is a blueprint for M.

O

We will apply this lemma to A; subgroups of algebraic groups. We often will end up with composition
factors that do not precisely satisfy the hypotheses of this lemma though: if one composition factor has
slightly larger highest weight, then although the eigenspaces do not correspond to weight spaces, with some
weight spaces being merged, these all take place within one composition factor of the module, and so the
finite subgroup A;(q) of the A; is still a blueprint for the module in question, even if the element of order n

is not.

Lemma 4.12 Let G be the simply connected form of an exceptional algebraic group of Lie type, and let X
be a positive-dimensional subgroup of G of type A;. Let x be a semisimple element of X of order n. Let V/

be a module for G.

(i) If the composition factors of X on V are (n/2 — 1)-restricted then z and a maximal torus T' containing

x stabilize the same subspaces of V, so that x is a blueprint for V.

(ii) Suppose that the highest weights of X on V are Ay,..., A, with A\; < A\iy1, and let H = A;(q) be a
finite subgroup of X containing x. If A,_1 + A, < n then H and X stabilize the same subspaces of V,
so that H is a blueprint for V.
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Proof: The first part follows immediately from Lemma 4.11, so we concentrate on the second statement.
Letting T be a maximal torus of X containing z, if A and mu are two weights of 7" on V that are equal
when taken modulo n (i.e., yield the same eigenvalue for the action of z), then A and p differ by a multiple
of n. By assumption on the \;, since A — u > n, both A\ and p must be weights for the composition factor
L(\.), since if X is a weight for one of the other L();) then it lies between —\; and +)\;, and cannot differ
by n from any other weight for any other A;.

Let W be any H-submodule of V. If W does not contain the factor L(\,) then the eigenvectors of z on
W all come from weight vectors for T, by the previous paragraph, and so T stabilizes W. If W contains
L(\,), then T also stabilizes W by taking duals, as T stabilizes the dual (V/W)* of V*. Thus T stabilizes
every H-submodule of V', and so (T, H) = X and H stabilize the same subspaces of V', as claimed. OJ

4.4 Traces for modules of PGLy(p*)

Here we produce a specialized result about extending simple modules for PSLy(p®) to PGLa(p®), and the
traces and eigenvalues of the elements on such an extension.

There are two extensions of any simple module for PSLy(p®) to PGLa(p®*). We will give a way of telling
these apart if the dimension of the simple module is odd, which is all that we need in what follows.

If L(7) is a simple module for PSLa(p®) of odd dimension, then of the two extensions of L(i) to PGLa(p®),
for one all defining matrices have determinant 1 and for the other half have determinant —1: to see this,
note that all elements in PSLa(p®) act with determinant 1, and the non-trivial 1-dimensional representation
acts like —1 for elements outside of PSLy(p®), so a given extension and its product with this 1-dimensional
representation give us the two cases. Write L(i)™ for the module for PGLy(p®) for which all matrices have
determinant +1, and L(i)~ for the other extension. This notation will be used in the proof of the next

lemma.

Lemma 4.13 Let p be an odd prime and a > 1 an integer. Let M be a simple module for H = PGLy(p*)
with Brauer character ¢, and let g be an element of order p* £ 1. Let ¢ be an involution in PSLy(p®), and

let h be the involution in (g).

(i) There are two conjugacy classes of involutions in G. If o(g) is twice an odd number then ¢ and h are

representatives of these two classes, and otherwise ¢ and h are conjugate.
(i) If dim(M) is even then ¢(t) = ¢(h) = 0.
(iii) If dim(M) is odd, then the dimensions of the +1-eigenspace and (—1)-eigenspace differ by 1.

(iv) If dim(M) is odd, then ¢(t) = +¢(h). If M has only one of +1 as an eigenvalue, then ¢(t) = ¢(h) if

and only if either ¢ and h are conjugate, or g has eigenvalue 1 on M.

Proof: (i) That H has two classes of involutions is well known, and one is a class of complements, the

other is in PSLy(p®). Thus the second statement follows easily.

(ii) We use Steinberg’s tensor product theorem, lifting all modules to GLa(p®): M has even dimension if
and only if, as a tensor product, one of the factors has even dimension, and the Brauer character is 0
for a given element if and only if one of the factors has Brauer character 0 for the same element. Thus
we need to check this for the symmetric powers of the natural module S*(M’) for 0 < i < p — 1, where
it is trivial to see that the trace of an involution is 0 on even-dimensional modules and +1 on modules

of odd dimension.
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(iii) Since dim(M) is odd and M is self-dual, of course one of 1 is an eigenvalue for the action of g. It is
an easy exercise to compute the eigenvalues of g on the Steinberg module for PGLy(p®), and we see
that these are all distinct if g has order p® + 1, and if g has order p®* — 1 then 41 appears twice and

F1 appears once.

For other modules, from the definition of the Steinberg module as a tensor product of twists of the
fundamental module L(p — 1), and the fact that the eigenvalues of g on L(i) all appear in L(p — 1),
we see that the eigenvalues of g on any simple module appear in the eigenvalues of g on the Steinberg.

Thus the result holds since the sum of the dimensions of the (+1)- and (—1)-eigenspaces must be odd.

(iv) Return to PGL2(p?), and suppose that ¢ and h are not conjugate, so that g has twice odd order. As
we saw above, for a fundamental module L(i)* for 0 <4 < p— 1 an even integer, the Brauer character
values of L(i)* on t and h have the same sign, and the Brauer character values of L(i)~ on ¢t and h
have opposite signs. Notice that 41 is an eigenvalue of M if and only if there are an even number
of minus-type modules in the tensor decomposition, and this happens if and only if ¢(¢t) = ¢(h), as
needed.

O

Using this, the following result is now clear.

Corollary 4.14 Let p be an odd prime and a > 1 an integer. Let G be the simply connected form of E7,
and let H be a copy of SLy(p®) in G with Z(G) = Z(H). Suppose that g is an element of G such that
o(g) = p* £ 1 is twice an odd number, and —1 is not an eigenvalue for the action of g on L(G). Then the
group H = (H, g) does not satisty H/Z(H) = PGLy(p®).

Proof: Suppose that H/Z(H) = PGLy(p®). Let t be an element of H that is an involution in H/Z(H),
s0 o(t) = 4. The trace of t on L(G) is —7 or 25, depending on the class of ¢ in G. The involution h in (g)
has trace 5 on L(G), since it is an involution in G rather than G/Z(G). We now show that h and ¢ must
in fact have the same trace, a contradiction. By Lemma 4.13, any even-dimensional composition factors
of L(G) lu yield trace 0 for both t and h, and they have the same trace on odd-dimensional composition
factors since —1 is not an eigenvalue of g on L(G). Thus the trace of ¢t and h on L(G) is the same, but this

is a contradiction. O

4.5 The graph automorphism of F}

In this short section we describe how semisimple elements of odd order in Fj react to the graph automorphism
in characteristic 2. Since the graph automorphism 7 does not fix the minimal module Vi, and L(G) has

composition factors Vinin and VI, , we can see the effect of the graph automorphism on semisimple classes

in
by taking the eigenvalues of an element on  on L(G) and removing those from Vi,ip.

Since the graph automorphism squares to a field automorphism, however, it is slightly more complicated
to understand those classes that are left invariant under an outer graph automorphism, since we need to
check whether 27 = z* for some %, rather than whether the eigenvalues of z and 2™ match. This is still not
difficult using a computer, however; we give two special cases, where a conjugacy class is stable under the

graph automorphism (up to powers) and where the classes have integral traces.

Lemma 4.15 Let k be a field of characteristic 2. Let = be a semisimple element in G = Fy(k) such that a7

is conjugate to a power of z. If x has order at most 9, then a power of x has trace on Vi, given below.
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o(x) Possible traces on Vi
3 -1
5 1
T AGHG)HAE G 5 (G + )
9 2-3(¢o+6 ")

Lemma 4.16 Let k be a field of characteristic 2. Let x be a semisimple element in G = Fy(k) such that
the trace of both z and x” is an integer, and = and x” are not conjugate. If x has order at most 9, then the

traces of x and x” are as below, where we give = up to graph automorphism.

o(x) Trace of z on Viin Trace of 27 on Viin

3 8 -1

) None None

7 -2 )

9  —1 (22 has trace —1) 2 (22 has trace —1)

4.6 sly-subalgebras of L(G)

In this section we consider subalgebras of L(G), specifically sly-subalgebras. The stabilizers of sly-subalgebras
will be shown to be positive dimensional, and so if a subgroup stabilizes such a subalgebra, it must be
contained inside an element of Z77.

To begin with, we give a proposition that gives us a criterion for a subgroup H to stabilize an sla-
subalgebra in the first place. This proposition is a restatement of results of Alexander Ryba from [25],

particularly Lemma 10 from that paper.

Proposition 4.17 Let V' be a 3-dimensional subspace of L(G), and let H be a subgroup of G such that
HZ(Q)/Z(G) = PSLa(p®) for some p > 5. If V is H-stable and a complement for V' is also H-stable (i.e.,
V is a summand of L(G) lg) and Homg (V, L(G)) is 1-dimensional (i.e., there are no other submodules of
L(G) | g isomorphic to V') then V is a subalgebra of L(G) isomorphic to sls.

Proof: Suppose that L(G) | g has a unique submodule isomorphic to V, and that this is a summand, so
that the quotient L(G) Jg /V has no quotient isomorphic to V* = V. By [25, Lemma 6], we have that V
possesses a non-singular trace form, and then we apply Block’s theorem [6] to see that V' is a simple Lie

algebra of type sls. O

In order to use this proposition, we need to know something about sls-subalgebras of the Lie algebras of
exceptional groups. The following is a theorem of David Stewart and Adam Thomas [28], specialized to the

case of G = FEg, E7, for which we need it.

Theorem 4.18 Let ¢ = Eg and p > 7, or G = E7,Es and p > 11. The sly-subalgebras of L(G) are in
one-to-one correspondence with the nilpotent orbits of L(G), with a bijection being realized by sending an

slp-subalgebra to the nilpotent orbit of largest dimension intersecting it non-trivially.

Along with the proof of this theorem, Stewart has representatives for the nilpotent orbits intersecting
each of these slss, in a GAP file. When the sl; is in bijection with a nilpotent class not of order p, there are
two nilpotent classes that intersect the sly, and for p > 5 and the sls not restricted we give the other class
that intersects it for Eg, E7 and Eg in Tables 4.3, 4.4 and 4.5 respectively. All of these classes have order
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Ds(a1) A+ 4y
Eglaz) Az + A
Dy Az Az + Ay
Eg(ar) 245+ A4 Asg
Eg A +2A; 245+ A As

Table 4.3: Second nilpotent class intersecting an slp-subalgebra of L(Eg) for p > 5 and not restricted

p, and hence e and f lie in different nilpotent orbits of L(G) when the sly is not restricted. This yields the

following corollary.

Corollary 4.19 Let g= Egand p > 7, or G = E7, Es and p > 11. Let H be a copy of PSLy(p) in G/Z(G).
If No(H) stabilizes an sly-subalgebra h of L(G), then b is restricted and Nx(H) is contained inside an

element of 2°°.

Proof: If h is restricted then it is stabilized by a good A; in the algebraic group (see [26]), and (H, A;) is
positive dimensional and stabilizes h, so we are done. Thus b is not restricted, and therefore e and f lie in
different nilpotent classes of L(G).

Since there is a unique conjugacy class of subgroups PSLy(p) inside PSLa, we see that because the
standard PSLs(p) inside PSLs swaps e and f, H must swap the two nilpotent orbits of b, clearly contradicting
the fact that they lie inside different orbits of L(G). Hence b is restricted, as needed. O
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Class p=>5 p="7T p=11 p=13 p=17
Da (34,
(45)" As
Dy + Ay 4A4
Ds(aq) Ay + Ay
(45)' As
As + Ay (As + Ay)
Ds(aq) + A Ay + 244
Dg(az) Dy(ar) + Ax
FEg(as) (As+ Ay)'
Ds As (As+ Ay)
Er(as) Az + Ao
Ag As + 24,
Ds+ A, (As+A)  Ay+24
Dg(ar) Az +2A1  Dy(ar) + Ay
Er(ayq) Dy(ay) + 44 Az + Ay
Dg As As + 24,
Fe(a1) 24, + Ay (4s)
Eg Ay + 24 242 + A4 (As)'
Er(a3) (Az+ A1) Dy(ar) + Ay
Er(a9) 245 + Ay Az + 24, Dg(as)
Er(aq) As +2A4 (As) Dg Dg(aq)
Er Ay + As Ag As+ A1 Ds+ Ay D¢

Table 4.4: Second nilpotent class intersecting an sly-subalgebra of L(E7) for p > 5 and not restricted
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Class p=>5 p="T p=11 p=13 p=17 p=19 p=23 p=29
Dy 3A,
As As
Dy + As As + 34,
Eg(as) Az + Ay
Dy Aj As+ A
As + Ay As + Ay
Ds(a1) + A 247 + A4
Eg(az) + Ay Az + 24,4
D5+ Ay As + Ay As + 24,
Eg(az) Ag+ A3
As + Ay As + 34,
Eg(ay) 245+ Ay As
D5 + Ay As + A Az + Ay + Ay
Eg Ay + 24, 242 + Ay As
Da(az) 244 A+ A
A, 924, + A, As
Eg(ar) + 44 245 + 24, As + Ay
E;(a3) As + Ay Dy(ar) + Ax
Fs(bs)  Dalay) + A Fr(as)
D~ (ay) Az + 244 Az + Ay
Eg+ Ay As + 344 245 + 24, As + A
Fs(ag) 244 Ay + 24,
D As + 34, As Ds + Ay
Es(bs) 245 +2A, Dy(ar) + Ay E;(as)
E7(ay) Ao + 24, As Dg Dg(aq)
Es(as) 245 + Ay Eg(az) + Ay Eq(ayq)
Es(bs) Az + 34, As + Ay E7(a3) Er(as)
Eg(ay) Ay + A3 As Dg(az) Er(a3)
Eg(as) As+ A+ A4y As + A Eg(az) + A1 De(a1)  Er(as)
Eg(az) 243 Ay + A3 As + Ay D+ Er(a1)  Er(a2)
Es(ay) 245 +24 As+As+ A1 Ds(ar) + A A7 D7 E; E7(a1)
Eg As+Ar+ A1 As+ A+ Ay As+ A3 As + Ay A7 Es+ Ay Dy E;

Table 4.5: Second nilpotent class intersecting an slp-subalgebra of L(FEg) for p > 5 and not restricted.
(Missing classes, Dy + Ay, Ds(a1), Ds(a1) + A1, Dg(az), Er(as), As, De(ar), Er(as), Ds, E7(az) and Er,

are exactly as in Table 4.4)
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5 Modules for SLy(p)

The purpose of this section is to describe everything we need to know about the simple modules and extensions

between them for the groups SLo(p®) for p a prime and a > 1.

5.1 Modules for SLy(2%)

We construct certain modules for H = SLy(2%) for some a < 10, and prove that various configurations of
module do not exist. (The reason we choose a < 10 is so that these results may be used in work for FEjg,
for which v(Es) = t(Es) = 1312.) The main motivation for this is to get better bounds on the number of
certain composition factors that are needed to prevent a particular simple module appearing in the socle of
a given module M. The pressure, and more general M-pressure of Section 2 proves that if M does not fix a
line, yet has a trivial composition factor, then it needs at least one more 2-dimensional composition factor
than trivial factor. We can do better than this in some circumstances.

We begin with some notation. Let u be an element of order 2 in H. By 2; we denote the natural module
for H, and define 2; by the equation

292 = 1/2,/1,

ie., 2; is the twist under the field automorphism of 2; ;. Given this, if I is a subset of {1,...,a}, of

2) = ®2i7

icl

cardinality b, we define,

for example, 4; o = 21 ® 22; the modules 2’} forall T C {1,...,a} furnish us with a complete set of irreducible
modules for H, by Steinberg’s tensor product theorem.
We first recall a result of Alperin [1], that determines Ext'(A, B) for A, B simple modules for H.

Lemma 5.1 Let A and B be simple H-modules, corresponding to the subsets I and J of {1,...,a}. The

dimension of Ext' (A, B) is always 0, unless
(i) INnJ|+1=|TUJ| < a, and
(ii) fiefUJandi—1¢INJ, theni—1¢ TUJ,

and in this case the dimension is 1.
In particular, if Ext'(A, B) # 0 then the dimension of A is either half or double that of B.

Given this, we know that if a module M has a trivial composition factor but does not fix a line, then it
has at least two 2-dimensional composition factors, i.e., has positive pressure.

If it has pressure 1, then we can say something about the module still. This is important for Fy and Ejg
because there are no involutions acting projectively there. We will generalize this result in the next lemma,

but provide a full proof in this simple case for the benefit of the reader.

Lemma 5.2 Let V be an H-module that has at least one trivial composition factor but no trivial submodules
or quotients. If V' has pressure 1 then an involution in H acts projectively on V' if dim(V) is even and with
a single Jordan block of size 1 if dim(V') is odd.

Proof: Note that, since V has pressure 1, it cannot have 2; & 2; or 192 as a subquotient without fixing a

line or hyperplane. We proceed by induction on dim(V'), starting with the even-dimensional case. We may
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assume that soc(V) = 2; for some i: firstly there are no composition factors of soc(V') of dimension greater
than 2 because the quotient by one would still satisfy the hypotheses of the lemma, and 2; ® 2; cannot be
in the socle by the note above.

The module V/soc(V) has pressure 0, so H must fix a line or hyperplane, but cannot fix a hyperplane
by assumption, so V/soc(V) has a trivial submodule, and it must be unique by the note at the start of the
lemma. Quotient out by any possible factors of dimension at least 4 in the socle of V/soc(V') to get a module
W of pressure 0 and with soc(W) = 1. (If there is a 2 in soc(W) then we find a submodule of pressure 2,
not allowed.)

The socle of W/ soc(W) must be 2; for some j, since 2; @ 2; cannot be a subquotient and 1 only has
extensions with simple modules of dimension 2. Now W/soc?(W) is again pressure 0, so has a trivial
submodule as it cannot have a trivial quotient, and we have constructed a submodule 1/2;/1 inside W.
Letting U be the quotient of W by this submodule, we have removed 2;,2;, 12 from V, and possibly some
other modules, and so an involution acts projectively on U, but it also acts projectively on the kernel of the
map W — U, namely 1/2;/1, and on the kernel of the map V' — W since that has no trivial factors at all,
so an involution acts projectively on all of V', as needed.

For odd-dimensional modules, we now simply find any submodule W with a single trivial composition
factor and such that it is a quotient of W. The module V/W must have even dimension and has no trivial
submodule as otherwise V' would have 1 & 1 as a subquotient. Also, W has pressure 0 since otherwise W
with the 1 removed from the top has pressure 2, contradicting Lemma 2.2, and so V/W has pressure 1, thus

an involution acts projectively on V/W and with a single 1 on W, as needed. OJ

We can generalize this result to modules of larger pressure.

Lemma 5.3 Let V be an H-module that has at least one trivial composition factor but no trivial submodule

or quotient. If V' has pressure n then an involution in H acts on V with at most n Jordan blocks of size 1.

Proof: As with the previous lemma, choose V' to be a minimal counterexample to the lemma, so that the
socle and top of V' consist solely of 2-dimensional modules. Notice that, by choice of minimal counterexample,
there cannot exist a submodule W such that W has no trivial quotients and V/W has no trivial submodules,
since otherwise one of W and V/W would also be a counterexample.

Let W be a minimal submodule with a trivial composition factor but no trivial quotient, and note
that, since all simple modules with non-trivial 1-cohomology have dimension 1, W contains a single trivial
composition factor. If W = V then V itself must have a single trivial composition factor, and so V has a
single block of size 1, and the result holds since V' must have pressure at least 1.

Thus W < V. If V/W has no trivial submodule then we have a contradiction by the statements above, so
soc(V/W) has a trivial composition factor: let W5 denote the preimage of this trivial submodule of soc(V/W)
in V. We claim that W5 has a quotient 1/2/1. If this true then, since W5 has pressure at least 0 and u acts
projectively, and V/W5 has no trivial submodules or quotients, there must be at most n Jordan blocks of

size 1 in V, a contradiction. OdJ

Lemma 5.4 Let a = 3. If M is an even-dimensional module with 2n > 0 trivial composition factors and no

trivial submodule or quotient, then it has at least 3n composition factors of dimension 2.

Proof: Note that if M = M; & M, with the M, even-dimensional, then by induction M satisfies the
conclusion of the lemma: thus M is either indecomposable or the sum of two odd-dimensional indecomposable

modules.
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The projective cover of 2 is
21/1,413/21,22,23/1,1,423/21,22,23/1,41,3/21.

Remove any 4-dimensional factors from the top and socle of M, so that M is a submodule of a sum of copies
of projectives P(2;). If M has seven socle layers then P(2;) is a summand of M, so M = P(2;) and we are
done. Thus M has at most five socle layers. The number of 2s in the first and third socle layers must be at
least as many as the number of 1s in the second layer, and there are at least as many 2s in the third and
fifth socle layers as 1s in the fourth layer. We therefore must have that there are at least 3n 2-dimensional

factors in M, as claimed. O

Our next result is the best result possible in this direction.

Lemma 5.5 Let H = SLy(2%) for 3 < a < 10. The largest submodule of P(2;) whose composition factors

have dimension 1 or 2 has dimension 10, and structure
21/1/29,2,/1/24,

where 2, is a quotient of this module.
Let M be a module for SLy(2%) for some a < 10. Suppose that u acts on M with b Jordan blocks of size
1. If there are ¢ > 0 trivial composition factors in M, but no trivial submodules or quotients, then M has

at least 2b + 3(c — b)/2 composition factors of dimension 2.

Proof: The first statement, of the structure of the largest submodule of P(2;) with factors of dimension 1
and 2, is easily verified by computer in the range specified. Thus we concentrate on the second statement,
which we prove by induction on dim(M). By removing all submodules and quotients of simple modules of
dimension at least 4, we may assume that M is a submodule of a sum of P(2;)s for various i.

The largest submodule N of M with factors of dimension 1 and 2, firstly has no trivial submodules or
quotients, and secondly is a submodule of sums of modules of the form in the first part of this lemma. Since u
acts on the subquotient 1/2/1 with two blocks of size 2, if u has b" Jordan blocks of size 1 on N and ¢’ trivial
composition factors in total, then we see that modulo the third socle soc3(N) of N we must have exactly
(¢ = ¥')/2 trivial composition factors; hence we have (¢’ — b')/2 2-dimensionals in the fifth socle layer, and
the socle and third socle layers have at least (¢’ +b')/2 2-dimensional modules each, yielding 20’ +3(¢' —b') /2
2-dimensionals in total. The quotient M /N also has no trivial submodules or quotients, so we are done if
the number of Jordan blocks of size 1 in the action of w on M/N is at least b — b, but this is clear. This

completes the proof. 0

Obviously this improves the result that the pressure must be positive, i.e., if there are ¢ trivials then
there must be at least (¢ 4+ 1) 2-dimensionals; we easily see from the modules in the lemma above that this
bound of (3¢ + b)/2 is best possible.

Lemma 2.3 shows that, not only can we not fix a 1-space on either Vi, or L(G), but we cannot fix a
2-space on Vi, either for Fy, Es and E7. By Lemma 5.1 we see that 2s only have non-split extensions with
1 and 4s, so we would like a similar result to the previous one, counting the number of 4-dimensionals in a
module M that has 2-dimensional composition factors but no 2-dimensional submodules or quotients. We
start with the easier case, where there are no trivial composition factors in M at all. Notice that we can use
M-pressure here as well, but we can do a bit better using the structure of modules for SLy(2%).

(We do not need to consider a > 6 here as these lemmas are not of use for Es.)
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Lemma 5.6 Let H = SLo(2%) for 4 < a < 6. The largest submodule of P(4; ;) whose composition factors

have dimension 2 and 4 is as follows: for j =i £ 1, we have a 10-dimensional module
4141/ 2i01/4% 15
for a = 4 we have a 28-dimensional module

41.3,41,3/21,23/41,4,42.3/21,23/41 3;
for j =i+ 2 and a > 4 we have a 32-dimensional module
4 iv0,4iiv2/2i, 2iq0/4iv1,iv2, diitss dic1,iv2/ 24, 2i12 /4 ito,
with 4,_1 ;42 as a quotient. In all other cases, we have the module
4;.5,4i5/2:,25 /% 51,4 i1, i 4ie1,5/ 26,25 /4 5,

with 4; ;1 and 4,_; ; as quotients.
Consequently, if M is a module with no trivial composition factors, with ¢ > 0 composition factors of
dimension 2, and no 2-dimensional submodule or quotient, then M has at least ¢ composition factors of

dimension 4.

Proof: The proof follows that of Lemma 5.5: we cannot produce a module 4/2,2/4/2,2/4 since the 4s in
the middle of the modules above do not have extensions with both 2s by Lemma 5.1. Thus we have at least
4/2,2/4,4/2,2/4, and so we need as many 4s as 2s. O

Of course, unlike in the case of Lemma 5.5, the 4; ;s are not all the same up to field automorphism, and
so the largest constructible modules depend on which 4s and 2s we have.

The next lemma brings together the previous two results, in the sense that we want to know how many
1s and 2s we can stack on top of a given simple module of dimension 4. This lemma gives that answer, and

hence how many 4s one needs to hide all 1 and 2s inside the middle of the module.

Lemma 5.7 Let H = SLy(2%) for some 2 < a < 6. The largest submodule of P(4; 5) whose composition

factors modulo the socle have dimensions 1 or 2 is

25/1/25/1/25/44 2,

and an involution acts projectively on this module.

For a = 4 and a > 5 we have
29,24/1/21,25/413, and 22/1/21,23/413

respectively. For a > 6 and ¢ = 4,5 we have 1/24,2,/44 ;.
In particular, if M is a module for H with no trivial or 2-dimensional submodules or quotients, and it
has 2n trivial composition factors for some n > 0, then it has n’ > n + 1 4-dimensional factors, and between

2n + 1 and 4n’ 2-dimensional composition factors.

Proof: The facts about the largest submodule of P(4; ;) can easily be checked with a computer. For the
conclusion, we proceed by induction. By removing submodules and quotients of dimension 8 and above, we

may assume that the socle and top of M consists entirely of 4-dimensional modules.
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Let My = soc(M) and My /M, be the 4’-radical of M/Mj, noting that My/M; is the direct sum of its
{1,2}-radical and {1,2,4} -radical. By the first part, if My has 2m trivial modules then M; has at least
m copies of 4-dimensional modules to suppose the 2m trivials, and from the structure above the number of
2-dimensionals is at most 4m. Applying induction to M/Ms, this proves there are at least n + 1 different
4-dimensional factors and at most 4n 2-dimensional factors; there are at least 2n + 1 2-dimensional factors

since M must have positive pressure. O

5.2 Modules for SL(3%)

In this section we describe the simple modules for H = SL(3%) for a < 7, describe various extensions
between some of the simple modules, and prove the existence or non-existence of various indecomposable
modules.

Let L = SLy(3) < H. The simple modules for L have dimension 1, 2 and 3, with only the 2 being
faithful. Therefore, the modules for H are tensor products of modules of dimension 2 and 3, with a module
of dimension 2™3™ being faithful if and only if m is odd.

Writing 2; for the image of 2 under i iterations of the Frobenius map, and similarly for 3;, the simple

modules for H can be labelled by 2™37 . where m,n > 0 are integers, {ri,..yrmin} C {1,...,a}
with the r; distinct, with
m m—+n
ngfh STm+n ®2” ® ® 3""'
j=1 j=m+1

Hence for example 12531 = 22 ® 23 ® 31 is a module for PSLy(3%) for any a > 3.
We need to understand the restrictions of these simple modules to L, in order to understand which ones

we can have in the restrictions of minimal modules for G = Fy, Fg, E7.

Lemma 5.8 Let H = PSLy(3%), a > 1, and let M be a simple module of dimension at most 56. The
restriction of M to PSLy(3) is as below.

Module Restriction Composition factors of restriction

1 1 1

3 3 3

4=2®2 31 3,1
9=3®3 392 P(1) 32,13
12=2®2®3 383 @ P(1) 33,13
6=20222 3aePl)al 34,14
27T=3R3®3 3873 P(1)? 37,16
48=2®2®2023 3%12q P(1)® 312 112

We now move on to extensions. With the labelling above, we have the following easy lemma, which can

be found for example in [3].

Lemma 5.9 For any a > 1, a simple module M has non-trivial 1-cohomology if and only if M = 4; ;4 for

some 1 < i < a, and

dim(Ext'(1,4;,41)) =
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We will need more detailed information about extensions between low-dimensional modules for H, and
we summarize that which we need now. We restrict to the case when a # 2, because in this case things are
slightly different, with that pesky 2-dimensional 1-cohomology group, and secondly because we describe the

full projectives for this group after the lemma anyway.

Lemma 5.10 Let H = PSLy(3%) for 3 < a < 6. The following extension groups have dimension 1, for all
1<i,j<a

(4i,i41,1), (1,44541), (3i,4i—1,4), (4i—1,i,34), (4i,5,4i+1,5)s (455,46 5+1)s

If A and B are simple modules for H of dimension at most 9 then Ext'(A, B) = 0 unless (A, B) is on the

list above.

We now consider certain modules. For a = 2, the structures of the projective indecomposable modules

are as follows:

1 3; 4
44 4 113 3
1113 3, 135, 444
44 4 113 3
1 3; 4

We see that if a module M has five socle layers then it has a projective summand. More generally, if M
has trivial composition factors, then we can use these to prove that M must have more 4s than pressure

arguments suggest.

Lemma 5.11 Let H = PSLy(9) and let M be a module for H. If M has no trivial submodules or quotients,
and there are 2n — 1 or 2n trivial composition factors, then the number of 4-dimensional factors is at least
2n.

Furthermore, the only submodules of P(4) consisting of 4s and 1s are submodules of a self-dual module

4/1,1/4. In particular, there is no uniserial module of the form 4/1/4.

Proof: Let M be a module for H. We may assume that M is indecomposable. If M is the 9-dimensional
projective simple then the claim is true. If M has any 3-dimensional submodules or quotients then we may
remove them without affecting the claim, and so we may assume that M is a submodule of copies of P(4).

If M is projective then the result holds, so M is not projective, in which case it has at most four socle
layers. Since the fourth socle layer consists solely of 1s and 3;s, M must actually have three socle layers. In
particular, the trivials are all in the second socle layer, so if there are 2n — 1 or 2n of them, there must be at
least n copies of the 4-dimensional module in the socle, and similarly in the top. This completes the proof
of the first claim.

The second is easy to see by a computer proof that 4/1,1/4 is the largest such module. Since it is

self-dual, we cannot construct a 4/1/4 inside it, yielding the second statement. O

Lemma 5.12 Let H = PSLy(3%) for some 2 < a < 7. There does not exist a uniserial module with socle
layers 4,, 1 and 4, where 4, and 4, are any of the simple modules of dimension 4.
As a consequence, if a # 2 and M is a module with composition factors of dimension 42~%, 1% for some

i >0 and « > 0, then M has a trivial submodule or quotient.

30



Proof: For the first part, the only modules with 1-cohomology are 4; ;411 = 2; ®2;41, so we may assume that
the socle of our uniserial module is 4, 5. To prove this we simply use a computer to compare Ext'(4/,1/ 4 2)
and Ext!(4/, 41 5), and note that they coincide for all 4-dimensional modules 4'.

For the second statement, we firstly use induction: quotienting out by the socle, which consists of n
modules each of dimension 4, we get at most n trivial modules dropping into the socle, which we quotient
out to get another module of the same form as in the lemma but with fewer trivial composition factors.
Hence we may assume that we have removed all trivial modules in this process, i.e., that there are n modules
of dimension 4 in the socle, and at most n modules of dimension 1 in the second socle layer. Since we need a
4-dimensional to lie above each trivial in the third socle layer, the bounds on composition factors means that
our module has three socle layers, each with n composition factors, of dimensions 4, 1 and 4 respectively. We
now simply quotient out by all but one factor in the socle: this drops all but one trivial into the socle since
a # 2, which we also remove. The resulting module has a single trivial and so any more than two 4s must be
summands, so we remove them as well, constructing a uniserial module of the form 4/1/4, a contradiction

that completes the proof. O

We end with a small lemma, needed at one point in the text.

Lemma 5.13 Let p* = 27. The projective cover of 4; 5 is

410
1 32 423 413 1253
1 31 33 403 413 412 412 412 913 12132
1132 32 423 403 413 413 412 12123 12531 1253
131 33 423 413 412 412 412 913 12132
1 32 403 413 1203
410

Consequently, if V is a self-dual module of pressure 1 with at least five trivial composition factors then H

fixes a line or hyperplane of V.

Proof: The description of the projective is produced by a Magma calculation, and to see the consequence,
since V' has pressure 1 is cannot be the whole projective, hence we can remove all quotients that are trivial,

41,3 or 45 3, but clearly the top two 1s can be taken off. O

5.3 Modules for SLy(p)

Since H = SLy(p) has a cyclic Sylow p-subgroup, there are only finitely many indecomposable modules for
it over a field of characteristic p. In this section we describe how to construct all indecomposable modules
for H in characteristic p, using the projective indecomposable modules as a starting point.

The Green correspondence [2] shows that the number of indecomposable modules of dimension congruent
to @ modulo p for H is the same as that of the normalizer Ny (P) of a Sylow p-subgroup P of H, a soluble
group of order p(p — 1) with a centre of order 2. However, for this group, it is easy to construct the
indecomposable modules: the projective modules are of dimension p, and look like truncated polynomial
rings k[X]/(X? — 1), hence uniserial. Every indecomposable module is a quotient of such a module, and
as every simple module for Ny (P) is 1-dimensional, we see that there are exactly p — 1 indecomposable
modules of dimension ¢ for each 1 < i < p, with half of these faithful modules for SLo(p) and half modules
for PSLa(p).
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In particular, we see that once we have constructed p(p — 1) non-projective, indecomposable modules for
H then we must have found them all. Thus we start with the simple and projective modules for H: letting

M = L(1) be the natural module for H, we construct all simple modules using symmetric powers
L(i)=S(M) 0<i<p-—1,

with L(7) being of dimension i+ 1. As with the case of SL2(2%), we will normally write the single number ¢ to
refer to the simple module of dimension i, and so a module 3/5 for SLs(7), for example, is an 8-dimensional
module with 5-dimensional socle L(4) and 3-dimensional top L(2). The odd-dimensional simple modules are
modules for PSLy(p), and the even-dimensional ones are faithful modules for SLy(p).

Having defined the simple modules, we consider the projectives: the Steinberg module L(p — 1) of
dimension p is already projective, and for each simple module ¢ with 1 < ¢ < p — 1, the projective module
P(i) has structure

i/flp+1—1i), (p—1-1)/i,
except when ¢ = 1, in which case p + 1 — ¢ would have dimension p, and we have 1/(p — 1)/1, and when
i=p—1,s0 p—1—1iwould have dimension 0, and we have (p —1)/2/(p — 1).

We represent these in diagrams, with lines linking two composition factors A and B if there is a non-split

extension A/B as a subquotient of the module. For example, here are P(3) and P(5) for PSLy(11).

VANV AN
NSNS

Using these we construct indecomposable modules as follows: we have modules of the form i/(p + 1 —4)
and i/(p — 1 — i), and also two modules of the form i/(p — 1 —1i),(p+1—14) and (¢ +2)/(p — 1 — 7). These
two indecomposables can be summed together, then quotiented by a diagonal submodule p — 1 — ¢ to make
a new module with four composition factors.

It is easier to visualize using diagrams. In the example above, we can remove the socles of the two
projectives to get modules 3/7,9 and 5/5, 7, take their direct product, and then quotient out by a diagonal
7.

VA NIV ANEIANVAN

This process certainly produces a module, with quotients both of our original summands, and so this module
must be indecomposable. Note that if one tries to do this with say two copies of 3/7,9 then the fact that
Ext1(3, 7) is 1-dimensional means that this module splits, so one needs the modules at the top (in this case
3 and 5) to be different.

One can continue this process until one constructs an indecomposable module M with all (non-projective)
simple modules appearing in the top and the socle of M exactly once. As an example, the diagrams of the

two such modules for p = 11 (one for PSLy(11), one for faithful modules for SLy(11)) are as follows:
/9\ /7\ /5\ /3\ /1
1 3 5 7 9
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We can take subquotients of these modules and construct new indecomposable modules, and we claim that
this constructs all non-projective, indecomposable modules for SLo(p).

Firstly, the non-simple indecomposable subquotients of the module M are in one-to-one correspondence
with connected subdiagrams of the diagram with at least one edge, since one notes that no two distinct
subdiagrams of the diagram above have the same first and second rows. In the case of simple modules, of
course each appears twice.

The number of connected subdiagrams of each diagram with at least one edge is (p — 1)(p — 2)/2 (i.e.,
we choose the start and end points), and add in the p — 1 simple modules (other than the Steinberg), and

the p — 1 non-simple projective modules, to get

p-Dp-2)+2(p—1)=pp-1).

This is the number of indecomposable modules for the normalizer, and so we must have constructed all
indecomposable modules for SLy(p).

It is clear from this ‘zigzag’ structure, that for any indecomposable module, the socle is a collection of
modules, and if A and B lie in the socle so does any module with dimension between dim(A) and dim(B).

We have proved the following proposition.

Proposition 5.14 Let H = SLy(p), and let M be an indecomposable module for H.
(i) If M has one socle layer then M is simple, and there are p such modules, one of each dimension.
(ii) If M has three socle layers then M = P(i) for some 1 <i < p— 1.

(iii) If M has two socle layers then the socle of M consists of modules of dimension 4,4+ 2,...,5 (i < j),
and the top consists of modules p —j +€,p—j+e+2,...,p— i+, where ¢,0 = +1. There are
(p — 1)(p — 2) such modules.

The indecomposable modules for PSLy(7) other than the Steinberg are below, ordered so that the modules

in column ¢ have dimension congruent to ¢ modulo 7.

1 3,5/3,5 3 1,3,5/1,3,5 5 3/3 P(1)
3/5 1,3/5 1,3,5/3,5 3/3,5 1,3/3,5 1/5 P(3)
5/3 5/1,3  3,5/1,3,5 3,5/3 3,5/1,3 5/1 P(5)

As another example, the indecomposable modules for PSLy(5) are
1, 3, 1/3, 3/1, P(1), P(3), 3,1/3, 3/1,3, 3/3, 1,3/1,3.

Since each of these modules M is in Green correspondence with an indecomposable module V' of dimension
at most p — 1, and Green correspondence means that the restriction of M to Ny (P) is a sum of V and
projective modules, this means that a unipotent element u of order p in H acts on M with at most one
Jordan block of size not equal to p (if M is projective then all blocks have size p, of course). Notice that
the only indecomposable modules with no Jordan blocks of size p in the action of u are either simple or of
dimension p — 1.

The next lemma is an easy consequence of these facts.
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Lemma 5.15 Let H = PSLa(p), and let M be a module for H over a field of characteristic p. Let u € H

have order p. If n; denotes the number of Jordan blocks of size ¢ in the action of u on M, then

Ny 2 Z n9;.
1<i<(p—1)/2
Proof: The modules of dimension at most p are either simple, so u acts on then with a block of odd size, or
are i/(p—1—1), so u acts with a single block of size p — 1. Therefore if there is a block of even size i < p—1
then it must come from an indecomposable module of dimension greater than p, and so we get at least one

block of size p, as needed. O

For G = E; we also must consider H = SLa(p) with Z(H) = Z(G). In this case we want a similar result
to the above but for faithful modules.

Lemma 5.16 Let H = SLy(p), and let M be a module for H over a field of characteristic p on which the
central involution z acts as the scalar —1. Let w € H have order p. If n; denotes the number of Jordan

blocks of size ¢ in the action of u on M, then

Ny = g ni—1-

1<i<(p—1)/2

Proof: Similar to Lemma 5.15, and omitted. O

We often want to understand self-dual modules for H, since the minimal modules Vi, are self-dual for
Fy and E7, and the adjoint module L(G) is always self-dual. Using the statements above, if n; is odd,
where again n; is the number of blocks of size ¢ in the action of u, there must be a self-dual indecomposable
summands of dimension congruent to ¢ modulo p.

The next lemma follows from Proposition 5.14 and classifies self-dual indecomposable modules for SLa(p).
From our zigzag diagrams above, it is clear which the self-dual modules are: choose the same simple module

as the start and end points of the subdiagram.

Lemma 5.17 Let H = SLy(p), and let M be a self-dual indecomposable module for H. If M is not simple
or projective, then M has socle (and top) consisting of pairwise non-isomorphic modules Ny, Na, ..., N;,
where dim(N;) — dim(N;_1) = 2 and dim(N;) + dim(N,.) = p £ 1. In particular, there are exactly p — 1 non-
projective, indecomposable self-dual modules for PSLo(p), and exactly p — 1 non-projective, indecomposable
and faithful self-dual modules for SLs(p).

Therefore, if p = 1 mod 4, all non-projective indecomposable self-dual modules for PSLy(p) have di-
mension congruent to an odd number modulo p, and all non-projective, indecomposable, faithful self-dual

modules for SLa(p) have dimension congruent to an even number modulo p.

We can use this to get a better handle on which possible Jordan block structures a given unipotent
element u can have, given it lies inside a copy of PSLa(p) for p = 1 mod 4. We split the result into two

corollaries depending on whether one has modules for PSLy(p) or SLa(p).

Corollary 5.18 Let H = PSLa(p) with p = 1 mod 4, and let M be a self-dual module for L. Let u be an
element of order p in H. The action of u has an even number of blocks of a given even size i, and there are

at least as many blocks of size p as there are blocks of size all even numbers less than p — 1.
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Corollary 5.19 Let H = SLy(p) with p = 1 mod 4, and let M be a self-dual module for H on which the
central involution z acts as the scalar —1. Let u be an element of order p in H. The action of u has an even
number of blocks of a given odd size i, and there are at least as many blocks of size p as there are blocks of

size all odd numbers less than p.

We now turn to tensor products. By Steinberg’s tensor product theorem, simple modules for SLa(p®) are
tensor products of Frobenius twists of p-restricted modules, i.e., L(7) for i < p — 1. These restrict to SLa(p)
as tensor products of simple modules, so it will come in handy to understand the tensor products of simple
modules for SLy(p).

The next result gives the tensor product of any two simple modules for L, and will be of great use when

computing the restriction of simple SLo(p®)-modules to SLa(p).
Proposition 5.20 Let H = SLa(p). If 0 < pp < A < p—1 then L(\) ® L(u) is given by one of the following:
(i) If A+ p < p then
L)@ L(p) =LA =p) LA —p+2)®---® LA+ p—2) LA+ ).
(ii) A+ p >pand A <p—1 then

LAN®Lp)=LA—pw)@dLA—p+2)&--- & La)
PA+p) @ PA+p—-2)@---@Pp+1)®L(p—1) peven
PA+pePA+p—2)@---& P(p) p odd

where a = 2p — (A + p + 4).
(i) Lp—1) @ L(p—1) =P(1) & P3)®---® P(p — 1).

This result can be found, for example, in [12] and explicitly in [11, Lemma 3.1].

5.4 Modules for SLy(p®) for p > 5 and a > 1

As with modules for SLy(3%) we need a notation system for the simple modules, and as in that section, we
let 21 denote the natural module, i; = Si_1(21) for 2 < ¢ < p be the symmetric powers (the p-restricted
modules) and let i;41 denote the application of the Frobenius morphism to i;. We then write, for module of

dimension n formed as the tensor product of m twisted fundamental modules, n,, . 4,,, in order of increasing

.

dimension of factor; for example, the module 2; ® 32 will be denoted 61 2, and 31 ® 32 ® 23 will be denoted
183.1,2. If the integer n has a unique decomposition as a product of exactly m integers greater than 1 such
that the module would be for the correct group (i.e., PSLa(p®) or SLa(p®)) then we simply write that, so
that 6; and 61,2 for PSL3(49) are unambiguous. Sometimes there are modules that could be either for SLq
or PSLy, such as 12; 5 for p > 7, which is either 2; ® 62 or 3; ® 45, but context will tell us which. When
there genuinely is ambiguity, for example, 18; » when p > 11, as it could be 2; ® 93 or 3; ® 62, we label them
with subscripts 18% and 18@ according to the lexicographic ordering on the partitions of 18, but in these

rare cases we remind the reader which is which.

We start with some restrictions of simple PSLs(g)-modules to PSLo(p). This is needed because we often
understand the action of PSLa(p) on the minimal or adjoint modules completely. We consider modules of

dimension at most 56 to include the minimal modules of Fy, Fg and E7. We use Proposition 5.20 to compute
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the restrictions of modules for SLy(p®) to SLa(p). Since v(E7) = 75 we only list restrictions for p® < 150

and dimension up to 56.

Lemma 5.21 Let H = PSLy(5%) for a = 2,3, and let M be a simple module of dimension at most 56. The
restriction of M to L = PSLy(5) is as below.

Module Restriction Composition factors of restriction
1 1 1
3 3 3
4=2®2 3d1 3,1
5 5 5
8§=2®4 5@ 3 5,3
9=3®3 1®3®5 5,3,1
12=2®2®3 5@32 @1 5,32,1
15=3®5 5@ P(3) 5,331
16 =4®4 50 P3)®1 5,33, 12
20=2®21®5 592 @ P(3) 52,331
24=2R4®3 520 P3)@3al 52,3412
25=5®5 592 g P(3) @ P(1) 52,3413
27=33®3 5229 PB)e3®?2aql 52,35 12
0=24®5 5P ¢ P(3)%2a P(1) 53,3714
45=3%3®5 594 @ P(3)92 @ P(1) 54,37 14
48=4®4®3 5B e PR e P(1)®3 54,38 14

Consequently, if V' is a module for H of dimension at most 56 such that V | has more trivial than 3-

dimensional composition factors, then H stabilizes a line on V.

Proof: We prove the last statement: from the table above we see that only the trivial has more 1s than 3s
in its restriction to L. Suppose that the composition factors of V |, are 5¢,37, 1%, with k > j. If there are «
trivial factors and § 8-dimensional factors in V', then a > k — (j — 8) > 8, so V has negative pressure and

so H fixes a line on V, as needed. O

For PSL2(25), we will need the eigenvalues of an element of order 12 on the simple modules, so we list

them here. These are of course easy to compute.

Lemma 5.22 Let H = PSL5(25), and let z be a semisimple element of order 12 in H. Let £ denote a
primitive 12th root of unity. Choosing £ so that x acts on the symmetric square of the natural module for

SLy(25) with eigenvalues £¥1, the eigenvalues of 2 on the various simple modules for H are as follows.
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Dimension Eigenvalues

1 1

3 1,(8,€M)/(€°,€7)

4 (6%,€1),(6%,€°)

5 1,(&2,69),(6,61)/(€°,€7)
8
9

(62,619),(6%,67), (6%, €%), (€, €)/(€,€T)
L (=1)% (&, €M), (€4,€%),(€,€7)
15 1 (=1)%, (&, €M), (€%,61),(62,6%), (6%,€%), (6%, €7), (€, €11)/(£%,€7)
16 (=1)2, (&, €M), (€%,61),(€2,67)%, (€4, €%)%, (£7,€7)
25 1%, (-1)% (§,611)% (€2, €)%, (6%,6%)% (€, €)%, (£%,€7)?

Here, (&,6)/(£5,€7) means either (&,£1) or (€°,£7), depending on the isomorphism type of the module.

We now give the analogue of Lemma 5.21 for p = 7. Again, we only need go up to p® = 150, so just 49

in this case.

Lemma 5.23 Let H = PSL2(49), and let M be a simple module for H. The restriction of M to L = PSLy(7)

is as below.

Module Restriction Composition factors of restriction

1 1 1

3 3 3
4=2®2 301 3,1

5 5 5

7 7 7
8=2®4 5®3 5,3
9=3®3 S5@3adl 5,3,1
12=2®6 T®5 7.5
15=3®5 TE5D3 7,5,3
16=4®4 TO503d1 7,5,3,1
21=3®7 7® P(5) 7,52,3,1
24=4®6 TePB)®3 7,5%,3%1
25=5®5 Te5%2 9301 7,52,32,12
3B=57 7T® P(5) @ P(3) 7,5%,341
36=6®6 TeP(B)®PB)D1 7,53,3%,12
49=707 T2 P()o P(3)® P(1) 72,5434 13

Having given restrictions of modules, we now need to understand Ext! between simple modules. These
were completely determined in [3], but the information is not so easy to extract, and so we give a few special

cases that are necessary for us.

Of particular interest is which modules have non-trivial 1-cohomology, since we will often want to prove

that we stabilize a line. The next lemma gives this completely.

Lemma 5.24 Let p be a prime, a > 1 be an integer, and let M be a simple module for H = SLy(p®) with

non-trivial 1-cohomology. One of the following holds.

(i) p* =2, M is the trivial module, with dim(H'(H, M)) = 1.
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(ii) pisodd and a =1, dim(M) = p — 2, with dim(H'(H, M)) = 1.
(iii) p* = 9, dim(M) = 4, with dim(H'(H, M)) = 2.

(iv) p* # 9 with @ > 2, M is up to application of a Frobenius map L(p — 2) ® L(1)?, where o is the
Frobenius twist (so that dim(M) =2(p — 1) and M = 2(p — 1)21), with dim(H'(H, M)) = 1.

Just knowing that modules have 1-cohomology is not going to be enough information. We need more
specific information about extensions between simple modules of low dimension, for p = 5,7 and a > 1. The

final two lemmas of this section furnish us with this information.

Lemma 5.25 Let H = PSLy(5%) for a = 2, 3. The extensions between simple modules of dimension at most

8 are:
(i) 1 with 8;,;_1;
(i) 3; with 4; 41, 8ii—1;
(iii) 4; 41 with 3;, 8;41,;—1 (the latter only for a = 3);
(iv) 5; with nothing;
(v) for a =2, 8; 41 with 3;;
(vi) for a =3, 8; ;41 with 4,1 ;;

(Vll) for a = 3, 8@’,1‘71 with 1, 31

Lemma 5.26 Let H = PSL3(49). The extensions between simple modules of dimension at most 9 are:
(i) 1 with nothing;
(ii) 3; with 8;41;
(iii) 41,2 with 51, 5o;
(iv) 5; with 45 o;
(v) 7; with nothing;
(vi) 8;,i+1 with 3,41, 91.2;

(Vll) 91’2 Wlth 81’2, 82’1.
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6 Some PSLss inside Ejg in characteristic 3

In this short section we lay the groundwork for studying copies of H = PSLy(3%) (for a > 2) inside G = Fy(k)
by embedding G inside G = Es(k), and attempting to construct many subgroups isomorphic to H inside
members of 27 of G other than G. Notice that field automorphisms of G lift to field automorphisms of G,
so we can embed an almost simple group with socle G into an almost simple group with socle G/Z(G). Let
G denote such an almost simple group, and note that Vi, is G-stable.

Suppose that Ng(H) is contained inside both a o-stable member X of 2" and inside G. The dimensions of
G and G are 78 and 52 respectively, so if X has dimension greater than 26, then X NG is positive dimensional
(and of course still o-stable), so that Ng(H) lies inside a o-stable, positive-dimensional subgroup of G, as
desired. Since the Borel subgroup of G has dimension 42, if N (H) is contained in any parabolic subgroup
of G then we are done.

This also works if Ng(H) is contained inside a conjugate of G, inside Cy — which has dimension 36 — and
Aq As — which has dimension 38. We are left with the irreducible G5, the AsG5 subgroup, and the A3 A3 A,
maximal-rank subgroup. In these cases we will show that H is a blueprint for Viiy.

If H is contained in X = G(k) then H acts on the natural module (up to Frobenius) as either 3%% @ 1,
or lies in a diagonal subgroup of A1 A, acting as 4;; ¢ 3; for any ¢« > 1. In both cases H is contained in an
algebraic A; subgroup Y.

The subgroup X acts irreducibly as L(20) on Viin, and these two copies of H act on Vi, as

37° @ (1/41,2/1)%3, 91, ®1/412/1 D 41,/(22 ®2;) /41,4,

where of course 29 ® 2; is 49 ; if ¢ > 2 and 1@ 3, if i = 2. The subgroups Y containing them act in the same
way, and stabilize the same subspaces as H, so that H is a blueprint for Vi,iy,.

If X = AyGo, then X acts on Vi, as (10010) @ (02®00): if H lies inside the G5 factor then it centralizes
a 6-space on Vi, so definitely lies inside a line stabilizer of Fy, and hence we may assume that H projects
along the A, factor as 3;. Along the G it can act as either 3?2 @®1lord4;; ®3, for any 4,5 > 1 with ¢ # j.
In the first case we get

31@9?2@1/41,2/1 and 3?3@(1/41,2/1)@3,

K2

for ¢+ > 1 and ¢ = 1 respectively, and in the second case we get
3101/41,0/1041,i/(2082:) /4101 /41 2/1, 91:0415/(2292;)/41;01/412/1, 91,012, 01/412/1,

fori=1,7=1and i,j # 1 respectively. Again, in all cases, the algebraic subgroup containing H stabilizes
the same subspaces as H, so again H is a blueprint for Vi,iy,.

Finally, we have X = AsAsAy, which acts on Vi, as (up to duality) the sum of the three possible
configurations of natural times natural times trivial. If we act trivially on one or two or them we get, up to
twist,

396519 397g1/41,/1, 91, ®3%% @393,

according as one non-trivial, two non-trivial and the same, and two non-trivial and different. Thus we may
assume that H acts along the first factor as 3;, the second as 3; and the third as 3;, then we have, up to
twist, one of

3P @ (1/412/1)%3, 310 1/412/10 955, 2710 4

according as whether i = j =1,i=1%# j,and 1 # i # j # 1. As with the other cases, each of these is

contained in an algebraic A stabilizing the same subspaces of Vi,in, so again H is a blueprint for Viin.
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In particular, in all cases, either N (H) is contained in a member of 27 or H is a blueprint for the

G-stable module Vi, in which case Ng(H) is contained in a member of 277 again.

We therefore have the following result.

Proposition 6.1 Let H = PSLy(3%), and let G be an almost simple group with socle G = Fy(k). If H
stabilizes a 3-space on the 25-dimensional minimal module for G, or the image of H in Eg centralizes a

2-space on the 27-dimensional minimal module for Eg, then Ng(H) is contained in a member of 277
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7 Proof of the theorems: strategy

In this section we discuss the techniques that we will use in proving that a given copy of PSLa(p?®) is contained
inside a member of 2.

We have two cases to consider: when k, the field for the ambient group G, is not a splitting field for H,
and when k is. In the first case, we have to be more careful, as for example if 2 is a submodule of Vi,in |m,
H will not fix a 2-space over k, since 2; is not defined over k. Often we will deal with these small fields
separately, so we can use more uniform arguments in general, but H fixes a line over k if and only if it does
so over an extension field of k, so if that is what we prove we need no restriction on k.

The first step is usually to use the dimensions of modules and the traces of semisimple elements to produce
a list of potential sets of composition factors for the action of H on Vi,;,, which we call conspicuous sets of
composition factors. For many groups this list is small, but as the sizes of G and H grow the number grows
larger and we need more efficient methods that cut this number down, for example only considering possible
multisets of dimensions that have either no modules of dimension 1 or more modules of dimension 2(p — 1)

than modules of dimension 1, at least for p® odd and not equal to 9, i.e., modules of positive pressure.

Having done this, we can assume we know the composition factors of Vi, Jg, and we have a few ways

to proceed.

e We can use the traces of semisimple elements to deduce a list, often a list with one element, of
potential sets of composition factors for L(G) | . Sometimes this cannot exist, of course only if there
is no embedding of H with these composition factors. Other times L(G) |y has non-positive pressure,
so we are again done. Otherwise, we may analyse both Vi, lg and L(G) |y using the techniques

below. We will occasionally employ Lemma 2.1 in this regard.

e We can easily compute Ext! between the composition factors of Vini, Iy and determine if Vi, g is
semisimple or not. If it is, the action of a unipotent element u must match one of the unipotent classes
of G, whose actions on Vi, and L(G) are tabulated in [13]. If it does not appear, or is generic, then

we are done.

e If V |y is not semisimple, and V is self-dual (i.e., all cases except when G = Eg and V' = Vi) then
in order for a composition factor to appear in the socle and not be a summand, it must occur with

multiplicity at least 2. This allows us to cut down the possibilities for the socle of V' | .

e If the socle of V | g is W, then V is a submodule of P(W), where P(W') denotes the projective cover
of W. In particular, it is a submodule of the c¢f(V)-radical of P(W), where we recall that ¢f(V) is the
set of composition factors of V. This needs to contain at least as many copies of each composition

factor as there are in V', and further analysis of this radical can eliminate more cases.

e We can use Lemma 4.12: suppose that H = PSLa(p?) embeds in G, and an algebraic A;-subgroup
X embeds in the algebraic version of G, such that for some module V', the highest weights of the
composition factors of both H and X on V are the same. Assume furthermore that the composition
factors of V' | x satisfy the hypotheses of Lemma 4.12. We wish to conclude that H is a blueprint for
Viin- In order to do this, an element x in H of order (p® + 1)/2 must be guaranteed to come from a
class intersecting X. If the semisimple class containing x is determined by its eigenvalues on V' then
this is true, but this is not true for every semisimple class, so we will have to check when we use the

lemma.
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e In a similar vein, we can look for elements of G that do not lie in H and yet stabilize some eigenspaces
of an element of H on a module V: if (3,...,(, are roots of unity and y acts as a scalar on each
(i-eigenspace of an element x € H (i.e., preserves all subspaces of the eigenspace), then y stabilizes any
subspace of V' on which x acts with eigenvalues some of the ;. In particular, if there is a submodule W
of H with this property then (H,y) stabilizes W. Of course, it might be that (y, H) is almost simple,
say PGL2(p®) for example, so we need to exclude this case by finding other such elements, proving

that the index of H in this group is not 2, or applying Corollary 4.14.

o If G = Eg,E7 and p = h — 1 where h is the Coxeter number of GG, then in one case we prove that
H and Ng(H) stabilize an slp-subalgebra of L(G). We can then apply Corollary 4.19 on positive-

dimensionality of such a stabilizer.

Some combination of these ideas is usually enough to solve any case we will see here.
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8 [}

In this section, k is a field of characteristic p > 2 and G = Fy(k). Let G be an almost simple group with
socle G. From Section 4.2 we see that v(Fy) = 18, so if H is any subgroup of G with a semisimple element
of order at least 19, then H is a blueprint for Vii,. The same holds for G except possibly if p = 2 and G
induces a graph involution on G. In [10] we proved that, when p = 2, SLa(2%) cannot be a maximal subgroup
of G if a > 5 regardless of this potential problem with graph automorphisms. In addition, in [9] we proved
that SLo(4) cannot be a maximal subgroup of G either, so here we let H = PSLy(p®) with a = 3,4 if p = 2
and p* < 36 = 2 - v(Fy) if p is odd. Let L = PSLy(p) < H and let u denote a unipotent element of L of
order p.

8.1 Characteristic 2

Let p = 2. Since all semisimple elements of G lie inside D4, which centralizes a 2-space on Vi, and an
element of order 2% + 1 in H has a fixed point only on the trivial simple module, we see that Vi, Ly has at
least two trivial composition factors. In particular, Lemma 5.2 applies in this situation, and so the pressure
of Viin 11 has to be at least 2 for H not to fix a line on Viin.

We start by eliminating the possibility that k is not a splitting field for H, or where the composition

factors of Vini, J g are invariant under some outer automorphism of H, i.e., a field automorphism of H.

Proposition 8.1 Suppose that p =2 and a = 3,4, and suppose that £ does not contain a splitting field for
H, or that the composition factors of Vi, | g are invariant under a field automorphism of H. Then either

H or its image under the graph automorphism fixes a line on V.

Proof: Firstly let a = 3. The quickest way to do this is to use the traces of semisimple elements to see that

the composition factors of Vi, I g must be
82a(21a22723)7147 (4172?41,334273)7(21722723)2a127 83712'

The trace of an element of order 7 on these modules is 5, —2 and 5 respectively, and the trace of an element
of order 9 is 2, —1 and —1 respectively. Using Lemma 4.16, we therefore see that the first and second sets
of composition factors are swapped by the graph automorphism and the third does not exist. The first has

negative pressure, so fixes a line on Vii,, as needed.

Now let a = 4. We assume that k£ contains F4 but not Fig, as this includes the case where k NFig = Fs.
There are ten conspicuous sets of composition factors for Vi, | g, two of which are definable over Fy. They
fall into three orbits under the graph automorphism (recall that the graph automorphism squares to a field

automorphism), and well-chosen representatives of the three orbits are

413, (21,23)%,1°, (81,2.4,82,3.4), 41,3, (21,23), 1%, 4y 9,49.3,43.4,41 4,41 3,424, 1%

The pressures of these modules are 2, 0 and —2 respectively, so the second and third definitely fix lines on
Viin. For the first, if 4; 3 lies in the socle of Vi, Jm then since Vi, is self-dual, it must be a summand,
so we can assume that it is not; hence the socle consists of 21s and 23s, else H fixes a line on V,;,. The
{1,21, 23,41 3}-radical of P(2;) is

1/21,25/1,41.5/21,

so there must be at least three 2; in the socle of Viyin Ja, but then soc(Vinin 4 1) has pressure 3 but Vipin 4o

has pressure 2, contradicting Lemma 2.2. This completes the proof of the result. OJ
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We now turn to the case where k contains a splitting field for H. We split a = 3 and a = 4 into two

propositions.

Proposition 8.2 Suppose that p = 2 and a = 3, and that k£ contains a splitting field for H. If Vi, Jg or
its image under the graph automorphism does not fix a line on Vj,,, then up to field automorphism of H
the composition factors of Vi, |y are

2 4 2 14
41737217227235 1 9

H stabilizes a 2-space on Viin, and Na(H) = HCx(H) lies inside a member of 277

Proof: We use the traces of semisimple elements of order at most 17 to find all conspicuous sets of com-
position factors for Vi, L. There are sixty-three such sets, ten of which do not have corresponding sets
of composition factors for L(G) | . The rest fall into orbits of length 2, 3 and 6 under the graph and field
automorphisms of G. (The orbit of length 2 arose in Proposition 8.1, as did one of the ten sets that do not
yield corresponding composition factors on L(G).)

Note that there are two orbits of length six that share three points, because there are rational elements
of order 9 whose image under the graph automorphism is non-rational, so there are three options for their
image. This does not affect things, as the points they share correspond to conspicuous sets of composition
factors with non-positive pressure so fix lines on Viiy.

Six of the ten orbits contain sets with pressure 0, and a further two contain sets of pressure 1, which
are forbidden by Lemma 5.2. We are left with two orbits, one of length six and one of length three, with
representatives

8,413,423,27,29,23,1% and 47 5,2],29,25,1%

Suppose that the first set of factors does not fix a line on Vj,i,: since the only non-trivial simple module
appearing more than once is 21, Vi, g is the sum of an indecomposable module with socle 2; and a
semisimple module, which we can ignore. We know that Vi, lg is self-dual, so if there is a non-split
extension between two non-trivial simple modules A and B inside Viuin 15, we must also have one between
B and A: ie., A (or B) must be 21, and so the other must be 4; 3 by Lemma 5.1. In particular, 42 3 must
be a summand of Vinin . The {1,21, 22, 23,41 3}-radical of P(2) has three trivial composition factors, but

we remove all simple quotients other than 2; to obtain the smaller module
21/1/21,22/1,413/21,

on which an involution acts projectively. However, an involution cannot act projectively on Vi, (see [13,
Table 3]) so H must fix a line on Viiy.
We come to the final set of composition factors. There are modules with these composition factors that

do not fix a line, for example
4?3 ©21/1/22/1/21 ©21/1/23 ® 23/1/2y,

and this has an allowable action of an involution as well. We note that Vi, | g always has a 2-dimensional
submodule, and so lies inside a member of 277, and furthermore, since Vi, g is not stable under the field
automorphism of H, if H is normalized by any element of an almost simple group G with socle G then H is
centralized by it.
To see that H stabilizes a 2-space on Vi,in, note that otherwise Vipin J g is a submodule of P(44 3), but
P(4;,3) has structure
41,3/21/1/22/1/21 /41 3,
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and there are many reasons why this cannot work: the dimension is 16, 23 is not involved in it, there are

not enough 1s or 2;s, the involution u acts projectively on it, and so on. O

There is a copy of SLo(8) inside Fy that does indeed not fix a line on Vi, up to the graph automorphism,
inside A,A,, with H projecting along the A, factor as 21/1 and along the As factor as 1/23: the product
of these two modules is an indecomposable module 21 /1/23/4; 3 with dual 23/1,4; 3/2;, and the product of
2;/1 and its dual is

21/1/22/1/21 @1,

yielding an embedding into Fy with the required property (remember that the trivial in the last decomposition

is removed when considering Vinin.)

We now turn to a = 4, which ends this section on Fj in characteristic 2. Almost exactly the same result

holds in this case.

Proposition 8.3 Suppose that p = 2 and a = 4, and that k contains a splitting field for H. If Vi, Jg or
its image under the graph automorphism does not fix a line on Vi,i,, then up to field automorphism of H

and graph automorphism of G the composition factors of Vi, |y are
4%,37 24117 227 2%5 14a
H stabilizes a 2-space on Viin, and Na(H) = HCx(H) lies inside a member of 277

Proof: We proceed as in Proposition 8.2, starting by assembling all conspicuous sets of composition factors
using the traces of semisimple elements of order up to 17, this time finding 146 conspicuous sets of composition
factors, 16 of which have no corresponding set of composition factors on L(G), falling into eighteen orbits,
fifteen of length 8, two of length 4 and one of length 2.

Eleven of these orbits contain a conspicuous set of composition factors with negative pressure, and a
further two with factors with pressure 0. Using Lemma 5.2 we can exclude factors with pressure 1 as well,
eliminating a further two orbits. There remain three orbits, each of length 8, so not stable under Out(H) or
the graph automorphism of G.

The three orbits have representatives
81,23, 413,423,271, 22,23, 12, 81.2,4,41,3, 424,27, 22,23, 12, 4%,3, 21,29,23, 1%,

For the first orbit we argue as in Proposition 8.2, to see that since the only non-trivial simple module
appearing more than once is 21, so Vinin 45 is a sum of a semisimple module, which can be ignored, and a
self-dual submodule of P(2;) that has top 2;. The {1,22,23,41 3,42 3,81 2 3}-radical of P(21)/2;, lifted back
to P(21), is

23/1,42,3/22,23/1,41,3/21,

but on top of some submodule of this must go a 21, and the module must be self-dual. We therefore see that
we can remove all simple quotients other than 1 and 4, 3, as some submodule of this must be the second

radical layer (as 1@ 44 3 is the second socle layer). Doing this yields the smaller module

1/29/1,41.3/21,

and an involution w acts projectively on this, a contradiction.
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The second orbit is almost identical, and the exact same proof works with the same smaller submodule

of P(21), and a slightly different original module of
1/29,25/1,41 3/24.

For the third orbit, since we constructed an example of this embedding not fixing a line on Vi, inside the
Ay Ay subgroup just after Proposition 8.2, we will not be able to prove that it fixes a line on Vj,;,. However,
it does stabilize a 2-space, as for a = 3: the {1,21, 29, 23,4, 3}-radical of P(4; 3) is

25/1/21,23/41 3,

50 80¢(Viin d77) cannot be just 4; 3, and H either fixes a line or a 2-space on Vinin, as needed. O

8.2 Characteristic 3

In characteristic 3, since v(Fy) = 18 we only need consider a = 2,3. We begin with the case a = 3, since we

have a complete result for that. In fact, we show that PSLy(27) is always a blueprint for Vigin.

Proposition 8.4 Suppose that p =3 and a = 3. Then H is a blueprint for Vi,.

Proof: There are forty conspicuous sets of composition factors for Vi, 4, but for only seven of these do
the elements of order 13 come from semisimple classes that are not blueprints for Vi,i,, and only three up

to field automorphism of H, which are
2 42 42
12231,91,2,41,2, 122.3.1,91,3, 41,2, 47 9,47 3,453, L.

Let ¢ denote a primitive 13th root of unity, and let 6 denote a primitive 26th root of unity with #2 = (. Let
2 € H denote an element of order 13 that acts on 4, o with eigenvalues ¢*! and ¢*2. In the first case, x acts
on Vi, with eigenvalues

12 (C:tl)Q (C:I:2)3 (Ci3)2 (C:I:4)2 C:I:5 (Ci6)2-
There is an element Z of order 26 in G that squares to  and has eigenvalues

12, (9:|:1)2’ (9:|:2)3, (9:&3)2’ (9:|:4)27 9:&:57 9:|:6’ (—(9i6).

This does not stabilize all the eigenspaces of x, but it only splits the ¢(*6-eigenspaces, which are contained
inside the 12 factor. Hence & stabilizes all subspaces stabilized by H and, since & has order 26 > v(Fy), this
means that H is a blueprint for V.

In the second and third cases, the trace of = on Vi, is 0, and there is an element & in G, of order 26,

such that 22 = 2 and & acts on Vi, with eigenvalues
1, (0i1)27 (9i2)2a (0i3)2, (0i4)2a 0i57 (_aiS)’ 0i67 (_0i6)7

so & stabilizes any 41 2 in the socle of the second and third cases. This means that in the second case H is
contained inside a positive-dimensional subgroup stabilizing the 4-space.

Examining the list of maximal positive-dimensional subgroups of G, if H acts on Vi, with factors 12,9, 4
then the only member of 277 in which H can lie is A;C3, which acts with factors of dimension 12 and 13, so
any positive-dimensional subgroup containing H must also stabilize the 12; hence H is a blueprint for Vi,

in this case as well.
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We are left with the case of 43 5,47 3,43 3, 1. We easily show that H lies inside a member of 2", (although
not necessarily 27 yet). If H fixes a line on Vi, then we are done, so the socle consists of 4s, so by relabelling
we get 412 as a submodule of Vi Ly. But now the element & above must stabilize any 4; » in the socle
of Vinin 41, and since Z is a blueprint for Vi,i,, there is an infinite subgroup of G stabilizing a 4-space that
(H, %) stabilizes. Thus H is contained in an element of 2", as claimed.

We now run through the elements of 2", proving in fact that H does fix a line and u lies in the generic
class As, thus H is a blueprint for Vi,in.

We cannot embed H in a maximal parabolic or A, A, as the dimensions are not compatible. If H < By,
which acts as 9 @ 16, then by Lemma 5.12 H must act semisimply on the 9 (as the 9 is self-dual), so the
action of u of order 3 has at least 3% 13 on the 25-dimensional Vi,;,. Checking Table 4.1 we see that u
belongs to class As, generic.

If H embeds in X = A;C3 then we may assume that H acts along A; as 2. Since (1,100) is a summand of
Vinin 4x, we need 6-dimensional modules whose tensor product with 2; only have 4-dimensional composition
factors, each appearing at most twice, and there are three of these: 2;‘52 b 23, 206 2?2, and 63 1, but none
of these has the correct exterior square, so H does not embed in A;Cj.

We are left with A1 G2, which acts on Vi, with composition factors (2,10) of dimension 21 and (4, 00)
of dimension 4. This is impossible: H acts along the A; factor as 37, and so the action of H on the minimal
module for G5 cannot have a trivial or 3-dimensional composition factor, because the product with 3; is not
right. But then you cannot make a 7-dimensional module at all, a contradiction.

Thus if H embeds into G with these factors on Vi, then it is a blueprint, as needed. O

We now consider a = 2, which we did not consider in [9] because we could not produce a complete answer
there, and we cannot here either. We will make substantial progress, pinning down precisely the action of

H on Viin, but not enough to prove that it is always contained inside a positive-dimensional subgroup.

Proposition 8.5 Suppose that p =3 and a = 2. One of the following holds:

(i) H fixes a line on Viyin or L(G);

(ii) H stabilizes a unique 3-space on Vipin;

(iii) the action of H on the minimal module for Eg has two trivial submodules;

(iv) up to field automorphism of H, the action of H on Vi, is

944/1,3:1/484,
where 4/1,31/4 =4 ® 3,.

If (i), (ii) or (iii) hold, then Ng(H) is contained in a member of Z77.

Proof: Using the traces of semisimple elements of orders 2, 4 and 5, one finds, up to field automorphism of

H, eight conspicuous sets of composition factors, namely
30,17, 43,331 4%31,35,13,  9,47.3;,3,,17

9,4%31,1, 4,37, 4,303, 92,4,3;.

The first case is semisimple and u lies in the generic class Ay. The sixth and seventh have the trace of an

involution being —7 on Viin, whence it has trace 20 on L(G), so that L = PSLy(3) acts with composition
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factors 38,128,

By Lemma 5.8 any non-trivial simple module for H has at most two 3s for every three
1s on restriction to L, and so H always has at least sixteen trivial composition factors and at most eight
non-trivial composition factors. Since H'(H,4) has dimension 2 by Lemma 5.9, L(G) |x has non-positive
pressure and hence has a trivial submodule. The second conspicuous set of composition factors must yield
a trivial submodule on Vi, by Lemma 5.11. This leaves the third, fourth, fifth and eighth conspicuous sets
of composition factors.

Suppose that we show that H stabilizes a unique 3-space on Vj;,. The same must be true of Ng(H), and
so if the stabilizer of that 3-space is positive-dimensional then Ng(H) lies inside a member of 279, and in
particular it is not maximal. However, Proposition 6.1 shows that if H stabilizes a 3-space on Vi, then the
stabilizer of that 3-space s positive dimensional, and so we are done whenever this is the case. In particular,
the semisimple eighth case must yield a unique 3-space being stabilized.

Also, if Vipin g has no 1-cohomology then H stabilizes a line other than the F) line, and Proposition
6.1 again states that Nz (H) lies inside a member of 2.

If the composition factors are 9,42, 31, 33, 12, and we fix neither a line nor a unique 3-space on V., then

the structure of Vi, g is either
93©4/1,1,31,32/4 or 903 ®3,d4/1,1/4.

We claim that, in either case, Viuin { g has no 1-cohomology. The second module is uniquely determined and
o is an easy computer calculation. In the first case, the quotient by the unique 4 in the socle is also uniquely
determined, and this module has no 1-cohomology; adding a 4 on the bottom that already has two trivial
modules above it cannot add to the 1-cohomology, and so the claim holds. This proves, from the remarks
above, that Ng(H) lies inside a member of 27°.

For 44,31, 35,13, we cannot have a single 3 in the socle of Viuin |z as we saw above. We cannot have two
3s in the socle, for then the module has 3; @ 32 as a summand and 4,4/1,1,1/4,4, but since the self-dual
module 4/1,1/4 is the {1,4}-radical of P(4), such a module cannot exist.

Thus Viin Jm must have the form 4,4/1,1,1,31,32/4,4. We now look at the image of H inside Ejs, and
its action on the 27-dimensional module Va7. If soc(Vay L i) = 1 then, since P(1) has dimension 27, we have
that P(1) = Var li. However, the action of u of order 3 on Va7 is clearly now 3%, so acts on Vi, as 35,1,
from Table 4.1. But if we remove the top and socle from P(1) we get a 25-dimensional module on which «
acts as 37,22, a contradiction.

Thus there exists an H-submodule 1 & 4 of the minimal module for Eg. Notice that P(4) has dimension
36 and has five socle layers, and P(1) has five socle layers, so since neither of these is contained in the module
Var L (where Var is the minimal module for Eg), we must have that Vo7 |5 has at most four socle layers.
In particular, since Va7 is self-dual, we cannot have a uniserial module 3;/4/1 as a subquotient of Va7 |x,
since 1/4/3; would also have to be a subquotient, and there is a unique 3; in Va7 |5, hence Va7 | needs at
least five socle layers, not allowed.

Consider the preimage W of s0¢?(Vipin ) in Va7, and in particular the {1,4}-radical of W. This is the
preimage of a module 1,1/4 @ 1/4, and since 1,1/4 has no extensions with 1, the {1,4}-radical of W must
be a module 1,1/4@ 1/4/1 (the uniserial module 1/4/1 is not uniquely determined). We need to place both

a 37 and a 32 on this module, but without constructing a uniserial 3;/4/1: this must yield a module
17 1731732/4 S2) 1/4/17

the only way to exclude the uniserial 3;/4/1. Since there is no uniserial module 4/1/4 by Lemma 5.12, no 4
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placed on top of this module W can cover the 1, and so Vi | has a trivial quotient, not allowed. Thus
(without loss of generality) 3; is diagonally placed across the 1,1/4 and the 1/4/1.

Since Ext'((1,1/4),3;) = 0, at most one (and in fact exactly one) of the modules 1/4/1 can have an
extension with 31, and by replacing the summands by diagonal summands if necessary, we end up with a
module

1,1/4®1,3,/4/1,

and we have our uniserial 3;/4/1, not allowed. We therefore see that H cannot have non-trivial 1-cohomology,

as needed for the proposition.

The final case to consider is 9,42%,3,,1. Again we cannot have the 3; in the socle, and not a trivial either,
and so Viin Ly must be
90 4/1,3,/4® 4.

There is a unique self-dual module 4/1,3;/4, and it is 4 ® 35. To see that it is unique, notice that above
1,1,31/4 one may place two copies of 4, one of which lies above 1,1 only to make the module 4/1,1/4, and
so any diagonal 4 between this and the one above 4 ® 35 must cover both 1s, so we cannot peel a 1 off as a

quotient to make a different 4/1, 31 /4. This proves (iv). O

We can give a bit more information about case (iv) now. The action of such an H on Va7 is unique as well:
although 4/1,3; /4 has non-trivial 1-cohomology, if the trivial does not lie only underneath the summand 4,
there must be five socle layers to Vo7 |z, which as we saw in the previous case leads to a contradiction.

This set of composition factors corresponds to 9,44, 37,33, 1% on L(G), but even this does not help as H
can act on L(G) without fixing a line. We cannot say much about the 3;s, so remove them from the top and
bottom, as well as the 9, to leave a module W. With four 4s and three 1s we cannot have P(4) or P(1), so
from their structure above W has (at most) three socle layers. The two unipotent classes that act on Vi, as
38,1 are Ay and Ay + A;: the former acts on L(G) with seven blocks of size 1, and so we end up fixing a line,
but the other acts as 3'6,22, and need not. With two 4s in the socle of W, and three 1s above, we get as in
the previous analysis 1,1/4@®1/4, on which we can place 3;s and then two 4s. We must place 3; or 35 on top
of the 1/4 to avoid fixing a hyperplane, and then on top of the 1,1/4 we need a 3; and a 33, since we need
both classes of elements of order 3 to act as 3'6,2? and modules of the form 4/1,1/4 and 4/1,1,3;/4 do not
allow this. However there is, unique up to isomorphism, a self-dual indecomposable module 4/1,1,31,32/4
on which both unipotent classes act with two blocks of size 2.

Inside C3A41, there is a copy of H whose projections along each factor act irreducibly on the respective

natural modules, and it acts on Vj,;, as stated, and on L(G) as
372 ©9@35/4/1,31/4/32 D 4/1,1,31,32/4.
We cannot push the analysis far enough to get uniqueness of this subgroup: it certainly exists, as we have

seen.

8.3 Characteristic at least 5

Let p > 5, and recall that H = PSLqy(p®) for some a > 1, with p® < 36 = 2 - v(Fy), with u € H of order
p. The possible actions of u on Vi, are given in [13, Table 3|; by Lemma 4.6 we may assume that our

unipotent class is not generic: this leaves us with the following three unipotent classes:

(i) C3, p =17, acting as 7%, 6%;
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(ii) Fy(az), p =7, acting as 73, 5;
(iii) Fy, p = 13, acting as 132.

This proves the following result immediately.

Proposition 8.6 If p® # 7,13 then H is a blueprint for V.

For p = 7 we have the following result.

Proposition 8.7 If p* = 7 then H fixes a line on either Vi, or L(G).

Proof: We use the traces of elements of orders 2, 3 and 4 to produce the possible composition factors of
Viain L1, namely

39,18, 5,37, 53,3212, 7,5%,3,1, 73,15,
We saw in Section 5.3 that the only indecomposable module with the trivial composition factor but no trivial
submodule or quotient is P(3) = 5/1,3/5. This immediately tells us that the first, third and fifth cases fix
lines on Viuiy. (Indeed, the first and fifth cases have that all trivial factors are summands.)

The case 7,53, 3,1 yields traces of elements of orders 2, 3 and 4 of 2, —1 and —2 respectively. This yields
traces on L(G) of —4 for an involution, —2 or 7 for an element of order 3, and finally 4 for an element of
order 4. There is no set of composition factors that are compatible with this, so this case cannot occur.

If the composition factors are 5,37, then the traces of the elements of orders 2 and 3 fix uniquely the
composition factors on L(G), and these become 57,3, 1'%, and so H fixes lines on L(G), completing the proof.

O

For p = 13 we are left with one open possibility, which we will prove yields a Serre embedding (see
Definition 4.7).

Proposition 8.8 Suppose that p® = 13. Either H is a blueprint for Vi,i,, or u is a regular unipotent element
and Vinin g and L(G) |y are given by

P9)=9/3,5/9 and P3)® P(11) =3/9,11/3® 11/1,3/11
respectively. In particular, H is a Serre embedding.

Proof: From the list above, the regular class is the only non-generic one for p = 13, so if H is not a blueprint
for Vinin then w is regular and in particular acts projectively on Vi, and L(G), hence both modules must

restrict to H as projectives. The projective indecomposable modules for H are
1/11/1, 3/9,11/3, 5/7,9/5, 7/5,7/7, 9/3,5/9, 11/1,3/11, 13.

Thus there are eight possible projective modules of dimension 26, two of which yield conspicuous sets of
composition factors on Vi, namely P(5) and P(9). The first of these does not have corresponding factors
on L(G), and the second has factors 113,9, 33, 1, which yield the projective module P(3)@® P(11), as claimed.

O

We have therefore completed the proof of Theorem 1.1.
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9 L

In this section, k is a field of characteristic p > 2 and G = Eg(k), by which we mean the simply connected
form, i.e., |Z(G)| = ged(3, |k*|) (if k is finite) and G’ = G. Let G be an almost simple group with socle
G/Z(G). From [10] we see that for real semisimple elements (and the semisimple elements of PSLy(p®) are
real), v(Eg) = 18, so if H is any subgroup of G with a real semisimple element of order at least 19, then
H a blueprint for Vi,;,. The same holds for G, even when G involves the graph automorphism, by using
Vinin @ V%, instead of Vi, which is G-stable, and applying Lemma 4.9. In addition, in [9] we prove that
almost simple groups with socles SLo(4) and PSL5(9) cannot be maximal subgroups of G either, so here we
let H = PSLa(p®) with a = 3,4 if p = 2 and p* < 36 = 2-v(Fy) with p* # 9 if pis odd. Let L = PSLy(p) < H

and let v denote a unipotent element of L of order p, as in Section 8.

9.1 Characteristic 2

Let p = 2. Unlike G = F; the case of p = 2 is easy, since the graph automorphism, which could cause the
only problem, simply induces duality. As we see above, we just have to deal with a = 3,4, and when a = 3
the group Out(H) has order 3, hence a graph automorphism must centralize H (hence H is an element of
Z°7), not merely normalize it. We therefore see that if H = SL4(8) stabilizes a 2-space on Viin then Na(H)
lies inside a positive-dimensional subgroup, even if G' induces a graph automorphism on G.

For a = 4 we use the fact that, while not every semisimple element of order 17 in F} is a blueprint for
the minimal module, almost every one is. This statement passes through to Vi, since our real semisimple
elements lie in F}, via Lemma 4.9.

We start with a = 3.

Proposition 9.1 Suppose that p =2 and a = 3. Then H fixes a line or 2-space on Vi, or V*

min*

Proof: Suppose that soc(Vipin +17) and soc(V, lr) have neither 1s nor 2s, so Viin Jg is a submodule of

P(4)s and 8s. The projective cover of 4; ;11 is

4iit1/2i01/1/2i-1/1/ 2441 /4iit1,
and thus Viin Lo is a sum of projectives P(4; ,11) and 8s, but this has even dimension, not right. O
Now we move on to a = 4, where we use semisimple elements of order 17 that are blueprints for Vi, as
suggested earlier.

Proposition 9.2 Suppose that p =2 and a = 4. The subgroup H is always a blueprint for Vi, ® V*

min*

Proof: Of the 230 semisimple classes in F} of elements of order 17, all but two are blueprints for Vi, @V}

in»

as we saw in Section 8, with representatives z and z3, where z has eigenvalues

1, (65)% (G772 (6), (G672 (60), (670D, (G901 (6i7)?

on Viin. We thus may assume that every element of H of order 17 is conjugate to either = or z3.

However, although there are 107766 possible sets of composition factors for a module of dimension 27,
none of them has the eigenvalues above, up to algebraic conjugacy. Thus a semisimple element of H of order

17 is always a blueprint for Vinin @ V;,, and so the result holds by Lemma 4.9. OJ

in’

51



9.2 Characteristic 3

Let p = 3. From the remarks at the start of this section we need only consider a = 3, i.e., H = PSLy(27).
In the previous section we exploited the fact that most semisimple elements of order 17 are blueprints for
Vinin- We will do the same here with order 13 elements. Of the 104 semisimple classes of elements of order
13 in F}, all but seven are blueprints, since there are elements of order 26 that square to them and preserve

the number of eigenvalues.

Proposition 9.3 Suppose that p = 3 and a = 3. Either H is a blueprint for Vi, ® V. or it fixes a line

min
on Vi, or V*

min*

Proof: This is easier than the case of Fy, but will start in exactly the same way. There are fifty conspicuous
sets of composition factors for Viuin L, but for only seven of these do the elements of order 13 come from

semisimple classes that are not blueprints for Vinin @ V,%;,,, three up to field automorphism of H, which are

in»
2 2 2 2 2 3
122,3,1791,2741,2a 1 ) 122,3,1791,3741,27 1 ) 417274173342,371 .

The first two have pressure —1 and so must fix a line on Vi,;,. For the third, since there is no module 4/1/4
for H by Lemma 5.12, Vi,in J g cannot have the form 4,4,4/1,1,1/4,4,4, and so if H does not fix a line or
hyperplane on Vi, then there can be either one or two 4s in the socle.

The {1, 4}-radical of P(41,2) has three trivial factors but has a trivial quotient, so we may assume that
the socle of Viuin 4 is the sum of two 4s. Since the pressure of Vi, J g is 3, we cannot have a submodule
with three 4s, but we need two 1s above this socle (else we could quotient out by one of them and get a
module with a simple socle), so the socle is 4,4 and the second socle layer is 1,1, so we must have a 4/1/4

subquotient, not allowed. Thus H fixes a line on Viin or V%, , as needed. O

9.3 Characteristic at least 5

Let p > 5, and recall that H = PSLy(p®) for some a > 1, with p® < 36, with u € L < H of order p, where
L = PSLa(p). The possible actions of w on Viyi, are given in [13, Table 5]; by Lemma 4.6 we may assume

that our unipotent class is not generic, leaving us with the following seven unipotent classes:
(i) A4, p =5, acting as 5°,1%;
(ii) A4+ Ay, p=>5, acting as 5°, 2;
(iii) As, p =7, acting as 72,62, 1;
(iv) Ds(ay), p =T, acting as 73,3,2, 1;
(v) Es(a3), p =17, acting as 73,5, 1;
(vi) Eg(a1), p= 11, acting as 112, 5;
(vii) Eg, p = 13, acting as 132, 1.

We now go prime by prime, starting with p = 5.

Proposition 9.4 Suppose that p =5. If a = 1 then H fixes a line on either Vi, or L(G). If a = 2 then H

either fixes a line or hyperplane on Vi, or a line on L(G).
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Proof: Suppose that a = 1. The conspicuous sets of composition factors of Vi, Ly are
36,19, 5,371, 52,32 13,

The first set of composition factors has pressure —3, so fixes a line on Vi;, by Lemma 2.2. In the second

case we switch to L(G), on which H acts with composition factors
58,351 or M. 3,15

In either case, we see that H fixes a line on L(G), as needed. The third set of composition factors has
pressure 0, so might only fix a hyperplane on V;,;,. However, the only indecomposable modules with a trivial
composition factor but no trivial submodule are submodules of P(3) = 3/1,3/3, so in order not to fix a line,

Vinin 47 must be
5693 @ (1/3)693’

on which u acts as 52,43, but this does not appear on [13, Table 5], so H does indeed fix a line (and

hyperplane) on Viyip.

Now suppose that a = 2. By Lemma 5.21, if Vi, 1, has more trivials than 3-dimensionals then H fixes
a line on Vi,i,. Thus if Vi, o is the first set of composition factors then H fixes a line on Vi, and if
Vinin 41 1s the second set of composition factors then H fixes a line on L(G).

We therefore assume that Vi, |z has factors 52,33, 13. At this point it seems easiest to use the traces of
semisimple elements of order at most 13, finding eighteen conspicuous sets of composition factors, each with

at least one trivial factor and with non-positive pressure, so fix either a line or a hyperplane on Viy. O

For p = 7 we do not need to go past a = 1, which makes this easier than the previous case.

Proposition 9.5 Suppose that p =7 and a = 1. Then H fixes a line or hyperplane on Vi,.

Proof: The conspicuous sets of composition factors are, as for p = 5, the same as for Fj; but with an extra

trivial factor, namely
3619, 5,371, 533313, 7,5%,3,12, 73,16,

The only indecomposable module that has a trivial composition factor but no trivial submodule or quotient

is P(5) = 5/1,3/5, thus all of these sets of composition factors fix either a line or hyperplane on V. O

Since any indecomposable module with a trivial composition factor but no trivial submodule has 5/1 as
a submodule, the first and fifth conspicuous sets of composition factors in the proof definitely fix lines on
Vinin- If H fixes a hyperplane but not a line then it cannot lie in Fy and must lie inside a Dj-parabolic, with
composition factors of dimensions 1, 16 and 10. These are incompatible with the second and fifth sets of

composition factors, hence H also lies inside Fj in this case.

For p = 11, we see the first use of the idea of fixing an sly-subalgebra.

Proposition 9.6 Suppose that p = 11. Either H is a blueprint for both Vi, and L(G), or H has a trivial

summand on Viin, or H acts on Vi, and L(G) as
PO @®5 and 1120 P(7)®eP5)®9@3,

and fixes an sly-subalgebra of L(G).
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Proof: Examining [13, Tables 5 and 6], we see that there are only two unipotent classes of elements of order
11 that are not generic for both Viyi, and L(G), namely Ds (generic for Viin) and Eg(a1) (not generic for
either). If u belongs to class Ds, then it acts on Vi, with Jordan blocks 11,9, 5,12, and since there are two
Jordan blocks of size 1 and only one of size 11, Viuin 4 must have a trivial summand as each non-trivial
indecomposable summand of dimension congruent to 1 modulo 11 has dimension 12 and uses up a block of
size 11.

We therefore assume that u belongs to class Fg(a;), so acts as 112,5 on Vi, and as 115,9,3 on L(G).

There are five indecomposable modules of dimension congruent to 5 modulo 11, which up to duality are
5, 7,5,3/5,3, 9,7,5,3/1,3,5,7,9,

with the last one having dimension 49, not allowed, and the second one having dimension 27, with trace of
an involution —1, so not allowed. Thus Vi, g is the sum of 5 and a 22-dimensional projective module.
We now use traces of semisimple elements of orders at most 6 to see which sums of projectives and a 5

are conspicuous, finding two, namely
11e Pl)®5 and  P(9)®5.

The first fixes a line on Vi3, but does not have a trivial summand, hence lies inside a Ds-parabolic, acting
on Viin uniserially as 10/16/1, and the image of H inside the Ds-Levi must act as 1/9 on the 10, not allowed
since this is a self-dual module. Thus the first case does not exist, and H must be the second.

The corresponding sets of composition factors on L(G) are
11,9°,74,3°,1*  and  11%,9,7° 5% 3%

Since L(G) is self-dual and there is a unique self-dual module congruent to each dimension modulo 11 by
Lemma 5.17, we have that 9 and 3 must be summands of L(G) Jg. The first set of factors cannot form a

projective and these summands, but the second case can, yielding
N2 e P(M) @ P5)®9d3.
By Proposition 4.17, the 3-dimensional summand is an sls-subalgebra, as claimed. OJ

When p = 13, the only non-generic class is the regular unipotent class. We will show more generally that
if H contains a regular unipotent element then H either lies in F}, or p = 13 and H is a non-G-cr subgroup

in a Ds-parabolic subgroup of G.

Proposition 9.7 Suppose that p > 13. If H contains a regular unipotent element then H is contained in a

conjugate of Fy, or p =13 and H is a non-G-cr subgroup of the Ds-parabolic acting on Vi, as
1/11/1®9/5.

or its dual.

If H does not contain a regular unipotent element, then H is a blueprint for Vi, & V.*

min*

Proof: Suppose that p > 17: the action of a unipotent element on Vi, is 17,9,1, and for p > 19 we
must have that Vi, Jg=17® 9 ® 1, and so H lies inside either F}, as desired, or a Ds-parabolic, but this
has composition factors 10,16, 1, incompatible. For p = 17 then 17,1 could come from an 18-dimensional

indecomposable module, but the 9 is a summand, so in particular H has three composition factors on V.
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However, u is contained in the regular class, which is generic for p = 17, hence H is a blueprint for Vi,
in particular an element X of 2. Since X contains a regular unipotent element (eliminating all reductive
maximal subgroups except for Fy from [14]) and must have at most three composition factors on Vi, and
if it does have three then one has dimension 9 (eliminating all parabolic subgroups), we must have H < Fy,

as claimed.

We therefore have that p = 13, and u acts on Vpni, with factors 132, 1. Suppose that the 1 in the action of
u arises from a trivial summand in Vi, J . From the proof of Proposition 8.8 we see that the conspicuous
sets of composition factors are
5/7,9/5® 1 and 9/3,5/9 @ 1.

Since there is no 10-dimensional quotient not including the trivial summand, these structures are incompat-
ible with coming from a Ds-parabolic, and so H < F}, as needed.

We thus assume that Vi, Ly has no trivial summand. We therefore have a projective of dimension 13
(either P(1) or 13, both with a trace of 1 for the involution) and a module i/(p + 1 —4), with a trace of £2.
As the trace of an involution on Vi, is either 3 or —5, we see that it has a trace of +2 on i/(p+1 —1), and

hence ¢ = 5,9. This means that, up to duality, Vi, | g is either
13¢5/9 or 1/11/1 @ 9/5.

The second case is as claimed in the proposition, so we are left to eliminate the first case. Here we take the
Borel subgroup B of H: the exact structure of B on the 27-dimensional module Vi, is up to duality as

follows, where ( is a cube root of unity.

1 ¢
- ¢
¢? 1
-1 —C
¢ ¢?
—? -1
1 ¢ ¢
- ¢
¢? 1
-1 —C
¢ ¢?
_<2 -1
1 ¢

Since Fy acts on Vi, as 26 @ 1, the point that H fixes is either a Ds-parabolic point or a By point, but
either way H lies inside a Ds-parabolic, either one stabilizing a line or one stabilizing a hyperplane.

Let v be a unipotent element of D5 contained in the image of L inside the Ds-Levi. Thus v acts on the
10 and 16 as subquotients of the action of u on Vi, namely 132, 1. Therefore v acts on both the 10 and
the 16 with at most three Jordan blocks, and if it has three then one is of size 1.

We can read off the unipotent classes of D5 from the table for Dg, [14, Table 6], which shows that there
are only three unipotent classes, A4, Ds(a;) and Ds, that act with at most three blocks on the 10. From
the embedding of the Ds-Levi into Eg we can easily deduce the actions of these on the 16, as we just consult
[13, Table 5] which lists the block sizes for the classes for Eg, and look for the unipotent classes with these

names. This gives us the list below.
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Class Ay Ds(a1) Ds
Action on 10 52 7,3 9,1
Action on 16  7,5,3,1 72,2 9,7

We therefore see that v comes from the regular class Ds, and so the image B of B in Ds, which contains v,

must act on the self-dual module 10 as

1@ (¢*/ = 1/¢/ = ¢*/1) = ¢/¢?/ = 1/0).

This is a submodule of the action of B above, and we therefore see that B acts on the 16 with eigenvalues
(1a _1)27 (Ca C27 _<7 _<2)3;

these cannot form modules of dimension 9 and 7, since a module of dimension 9 needs exactly three +1
eigenvalues, and a module of dimension 7 needs at least two +1s.
This proves that H cannot embed with these composition factors, and completes the proof of the propo-

sition. O

We will construct this non-G-cr subgroup of the Ds-parabolic when p = 13; the same construction works
for the Eg-parabolic subgroup of E7 and p = 19.

Let (G,p, X,Y) be one of (Fg,13, D5, Bs) and (E7, 19, Eg, Fy), and let Viyi, denote the minimal module
for G. One of the stabilizers of a point on V., is a subgroup that is the extension of a unipotent group
by Y, so let H be a copy of PSLy(p) inside Y that covers the regular unipotent element, the fixed points
of a principal PSLy subgroup of Y. This copy of H embeds in X, of course, and the action of X on the
unipotent radical of the X-parabolic is as a single simple module, so that the 1-cohomology is easy to
compute. We see that the restriction of this simple module to H contains a summand of dimension p — 2,
hence the 1-cohomology of H on the unipotent radical is 1-dimensional. There is an action of the torus of
the X-parabolic outside of X on this cohomology group, and this yields two conjugacy classes of subgroups
H in the X-parabolic, one inside X and another class of complements. Given the composition factors of
H on Viyin, together with the table from [13], there is a unique possible module structure for Viyin dg if H
does not lie inside X but merely the X-parabolic subgroup of G, and this intersects non-trivially the regular

unipotent class of G.
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10 FE7 in characteristic 2

In this section, let k be a field of characteristic 2 and let G = E7(k). Let a > 1 be a positive integer and
H = SL3(2%). The case of characteristic 2 is very different from odd characteristic because if p is odd then
a copy of PSLa(p®) inside the simple group of type E7 can lift in the simply connected group to either
PSLy(p®) x 2 or SLa(p?), and the two possibilities require very different strategies. In characteristic 2 there
is no such bifurcation.

The case a = 2 is done in [9], and since v(E7) = 75 for semisimple elements of odd order, if a > 7 then
H is a blueprint for Vi,i,; so we may assume that 3 < a < 6. Furthermore, if Vi3, L g has at least six trivial
composition factors then by Proposition 4.10 we can assume that H has no semisimple elements of order
more than 30, so a < 4 in this case.

We can use a computer to find which semisimple elements are blueprints for Vi;, even when they have
order smaller than 77, or 30 when they centralize a 6-space. For example, of the 2430 classes of elements
of order 17, 1892 of them are blueprints for Vi,i,, which helps reduce the number of conspicuous sets of
composition factors that need to be considered when a = 4.

Suppose firstly that there are no 1- or 2-dimensional composition factors in Viny, Jg. In this case if H
is not a blueprint for Vi, then we have to switch to the Lie algebra L(G)’, which we recall has dimension

132, not 133 in the case p = 2. We address this situation now.

Proposition 10.1 Suppose that p = 2 and a = 3,4,5,6. Suppose that there are no 1- or 2-dimensional

composition factors in Vinin 1g-
(i) We cannot have a = 3,4.
(ii) If @ = 5,6 then H is a blueprint for V.

Proof: If H acts on Vi, with no composition factors of dimension 1 or 2, then the trace of an element of
order 3 on Vi, is one of —25, —7,2,20, and so the dimensions of the composition factors are one of seven

possibilities:
32, 16,42, 32,8, 4%, 163, 8, 162,82 42, 16,8, 4%, 87, 84,46,

For these, no arguments about unipotent classes or stabilizing subspaces will work if H is not a blueprint for
Vinin, and so we will just have to deal with them case by case, switching to the Lie algebra where we need
to.

Let a = 3: the only conspicuous set of composition factors for Vipi, | g is
4 42 42 42
8%, 412,413,423,

which does not have a corresponding set of composition factors on L(G)’. For a = 4 we get no conspicuous
sets of composition factors for Vi, Ly at all.
For a = 5, up to field automorphism of H, there are two conspicuous sets of composition factors for

Lmin \LHv Ilaﬂlely
16 8 8 8 42 4 4 and 82 8 8 4 4 42 42
1234, ©135, ©235, O345, *13, *23, *34 12359124, 0135, *125 *135 %145 *15-

It is easy to check that an element of order 31 is a blueprint for Vi, in both cases by finding an element of

order 93 that cubes to it and has the same number of eigenvalues on Viiy-
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For a = 6, we do not have lists of the traces of elements of orders 63 and 65, but we can check whether
a given matrix is the trace of a semisimple element of order 63 on Vi, by using the preimage trick from
Section 4.2. Doing this to the seven possible sets of dimensions yields the following table. In this, the number
of sets of composition factors up to field automorphism is given in the second column, and those that are

conspicuous using elements of order up to 21 and 63 are given in the third and fourth columns respectively.

Dimensions Number of modules Conspicuous up to 21  Conspicuous for 63

32,16, 42 1800 1 0
32,8,44 61200 5 0
163,8 2270 1 0
162, 82,42 504240 32 0
16,83, 4* 11781000 159 2
87 109660 1 0
84,46 57206136 934 9

We thus simply need to check whether for a given conspicuous sets of composition factors, that any conjugacy
class of elements of order 63 with the correct eigenvalues on Vi, is a blueprint for Vi,;,. This can easily be

done with a computer, and so we prove the result. O

We have now dealt with the case where Vi, 4 has no 1- or 2-dimensional composition factors. We
generally cannot prove that H fixes a line on Vi, and often want to prove that H fixes a 2-space on Viiy.
For this to be enough to show that H is contained in a positive-dimensional subgroup, we need that k
contains a splitting field for H, and for Ns(H) we need to also consider when Vi, g is stable under a
field automorphism of H. In general, we therefore consider conspicuous sets of composition factors that are

stable under some field automorphism.

Proposition 10.2 Suppose that 3 < a < 6 and that the composition factors of Vi,in Ly are stable under a

non-trivial field automorphism of H.

(i) If a = 3 then either H fixes a line on Vi, or L(G)’, or the composition factors of Vi, Ly are

8, (41,2,41,3,423)%, (21,22,23)°, 1°.

(ii) If @ = 4 then H is a blueprint for Vi, or the composition factors of Vini, Ly are
(41,4,42,3)%,47 5, (21,23)", (22, 24)%,1°
and the stabilizer of any simple submodule of Viuin I ~(H) 18 positive dimensional.
(iii) If @ > 5 then H is a blueprint for Vii,.

Proof: Let a = 3. Over Fy there are eight conspicuous sets of composition factors for Viuin 1 g, two of which
have no corresponding set of composition factors on L(G)’. One is as in the proposition, with corresponding
factors
8%, (412,413, 42,3)", (21, 22,23)", 11
on L(G)".
The other five are

8, (41,2,413,423)%,(21,22,23)%,  (41.2,41.3,423)%, (21,20,25)*,1% 85,15,
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84;(21322a23)27112a 87 (21722723)8a

with corresponding sets of factors on L(G)" given by
827 (41,23 41,37 42,3)27 (217 221 23)117 1267 823 (41,27 41,37 4273)47 (217 227 23)97 1147

8, (41,2,41,3,423), (21,22, 23)%, 14, 8%, (41,2,41,3,423), (21,22,23)%, 179,
(41,27 41,33 4273)8a (213 227 23)7 130'

By Lemma 5.4 we need three 2s for every two 1s in order not to fix a line or hyperplane, and so the third
and fourth cases fix lines on Vi, and the first, third, fourth and fifth all fix lines on L(G)’, so we need to
consider the second case. We assume that Vi, Ly has no trivial submodules.

Remove any 4s from the top and bottom of Vi, g, and any summands of dimension 2 to yield a module
W. Since Vinin Ly has pressure 4, there are at most four 2s in the socle of W. We cannot have a summand
P(2;) for any i because P(2;) has dimension 56 and only four trivial factors, so as in the proof of Lemma
5.4 we see that W has at most five socle layers, and in fact exactly five socle layers. As it has pressure 4 we
cannot have a subquotient of pressure greater than 4 or less than —4 by Lemma 2.2, so the first, third and
fifth socle layers each have four 2s, and the second and fourth socle layers each have four 1s.

It is clear that, since there are four 2s in the socle, two of them must be isomorphic, say 2;. The other
two 21s must be in the top, and so the socle is either M; = 2?2 ® 2;92 or My = 2?2 P 25 ® 23. In the first
case, we construct the {21, 22}'-submodule of P(M;)/M;, and note that this has only six trivial composition
factors, so it cannot be the right socle.

In the other case we construct the {2; }’-submodule of P(Ms)/Ms, which has exactly eight trivial com-

position factors, so they must all lie in W. Therefore we take the {1}’-residual of this, and it has structure
17 17 17 1/227 227 227 23a 23/17 17 17 17 42,3/217 21; 227 23~

This must be a submodule of W, and yet it has five 2s in the third socle layer, too many. This contradiction
proves that H fixes a line on Vi,in, as needed.
Thus, except for the set of composition factors explicitly stated, H must fix a line on either Vi, or

L(G).

For a = 4 there are, up to field automorphism of H, six conspicuous sets of composition factors over

k =TF4, namely
4%,37(21723)8,1167 43743(21323)271163 (81,2,4782,374)2a4i3,(21,23)23187

(414,423)%,47 5, (21,25)%,(22,24)%, 1% (412,413,414, 403, 42,4,454)°, 1%, 167, (21,22,23,24)%, 15,

In the proof of Proposition 9.2 we saw that there are only two semisimple classes of elements of order 17
in F, that are not blueprints for the 26-dimensional minimal module, and hence for Vi,i,. The semisimple
elements of order 17 in the conspicuous sets of composition factors above are always conjugate into Fj, and
all but the fourth one are in fact blueprints for Vi, (as they are for the minimal module for Fy), so we get
the first part of the result.

We are left with the fourth set of composition factors. Let ¢ denote a primitive 17th root of unity, and
choose © € H of order 17 such that the eigenvalues of = on 2; are £+, and therefore the eigenvalues of x on
Vinin are

15, (¢ (CF) 1 ()2, (CFD Y (CF9), (¢ (CF)2, (F9)™
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There exists an element y; in the algebraic group Fy, cubing to z, with eigenvalues
18 <9i1)4 (0i2)4 <9i3)2 (9i4)4 (9i5>2 (9i6)2 (9i7)2 (9i8)2 (9i9)2

on Vinin, where 6 is a primitive 51st root of unity with 2 = (. This preserves all eigenspaces except for
the ¢(*® ones, which lie in 24 and 4; 4. There also exists an element y» in Fj, again cubing to z, and with

eigenvalues

18, (9i1)4, (9:|:2)4’ (0i3)2’ (014)27 (9:!:21)27 (9:!:22)27 (9:&23)2’ (0:|:24)2’ (0i25)4’

with now the (**-eigenspaces being split and all others being preserved. Only the module 23 has ¢* as
an eigenvalue, so the stabilizer of any simple submodule of V., |y contains either y; or yo, and hence is
positive dimensional, either using the fact that v(Fy) = 18 or Proposition 4.10.

This proves that, regardless of the field k, or whether N&(H) induces a field automorphism on H, N (H)

is contained in a positive-dimensional subgroup stabilizing a o-stable subspace of Viuin, as needed.

For a = 5, we use the traces of semisimple elements and get a unique set of composition factors,
32, (21,22, 23,24, 25)%, 1%

An element of order 31 in H has 1-eigenspace of dimension 6 on these factors (since it has a 1-eigenspace of
dimension 2 on the 32), hence is a blueprint for Vi, by Proposition 4.10. Thus H is a blueprint for Viin,

as claimed.

When a = 6, the group of field automorphisms has order 6, so we need to consider those factors that
are stable under field automorphisms of orders 2 and 3. We start with those definable over Fy, i.e., stable
under the automorphism of order 3. There are sixteen conspicuous sets of composition factors for elements
of order up to 63, six of which have no factors of dimension 1 or 2, hence dealt with in Proposition 10.1,

with the rest given by
83,46 (21,23,25)%, 1'%, (413,435, 415)%, (21,23,25)%, 15, 81,35, (21,23,25)%,

8135, (413,435, 41.5)%, 414,42 5,436, (21, 23, 25)7, 8135, (41,3,435,415)%, 416,423,445, (21,23, 25)7,

up to field automorphism of H. The first two of these have more than six trivial composition factors, hence
are blueprints for Vii, by Proposition 4.10; for the other three it can be checked manually that the elements
of order 63 are blueprints for Vi, by finding elements of order 315 = 5 - 63 that power to them and have
the same number of eigenvalues on Viiy.

We also have to check sets of composition factors defined over Fg, where up to field automorphism there
are ten conspicuous sets of composition factors for semisimple elements of order 21, three of which lose their
conspicuousness on elements of order 63. The remaining seven all have at least eight trivial composition

factors, hence are blueprints for Vi,;, by Proposition 4.10. These are
4?,4’(21’24)8a116’ 4§,6a(21a24)27116a (4175342,4)2343@ (21,24)47(22725)2718a

16%73,4767 (217 24)23 (22a 25)27 187 16%,3,5767 (217 24)27 (237 26)2a 187
(82,3.6,82,4,5)%,43 5, (21,24)%, 1%, (81,3,6,83,4,6)%, 47 4, (21,24)%,1°

This completes the proof of the proposition. O
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We now can assume that k contains a splitting field for H and, moreover, that No(H) = HCx(H),
as the composition factors of Vi, g, which is stable under Out(G), are not compatible with an outer

automorphism of H.

Proposition 10.3 Suppose that Vi, Ly has at least one 2-dimensional composition factor and no trivial

composition factors.
(i) If a = 3 then H fixes a 2-space on Viin.
(ii) If a = 4,5,6 then H fixes a 2-space on Vi, or is a blueprint for Vipi,.

Proof: Suppose that a = 3. Any 8s split off, so we just consider the 4s and 2s. The projective cover of
4; 441 18

P(4ii+1) = 4iit1/2i+1/1/2i21/1/ 2541 /4i i,
and from this we see that no module can have a 2-dimensional composition factor, no trivial composition
factor, and no have a 2-dimensional submodule or quotient. This proves (i).

For a = 4, we first compute the conspicuous sets of composition factors, finding eighty-one sets up to
field automorphism of H. We have a list of those classes of elements of order 17 that are blueprints for Viin,
and all but fifteen of these sets appear on that list. We can also compute which have positive 2;-pressure (or
no 2;) for every 4, and find that only eighteen of these sets do. The intersection of these two short lists has

just two sets of composition factors on it, and so we consider these two:
2 43 43 2 92 92 2 2 43 92 92
81,2,37 41,2a 41,3» 42737 42,47 217 22» 23» 81,2,47 82,3,47 41,27 41,3u 41,4» 42737 21» 23'

The first of these must stabilize a 2-space on Vj,i,, as notice that otherwise the socle can consist of summands
of Viin g and a submodule of 452 @ 4; 3 ® 423, but the largest submodules of those projectives with

composition factors those in Vi, Ly are

494/29/412, 413/23/423/21,23/41,3, 23/413,423/23,81,2,3/42,3,

so at most a single 27 can lie in Vi, J g, a contradiction.

The second case is even easier, given that the corresponding submodules are

419/8124/412, 413/21/414, 413/23/423.
This completes the proof for a = 4.

We now let a = 5. There are thirty possible multisets of dimensions for the composition factors of Vi, Lo
that have at least one 2, no 1s, and have the right trace of an element of order 3. If H does not fix a 2-space,
then we need two 4s in the dimensions, removing twenty multisets of dimensions from the list. We can also
apply Lemma 5.6, which shows that if there are no 8s in Vi, |y then we need at least as many 4s as 2s,
removing another three. Since any 4 has 2-pressure at most 2, there needs to be more than half as many 4s

as 2s in all cases; this brings us down to ten. These are
410 98 849 26 16,4725 8248 2% 16,8,45 2%,
162,44 24 83,47 2% 16,8%,4%, 22, 32,4522, 162,8,43,2°

In these cases we switch to proving that H is a blueprint for Vii,. (This could be done for the other cases

but the amount of extra work is significant and so this has not been done.)

61



We give a table listing the total number of possible sets of composition factors for Vi, | g, then those
that are conspicuous, and finally those for which an element of order 31 in H is a blueprint for Vi,;,. These

numbers are all up to a field automorphism of Viin.

Case Number  Conspicuous 31 is blueprint

410 28 9145422 23 23

8,49, 26 20420400 32 32
16,47, 26 2402400 3 2

82 48 24 18718700 52 51
16,8,4%,2¢ 3503500 12

162,44, 24 150150 2

83,47 22 7550400 22 21
16,8%,4° 22 1651650 20 19
32,45,22 6006 0 0

162,8,43,22 99000

We now focus on these remaining eight conspicuous sets of composition factors:
2 2 92 52 2 2 42 92 92
161,2,3747 42,53 41,4’ 42747 41,37 41,5a 42,37 233 223 217 82,3,53 81,2,57 41,47 43753 41,37 41,5a 42,37 237 217

2 3 2 2 02
161,3,45,824,5,425,435, 415,44 5, 42,3, 23,21,  161345,824.5,41,4,435,41,3,4% 5,423, 23, 27,
2 2 2 2
1612,34,81,45,42,5,435,42.4,415,43.4,423,23,27, 161235,8234,41,4,435,41 3,445,423,24,23,27,
2
82.4,5,81,3,4,81,25, 424,415, 4% 5.434,42.3,41,2,23,21, 161245,8124,81,25,42.4,41,5,434,423,41,2,22,21.

Recall from Lemma 5.1 that 2; has extensions only with 4; ; for j # 4,74 1: from this we see that the third,
fourth, fifth, seventh and eighth have non-positive 2;-pressure so have 21s as submodules; the first case has
23-pressure 0 so fixes a 23 submodule; the sixth case has 24-pressure 0 so fixes a 24 submodule. This leaves
the second case, which will fix a 2; submodule: we quotient out by any simple submodule other than 4 s,
41,4 and 43, and take any submodule whose quotient is simple and not one of these, to leave a module
W containing both 2;s and having only 4; 5 in the socle, except possibly for 4; 4 or 4,3 appearing as a
summand. We therefore consider the largest submodule of P(4; 5) with composition factors from the factors
of Vinin 47, and this is
41 4/21/41 5.

Thus Vinin 4 must have 2; as a submodule, and we are done for the case a = 5.

Finally, let a = 6. We have the same ten multisets of dimensions of composition factors for Vi, Ly as

the case of a = 5, and we perform the same analysis as before.
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Case Number Conspicuous up to 21  Conspicuous up to 63 63 is blueprint
410 98 420696342 68 41 41
8,49,26 1258472670 369 76 76
16,47, 26 134306100 121 9 9
82,48 24 1410195600 1068 104 104
16,8,45,2% 244188000 750 38 38
162,44, 24 7712064 89 12 12
83,47 22 626749200 983 90 90
16,82,4%,22 128200860 1097 80 80
32,45,22 244188 15 1 1
162,8,4%,22 5712000 208 24 24

As every conspicuous set of composition factors for Vi, Ly has an element of order 63 that is a blueprint

for Vinin, H is always a blueprint for Vi, as needed. O

Proposition 10.4 Suppose that Vi, Ly has either two or four trivial composition factors.
(i) If @ = 3 then Vipin J# has a submodule of dimension at most 2.

(ii) If @ = 4 then either H fixes a line on L(G)" or Nx(H) fixes a o-stable, proper, non-zero subspace of

Vimin Whose stabilizer is positive dimensional.

(iii) If @ = 5 then Ng(H) fixes a o-stable, proper, non-zero subspace of Vi, whose stabilizer is positive
dimensional.

(iv) If a = 6 then Ns(H) is either a blueprint for Vi, or fixes a subspace of dimension at most 2 of Viyiy.

Proof: Let a = 3. As we have seen before, the projective cover of 4; ;11 is

P(4ii+1) = 4iit1/2i+1/1/2i21/1/ 2541 /4i i1,

whence if Vipin & has no 1- or 2-dimensional submodules or quotients, it is a sum of 8s and P(4; ;,11)s for
various i. In particular, since dim(P(4;;+1) = 16, we have one of P(4),8° and P(4)?, 8%, as there are between
two and four trivial factors. Thus the composition factors of Vi, L are either 87,42, 23 12 or 83,4426 14,
on which an element of order 3 acts with trace —4 and —1 respectively, not a trace of an element of order 3

on Vi, which is one of —25, —7,2,20. This completes the proof for a = 3.

Let a = 4. Using all semisimple elements, there are (up to field automorphism) 113 conspicuous sets
of composition factors for Vi Ly with exactly two trivial composition factors. Only seventy-nine of these
have corresponding factors on L(G), and of these only thirty-eight have either no 2; or positive 2;-pressure
for every i. One can eliminate three more as an element of order 17 is a blueprint for Vii,, leaving us with
thirty-five. Two more of these have no 4-dimensional factors appearing with multiplicity greater than 1, so
must stabilize either a line or 2-space as Vi, is self-dual.

We are left with thirty-three conspicuous sets of composition factors for Vinin Jg, still too many to list.
Let W be the subquotient obtained from Vi, g by quotienting out by the {8, 16}-radical and taking the
{8, 16}-residual, and remove any 4-dimensional simple summands. Since H can be assumed not to fix a line
or 2-space on Vi, the socle of W consists of 4-dimensional modules, and the factors of soc(WW) consist

of 4-dimensional simple modules that occur with multiplicity at least 2 in Vi, g, and hence W. Let
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S1,...,S, be the 4-dimensional simple modules that appear in Vi, g with multiplicity at least 2. (If a
module appears more than twice, we take the floor of half of its multiplicity, since this is the maximum
number of times it may appear in the socle.)

We construct the largest submodule W’ of P(S; @ --- @ S,.) that consists solely of composition factors
from Vi, dm; certainly W < W’. Thus W’ must have at least two trivial factors, and all the requisite
2-dimensional factors.

In fact, only twenty-two out of the thirty-three cases yield modules W’ with any trivial factors, with
five even being the zero module (as there are no such S;). Another six can be removed for not having the
correct 2-dimensional factors, leaving sixteen sets of composition factors. Five of these have corresponding
set of composition factors on L(G)" having pressure less than 6, hence H fixes a line on L(G)" by Lemma
5.3 and the fact that an involution has at least six trivial Jordan blocks on L(G)’. The remaining eleven are
as follows:

87 34,412,471 3,41 4,21, 2,17, 81,3,4,47 3,43 4,45 3,424, 27, 22,23, 24,17,
81,3,4,412,41.3, 41,4, 423,43 1,43 4,27, 22,235,235, 17, 8194,47 5,47 5,414,403, 40,4, 454, 23,23, 23,24, 17,
82,3,4,41,2,47 3,414, 45 5,43 4, 27,25, 23,24, 1%, 16,412, 41,3, 414,43 4, 43,4, 27, 23,25, 24, 1%,
81,2,3,81,2.4,47 9,47 5,47 4, 42,3, 27, 22,23, 1%, 873,412,471 3,43 4. 42,3, 27,29, 23, 1%,
81,2,4,813.4: 41,2, 41,3, 43 4,43 3,424, 27, 2, 23,24, 17, 87 2.4:81,3.4, 47 5,413,474, 27, 25,17,

16,81 2,3, 81,34, 41,2, 41,3, 47 4, 27, 22, 1%

We can eliminate some more using module structures: in the second case, suppose that 4; 4 lies in the
socle. If it is a summand, we quotient it out and ignore it, so suppose it is a submodule but not a summand,
and quotient this out, also quotienting out any 2- and 1-dimensional factors that become submodules to
produce a module U. This is a submodule of P(4; 4) and so we use Lemma 5.7, seeing that U is a submodule
of

21/1/29/1/21 /44 4;

if both trivials are in U then Vini, L /U has 23-pressure 0, so has 23 as a submodule, a contradiction from the
definition of U. If there is a single trivial in U then firstly replace U by the 7-dimensional submodule 1/21 /4 4
of U, and since Vi, is self-dual, there is a (unique) corresponding submodule U’ such that Vi, 4y /U’ = U*.
If U < U’ then U’/U has no trivials and again it has 23-pressure 0 and so we get a contradiction. Thus
U’ does not contain U, and we claim that in this case an involution u must act with exactly two trivial
Jordan blocks, not allowed by [13, Table 7]. To see this, firstly let M denote the {1}'-residual modulo the
{1}'-radical of Vipin |, so it is a submodule of P(1), as otherwise it is simply 192, with this impossible by
[13, Table 7]. The submodule U of Vini, 4 has image inside M which is just soc(M), and the image of U’
has image inside M which is simply rad(M). It is therefore clear that the image of U’ contains the image of
U and, since U is uniserial, U’ contains U.

Thus we can remove any 4, 4 in the socle and top, perhaps remove two 2;s that are now in the socle and
top, and assume that the resulting module V" is a self-dual submodule of P(4; 3) & P(42,3).

We now give the three modules obtained from the following procedure, given a socle S that is a submodule

of 41,3 D 42’32

(i) Take the preimage Sy in P(S) of the radical of P(S)/S corresponding to all composition factors of
Vinin 17 other than those in S
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(ii) Take the preimage Sy in P(S) of the cf(S)-radical of the quotient P(S)/Sy;
(iii) Take the cf(S)’-residual S3 of Ss.

This must contain the module V', so we examine the composition factors of the modules S5 for the choices
of S, which are
413,413/21,23/41,4,42,3/21,23/41 3, 493/23/1/24/1/23/42 3,

493/23/1,41.3/21,24/1,41 3,41,4,423/21,23,23/41,3,42 3.

None of these has a 25 as a composition factor, and this yields a contradiction. Thus in the second case H
must fix a line or 2-space on Vin.

In the third case, W’ might have enough 2-dimensional factors, but in order to have three 2;s in W’ we
need both 45 4 and 43 4 in the socle, whence they cannot appear elsewhere in the module (which they can
do in our construction of W’). With this restriction, that 45 4 and 43 4 can only appear in the socle and top

of Vinin 41, we get the analogue of W’ to be
434/23,24/1,1,41 3,42.4/21,21,22,23/1,1,412,42.4,43,4/22,24,24/42,4,434,

which still does not have three 2;s in it, a contradiction.
In the fourth case, the socle of W cannot simply be 4; 2 as there are no 2;s in its contribution to W’. If

it is 41,2 @ 44,3 then, arguing as in the previous case, we get
412/22/1,41.3,41,3/21,23,23/1,41.2,41,4,42.3/21,22,23,81,2.4/41,2, 413,

and if it is just 4; 3 then we get

413,41,3/21,23/41.4,42,3/21,23/41 3,

so in neither case can we contain all of W.

In the sixth case, the socle of W must be 45 4, and if so no 45 4 can appear outside of the socle and top
of W. Taking the radical of P(42,4)/42,4 with factors all other composition factors of Vipin 4, then adding
on as many 45 45 on top of that, then taking the {45 4} -residual of this (since the socle of W must be 42 4),
we end up with

49 4,49.4/29,24/41,2,43.4/22,24/42 4,

clearly wrong. Thus in the sixth case H fixes a 1- or 2-space on V.

In the ninth case, the possible factors of soc(W) are 4; 4 and 453, with both required for all of the
2-dimensional factors to be present, as an examination of W’ proves. In this case, we do as above to find
that W is a submodule of

41 4/21/1,41.4/21,29/1,1,41,3,41,4/21,23,81.34/41,4,42 3,

which does not have a 24, a contradiction.

For the other cases, the existence of the uniserial modules My = 41,4/21/1/22/1/21/41.4 and M, =
44 5/21/41,4/21/41 3 prove directly that the first (My plus Ms), fifth (M; twisted by the square of the field
automorphism, My untwisted, and My twisted by the field), seventh (M; twisted by the field, plus Ms),
eighth (M; plus Ms twisted by the field squared), tenth and eleventh cases (both a single M;) cannot be

solved in the same way.
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For these we will show that H fixes a (o-stable) subspace whose stabilizer is positive dimensional, since
it will contain an element of order 85 > v(FE7). In fact, five of the six satisfy an extra property that we will
use later on: an element = of order 17 has seventeen distinct eigenvalues on Vi, and has a preimage & of
order 85 that has eighteen eigenvalues on Vi,;,. This means that £ must have the same eigenspaces as x,
except that the 1-eigenspace of z must split into two. Since only the trivial module has a 1-eigenspace for
the action of z, this means that every submodule of Vi3, | that does not contain a trivial module must be
stabilized by & and hence by a positive-dimensional subgroup of G.

We are left with a single case to consider, which is
2 2 43 2 2 12,
81,374741,2741’3741,4342,3721;2212371 )

if we choose z of order 17 and ¢ a primitive 17th root of unity so that z acts on 2, with eigenvalues ¢*!,

then z acts on Vi, with eigenvalues
12 ((:I:I)S (<:|:2)2 (C:tS)S (C:t4)4 (<i5)4 (Ci6)3 (C:I:7)3 (<:|:8)3

and there is an element & of order 85 in G that powers to x and has the same eigenspaces, except it splits
the ¢*! and l-eigenspaces, so has twenty eigenvalues on Viy,. An easy calculation shows that the only
composition factors of Vi, on which x has 1 or Cil as an eigenvalue are 1, 2; and 4;: if 1 or 2; is a
submodule of Vinin | then its stabilizer is positive dimensional anyway, and if 4; » is a submodule then
it is a summand, so there must be another factor in the socle, which therefore has a positive-dimensional
stabilizer. This completes the proof of the proposition in the case where there are exactly two trivial factors

in Vmin \I/H

Moving to exactly four trivial composition factors, up to field automorphism there are 114 conspicuous
sets of composition factors for Vi, 7. Twenty-two of these contain an element of order 17 that is a blueprint
for Vinin, and twenty-five have no corresponding sets of composition factors for L(G). Taken together, this
leaves seventy sets of composition factors. Removing those with non-positive 1- or 2;-pressure and those
without two isomorphic 4-dimensional composition factors brings us down to fifty-one sets of factors.

As with the previous case, we construct the modules W and W’ and apply the same test, reducing us to
twenty-three sets of composition factors. Another three have pressure less than 6 on L(G)’, so fix a line on
L(G) and can be discarded.

As we saw when considering two trivial factors, construction of the module W’ does not take into account
that if a 4-dimensional factor lies in the socle of W and has multiplicity exactly 2 in Vi, L g then it cannot
appear anywhere other than the socle or the top of W. Including this, and ranging over all possible socles
rather than just the largest one, yields a collection of modules for each case, all smaller than the original
W', and another twelve that no longer have enough 1- or 2-dimensional factors, bringing us down to eight.

The last eight cases are as follows:

3 3 4 62 o3 4 3 2 4 62 o3 4
41,3741,474273742,4721722a2372471 ) 41,2741,3a41$4742,3742,4721722723724u1 )
2 2 2 3 2 52 14 2 3 4 92 o2 14
81,3747417374174342,3743,4a217223233247]- ) 81,3,4741,27417374174342,3;213227237]- )
3 2 3 2 14 2 3 2 3 2 14
81,3,4782,3,4741}4742,4743747217227241 1 ) 81,3,4741,4742,4a43,4721722a247 1 ;
2 2 2 2 4 2 3 3 o2 4
81,2,3;81,374541,2341,3741747427?,’2172272372451 ) 81,374741,?”41,4’42,37437472172252?”1 .
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In the first case, the socle of W can be either 41 3 or 4; 3 ® 42 3. If the socle of W is 4; 3 then the module

W' in which W can be found is
413

2, 2
1414403
21 292324
11413413424
92,2, 2 2,
1414403
21 23
413

This is self-dual, so has a simple top, and since it is 64-dimensional, W must be contained in rad(W’), and
indeed in the {44 3,45 3}'-residual of this, which is

493/23/1,41.3,41,3/21,23,24/1,41.4,423/21,23/41 3,

which has no 25, so 41 3 cannot be the socle. If 4; 3 &4, 5 is the socle, then the module W is the sum of the

one above and
41 3,493/21,23/1,41,4/21,24/1,41,3/23/42 3,

which also has no 2,. The same statement about the top 41 3 not appearing in W remains true, and so we
take the same residual (this is why we took the {44 3,45 3}'-residual rather than the {4, 3}'-residual above)
and see no 25 again. Thus H must fix a 1- or 2-space on Viiy.

In the second case, the socle of W’ must be 4; 3, and indeed W’ is the same module as in the previous
case, so the same method works there.

In the third case, the socle of W' must be 4; 3 & 41 4 & 434. We can construct such a module, namely

414 434
413 27 24
23 1 1
do3 @ 29 & 27 D 8134,
23 1 1
413 27 24
414 43 4

so we will need to look at elements of G to solve this case.
In the fourth case, the module W' is the self-dual module

414
21 81,34
1413414
21 2923
11453
21 2923
1413414
21 8134
414
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which has two 8; 3 48, so we can as in the first two cases take the {41 4}'-residual of rad(WW’) to get a module

41 4/21/1/22/1,41.4/21,81,3.4/%1 4,

which cannot work for several reasons, so that H fixes a line or 2-space on Vj,;,. The exact same module
appears as W’ in the eighth case as well, so this method works there.
In the fifth and sixth cases, W’ must have socle 41 4 ® 45 4 and we can construct a module with the right

composition factors, namely

414 43 4
21 24
1 1
% @ 2
1 1
21 24

414 434

with the remaining factors being summands.
In the seventh case, W’ must have 41 4 @45 3 in the socle, and a module with the right composition factors

has the first summand above and the second summand twisted by three iterations of the field automorphism,

S0
414 493
% %
1 1
29 D 24
1 1
21 23
414 423

We have therefore eliminated the first, second, fourth and eighth cases, and will look at semisimple
elements in the third, fifth, sixth and seventh cases.

In the third case, the element z acts on Vi, with eigenvalues

14, (Y3, (¢F2)2, (¢33, ()5, (¢F5)5, (¢20)2, (¢ET)2, (¢F8)4,
and there exists an element of order 85 that powers to x and has nineteen distinct eigenvalues on Vi, only
splitting the CiQ—eigenspaces. In Viin J, these lie in the 25 and 453, the latter of which can only lie in
the socle if it is a summand. Therefore every other simple submodule is preserved by an element of order
85 > v(E7) and therefore a positive-dimensional subgroup of G.

We do the same thing in the fifth case, finding an element of order 85 that powers to  and only disturbs
the 1- and (*'-eigenspaces. Since these only lie in the trivial and 2, every simple submodule of Vipin | is
stabilized by a positive-dimensional subgroup of G.

For the sixth case, there are eight elements of order 85 that power to = and have nineteen eigenvalues
on Viin: four split the (*%-eigenspace and the other four split the ¢(**-eigenspace. The (*%-cigenspace is
contributed to by 424 and 8; 34 from Viin lm, and the Cig—eigenspace is contributed to by 24 and 44 4.
Thus any simple submodule of Vi, | g is stabilized by at least one element of order 85, and so the stabilizer
is positive dimensional, as claimed.

Finally, we have the seventh case. Here, the smallest number of eigenvalues that an element of order 85
CEL ¢*2 and ¢F5

powering to x has on Vi, is twenty-three, but there is one that splits the -eigenspaces. The

68



element = has eigenvalues ( +7, ¢ £8 on 44 4, which is in the socle of Viyin Lu as we saw above. (We actually
saw that it was in the socle of W, but all modules that appear with multiplicity greater than 1 are either in
the socle of W or have dimension at most 2, so that soc(W) < soc(Vinin {#) or H fixes a 1- or 2-space on
Vinin.) Thus we see that an element of order 85, and hence a positive-dimensional subgroup of G, stabilizes

the (o-stable) submodule 44 4 of Viyin i, completing the case for a = 4.

Let a = 5, and firstly suppose that there are two trivial composition factors, so we need at least three
2s and two 4s, to avoid fixing a line or 2-space on Vi,i,. There are seventeen possible sets of dimensions of
composition factors with these properties that also have the correct trace of an element of order 3: if there
are exactly two 4s in Vi, Jg then we can use Lemma 5.7 to see that we can have exactly three 2s, thus
eliminating two of these cases, and if there are three 4s we can have at most eight 2s, eliminating two more.

We now give a table listing the possible sets of dimensions, together with the number of sets of composition
factors (up to field automorphism) with those dimensions, those that are conspicuous, those for which the
element x of order 31 is a blueprint for Vi,;,, and those for which there exists an element % of order 93,
cubing to x, and such that & has one more distinct eigenvalue than x. This last condition does not ensure
that H is a blueprint for Vi,i,, but does show that H lies inside a positive-dimensional subgroup stabilizing
every simple submodule of soc(Vinin 47) not of dimension 1 or 32.

To see this, if £ has one more eigenvalue than x then, since £ must be real as it lies in E7, all eigenspaces
are preserved except for the 1-eigenspace. As only the trivial and 32-dimensional have 1 as an eigenvalue
for x, this means that Z, and a positive-dimensional subgroup of G stabilizing the same subspaces as Z, fix
any simple submodule of Vi, |y not of dimension 1 or 32. In particular, this proves that H lies inside a

member of 27°.

Case Number  Conspicuous 31 is blueprint One more eigenvalue
46 215 12 3879876 5 4 0
8,4° 213 12 9529520 2 2 0
82,44 211 12 10735725 13 12 1
49,29 12 6952660 16 12 0
8,48,27 12 16044600 30 23 0
16,45,27 12 1651650 9 3 1
82,47 25 12 15855840 54 29 12
16,8,45,25,12 2522520 24 10 3
162,43,2%,12 83160 6 0
83,46 23 12 7707700 22 9
16,8%,4%,23 12 1376375 19 14 3
32,4423 12 5005 1 0 0
16%,8,4%,23 12 57750 3 1

Excluding both those that are blueprints and where there is an element with one more eigenvalue, we are left
with forty-eight conspicuous sets of composition factors. Twenty of these forty-eight have no corresponding
set of composition factors on L(G)’, so cannot yield embeddings of H into G.

We are left with twenty-eight conspicuous sets of composition factors for Vi, |, still too many to list.
Let W be the subquotient obtained from Vi, Jm by quotienting out by the {8,16,32}-radical and taking
the {8,16, 32}-residual, and remove any 4-dimensional simple summands. Since H can be assumed not to

fix a line or 2-space on Vi, the socle of W consists of 4-dimensional modules, and the factors of soc(W)
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consist of 4-dimensional simple modules that occur with multiplicity at least 2 in Vinin Lz, and hence W.
Let S1,...,S; be the 4-dimensional simple modules that appear in Vi, |y with multiplicity at least 2.
(Note that no composition factor of Vi, o, in the twenty-eight remaining sets of factors, appears with
multiplicity greater than 3, so we need only one copy of each S;.)

We construct the largest submodule W’ of P(S; @ --- @ S,.) that consists solely of composition factors
from Viin dm; certainly W < W’. Thus W’ must have at least two trivial factors, and all the requisite
2-dimensional factors. In fact, only nine out of the twenty-eight cases yield modules W’ with any trivial
factors, with ten even being the zero module (as there are no such S;). Another seven can be removed for

not having the correct 2-dimensional factors, leaving the following two sets of factors:
2 42 2 2 12 2 2 12
81,3,5,81,4,5,41,4,47 3,47 5,423,412, 23,22, 27,17, 161,3,4,5,81,3,4,81,4,5, 41,4, 47 5, 41,2, 22,27, 17,

In these final two cases we need to consider a preimage Z that does not stabilize all eigenspaces, but does
stabilize those that make up some submodule of Vi, Lg. In the first case, x has thirty-one eigenvalues on
Vinin, and the fewest number of eigenvalues for a preimage 2 of order 93 is thirty-five (two such preimages,
each a power of the other), with the four eigenvalues of # not being stabilized being (¥4, (15 where ( is a
primitive 31st root of unity.

In the second case, x again has thirty-one eigenvalues and the fewest number of eigenvalues for & is thirty-
four (four preimages, yielding two subgroups of order 93), with the three eigenvalues of  not stabilized being
either 1,¢(*? or 1,¢*2, depending on the choice of preimage.

, (3 50 if this is a submodule (hence summand) of Vi, g then

The eigenvalues of = on 4, o are ¢E!
that submodule is stabilized by a positive-dimensional subgroup of GG, as needed. There are no extensions
between 4; o and any of 4; 3, 415, 21 or 23, and so since all other composition factors are multiplicity free,
and 4, o is multiplicity free, there can be no extensions between 4, » and any other composition factor, as

Vinin is self-dual. Thus 4; o splits off in both cases, and our result is proved for two trivial factors.

If there are four trivial composition factors in Vi, |z, then there are twenty-eight possible sets of
dimensions for the factors of Vi, Ly that have a good trace of an element of order 3, and we exclude those
that do not have at least five 2s — bringing us down to sixteen sets — and those that do not have three 4s as
needed by Proposition 5.7. We apply this lemma again to see that we cannot have too many 2s per 4, and

this brings us down to six possible sets of dimensions, given in the table below.

Case Number  Conspicuous 31 is blueprint
45 216 14 1939938 3 2
48 210 14 4866862 14 14
8,47,28 14 11325600 30 28
16,4°,28, 14 990990 7 3
82,4626 14 11561550 45 45
16,8,44,26,1* 1501500 19 18

This leaves just six sets of composition factors that are not guaranteed to be blueprints for Vi, lg.

These are
2 2 2 2 02 o2 o2 14 2 2 2 92 o2 o2 14
81,4,5343,5a41,3,4175742,3724723722721a1 ) 16172,3,5,427574173742,332472372%21,]- )
2 2 2 92 14 2 2 02 3 14
161,2,3,474174741,3a41,5a43,4725524a23a2272171 ) 161,3,4,574174a41,5a44,5742,3725723722521a1 )

2 2 52 3 14 2 52 14
161,2,4,5,42,5,43,5,45 4,43,4,25,21,22,27,17,  16123.4,81,3,4,41,4,42,4,43.4,423,25,23,25,27,1".
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They all have corresponding sets of composition factors on L(G), but the easiest way to eliminate them is
to consider the modules W and W’ from the case of two trivial factors: in each of the six cases, we have at

most two trivial factors in W', and so H must always fix a line or 2-space on Vi, as needed.

When a = 6, we have exactly the same possible dimensions for composition factors for Vi, {g as for
a = 5. The traces of semisimple elements of order up to 21 are known, but not 63 or 65, so we can check
if a set of composition factors are conspicuous up to 21. Letting x be an element of order 63 in H, we note
that we have a list of all semisimple elements of order 21 in G, but not 63, so we use the preimage trick
from Section 4.2 firstly to see if the composition factors are conspicuous up to 63, and then use the preimage
trick again to see if there exists an element & of order 63 - 5 = 195 with the same eigenspaces as x and with

2% = x. In every case, we find that the element of order 63 is a blueprint for Vii,.

Case Number Conspicuous up to 21  Conspicuous up to 63 63 is blueprint
46, 215 12 100155870 6 6 6
8,45,213 12 332095680 22 3 3
82,44 211 12 467812800 60 18 18
49,29 12 272669110 164 21 21
8,48,27 12 844192800 1201 40 40
16, 45,27 12 76744800 254 16 16
82,4725 12 1025589600 3079 93 93
16,8,45,25,12 146512800 1203 59 59
162,43, 25,12 3427200 53 20 20
83,46 23 12 557110500 2665 54 54
16,82,44,23, 12 89964000 996 63 63
32,4423 12 171360 14 5 5
162,8,42,23 12 2688000 58 18 18
Case Number  Conspicuous up to 21  Conspicuous up to 63 63 is blueprint
45,216 14 39437442 4 4 4
48,210 14 160048350 170 19 19
8,47,28 14 498841200 792 47 47
16,45,28,14 37414170 61 12 12
82,46 26 14 626754246 1484 85 85
16,8,44,26,1* 70686000 146 37 37
This completes the proof for 3 < a < 6, as needed. O

We are left with H having at least six trivial composition factors, where by the remarks at the start of

this subsection we noted that if a = 5,6 then H is always a blueprint for Viiy.

Proposition 10.5 Suppose that a > 3 and Vi, Ly has at least six trivial composition factors.

(i) If a = 3 then Vi, I has a 1- or 2-dimensional submodule or Vi, g is

8@ P(412) ® P(42,3) & P(413).

(ii) If @ =4 then H is a blueprint for V,;, or H fixes a subspace of dimension at most 2 on V.
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(iii) If @ > 5 then H is a blueprint for Vii,.

Proof: (iii) follows from the remarks above. For (i) we use the proof of the previous proposition to note
that the only possibility is that Vi, g is the sum of three P(4)s and an 8, so we consider the ten possible
such modules, and note that only one has a conspicuous set of composition factors for Vi, |z, the one

mentioned.

We are left with @ = 4. Here we use only non-blueprint elements of order 17 to restrict the number of
possibilities. We also assume that Vi, | g has positive pressure, else H fixes a line on Vi, and has at least
two 4s, else it would fix a 2-space on Viin-

Remove any 8s and 16s in the top and socle of Vi, g, together with any simple summands of dimension
4, leaving a self-dual module W whose top and socle consist of 4-dimensional modules, with W having all
trivial factors in Vi, 4 a.

The projectives P(41 2) and P(41,3) both have exactly four trivial composition factors, and have dimension
64. Therefore we cannot have the whole projective, so remove the simple top, then any 1-, 2- and 8-

dimensional modules from the top to find the following modules:
41,2,42,4/22,24/1,43.4/23,24/1,412,42.4/22,81,2,.4/41,2;

41.4,423/21,23/1,1,41,3,41.3,42,4/21,22,23,24/1,41 4,42,3/21, 23 /41 3.

From this we see that we need at least two 4s in the socle, and can have two only if they are both 4, 3 or
45 4. This means that we need either three different 4s appearing in Viin | g with multiplicity at least two,
or 4‘1173, 412174 or 4%73,43’4.

Using the traces of non-blueprint semisimple elements of order 17, and traces of all elements of order 3, 5
and 15, we end up with, up to field automorphism, ten conspicuous sets of composition factors with at least

six trivials, positive pressure, and at least two 4s. These are
2 42 42 o4 92 94 92 18 42 42 2 54 93 92 92 16 2 42 42 o4 93 92 16
47 3,47 4,45 3,27, 25,25, 23,17, 475,47 4,423,435 4,27, 25,25, 25,17, 8234,47 3,47 4,454, 21,25,21, 17,

3 3 4 52 o4 6 3 2 4 2 52 16 3 2 4 2 16
4153741,474273721722723724u]- ) 81,3,474153741’4742747217227237247]- ) 81,2,4782,3,4741’3742,43217227237]- )
2 3 03 2 16 2 2 3 92 02 o2 16
16;41,37417474374a2172272372451 3 82,3,4)41,2741,37427:%43,4721a2272372471 5
2 2 3 92 92 16 2 2 2 92 o2 6
8173,4741,374174742,3342,452132332471 ) 81,273741,2341,3541,47427372172272332431 .

By our previous remarks, in all but the first three cases H must fix either a 1-space or a 2-space on Viin, as

needed. In those three cases, all 4s that appear with multiplicity greater than 1 must appear in the socle of
Vinin $8-

The first case we saw before in Proposition 10.2, but we will come back to it. In the second case we
take the preimages of the {1,2,4, s}-radicals of P(4;3)/413, P(41,4)/41.4 and P(43.4)/43.4 to produce three

modules in whose direct sum rad(W) is a submodule, but these are

1/29,23,24/1,42,3/21,23/413, 21/1/22/1/21/41,4, 24/1/21/1/24/434,

and rad(W) cannot have a trivial quotient, so there are only five 1s in W, a contradiction. In the third case

we do the same thing, but with the {1, 21, 22,24, 83 3.4 }-radicals, to get

21/413, 21/1/22/1/21/41,4, 24/1/21/1/24,823.4/434,
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and clearly we have a contradiction here. Back to the first case, the appropriate modules here are

29,24/1/21,23/413, 21/1/22/1/21 /414, 23/1/24/1/23/423,

so we again must stabilize a 2-space on V.
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11 F7; in odd characteristic: PSL; embedding

In this section, k is a field of characteristic p > 3 and G = E7(k), by which we mean the simply connected
form, i.e., |Z(G)| = 2 and G’ = G. Let G be an almost simple group with socle G/Z(G). From [10] we see
that v(E7) = 75 for odd integers, so if H is any subgroup of G with a semisimple element of odd order 77
or more, then H is a blueprint for Vipi,. In addition, in [9] we prove that PSL2(9) cannot be a maximal
subgroup of G either, so here we let H = PSLy(p?®) with a = 3,4 if p = 3 and p® < 150 = 2 - v(Ey) if p > 5.
Let L = PSLo(p) < H and let u denote a unipotent element of L of order p.

By Proposition 4.10, if a semisimple element x has order at least 31 in G and centralizes a 6-space on
Vinin, then z is a blueprint for Vi,;,. Since any semisimple element in H has a 1-dimensional 1-eigenspace
on every odd-dimensional simple module, if H has at least six odd-dimensional composition factors on Vi,iy

and then p® > 60 then H is a blueprint for Vp,;,. This normally ends up being the case.

11.1 Characteristic 3

Now let H = PSL2(3%) for some a > 1. Since v(E7) = 75, we assume that a < 4, and from [9] we assume that
a # 2,50 a=3,4. If a =4 then we may assume that there are fewer than six odd-dimensional composition
factors in Vinin 41, by the discussion at the start of this section.

We begin by computing the composition factors of Vi, Jr, which depends only on the trace of an
involution, 8. This means that there are eight more of one factor than the other, so 3'2,12° and 316,18,
From Lemma 5.8 we can see the possible dimensions of composition factors for Vinin lg: if Vinin |z has
factors 3'6,1®% then we must have at least eight 3-dimensional factors in Viuin lz, and if the factors are
3'2,120 then as only 9 and 1 for H have more 1s than 3s on restriction to L, we need at least eight of these
in Vinin 4g, and again have at least eight odd-dimensional composition factors in Vi, Jg. This gives us the

first proposition.

Proposition 11.1 Let p = 3 and @ = 4. A semisimple element of order 41 in H is always a blueprint for

Vinin, and hence H is always a blueprint for Viiy,.

We turn to a = 3, where we cannot quite get the same result, but we come close.

Proposition 11.2 Let p = 3 and a = 3. Either H is a blueprint for V,,;, or H fixes a line on either Vi, or
L(G).

Proof: As with F; and Eg, we want to discount conspicuous sets of composition factors where a semisimple
element is a blueprint for V. We already know that there are 97 classes of semisimple elements of order
13 that are blueprints for the minimal module for Fj, and there are 188 classes of semisimple elements of
order 13 in E7; whose 1-eigenspace is at least 8-dimensional, leaving 91 classes to which an element of order
13 in H can belong.

Using this, we find up to field automorphism eight conspicuous sets of composition factors, two of which

have negative pressure so will not be displayed. The other six are
917374?,33317 187 4%,234411,&442{3’187 93,374?,2741733 157

6 9 2 5 9 5 5 o4
41,273173271 ’ 41,274173742,3731713 92,3341,2’31532'

The first and third have pressure 1 so fix a line on Vi3, by Lemma 5.13. The second case fixes a line on Vi,
by Lemma 5.12.
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For the fourth, if H does not fix a line on Vi, then we may assume that the socle consists of 41 2s by

quotienting out any 3s in the socle, and the {1,31, 32,44 2}-radical of P(442) is
412/1,32/41 2,

but since there is only one 35 in Viuin |y we cannot cover both trivials in this way, thus H fixes a line on
Vinin- (Alternatively, the factors of H on L(G) are 4i%,31°,35,1%!, so H fixes a line on L(G).)
The fifth case is 41 5,42 3,47 3,37, 1, which yields a set of composition factors on L(G) of

5 45 411 ol0 16
47 9,43 5,413,317, 33,17,

which has pressure 5, and so might not have a trivial submodule or quotient. However, the largest submodule
of P(4; ;) with these composition factors has three trivial composition factors in all cases, and so we need
at least six 4s in the socle of L(G) |g (once we remove all 3s), contradicting the fact that the module has
pressure 5, so we fix a line.

The final case is 9; 2, 432, 33,33. The 9 splits off and we may quotient out by the {31, 32 }-radical to get
a module with 4; s in the socle. On this we can only place 33s, and so u would act on Vi, as 317,15, not

a valid unipotent action in [13, Table 7], so H cannot embed with these factors. O

11.2 Characteristic at least 5

We now let p > 5, let H = PSLy(p?®) with a > 1, let L = PSLs(p) < H and let uw € L have order p. We
begin by producing a list of all unipotent classes to which u can belong, excluding those that come from
generic classes (see Lemma 4.6) and those that fail Lemma 5.15. Moreover, we make a few remarks now
about indecomposable modules for L, which can cut down our list.

When p = 5, 13,17, we use Corollary 5.18, so for these primes the number of blocks of each even size less
than p — 1 is even. For p = 7,11,19,23, there exists a unique indecomposable module for L of dimension
congruent to a given even number modulo p.

For p = 11, the self-dual module of dimension congruent to 6 modulo p has socle structure
1,3,5,7,9/1,3,5,7,9

and has dimension 50. The trace of an involution on the module is 0, and since involutions have trace 48
on Vipin, we would need a trace of £8 from the remaining factors of Vi, 11, a module of dimension 6, so
not possible. Thus this is not a summand of Vi, 4.

For p = 19, the module of dimension congruent to 6 modulo p has socle structure
5,7,9,11,13,15/5,7,9,11,13,15

and has dimension 120, so cannot be a summand of Vi, 1r.

For p = 23 the module of dimension congruent to 10 modulo p has socle structure
3,5,7,9,11,13,15,17,19,21/3,5,7,9,11,13,15,17,19, 21

and has dimension 240, so cannot be a summand of Vi, 1r.

We now list the unipotent classes of interest using [13, Table 7].

(i) As+ As, p =5, acting as 5%,42, 34,22 12,
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(ii) A4, p =5, acting as 5, 15;

(iii) A4+ Ay, p =5, acting as 50,22 12;

(iv) A4+ As, p =5, acting as 510, 32;

(v) (A5)", p="17, acting as 7%,67;

(vi) Dy+ Ay, p=T1, acting as 76,2° 1%
(vii) Ds(a1), p =7, acting as 75,32, 22 14
(viii) (A4s), p =17, acting as 74,64, 1%;

(ix) As+ Ay, p =17, acting as 74,63, 52;

(x) Ds(ay) + Ay, p=17, acting as 79,4, 2%;

(xi) Dg(az), p =17, acting as 7°,52,4;
(xii) Eg(a3), p =17, acting as 75,52, 1%;
(xiii) Er(as), p =T, acting as 7°,6,42;
(xiv) Ag, p =7, acting as 75;

(xv) Dg, p =11, acting as 11%,10, 12;
(xvi) Eg(ay), p= 11, acting as 11*,5% 12;
(xvii) E7(a3), p = 11, acting as 114,10, 2;

(xviii) Eg, p = 13, acting as 13%,1%;

(xix) E7, p =19, acting as 192, 18.

We start with p = 5, proving that there are always at least six odd-dimensional summands so that we

can assume that ¢ = 1,2 when doing the hard work.

Proposition 11.3 Let p=5 and a > 1.
(i) If a = 1,2 then H fixes a line on either Vi, or L(G).
(ii) If @ > 3 then H is a blueprint for Vi,i,.

Proof: The traces on elements of orders 2 and 3 yield conspicuous sets of composition factors for L =
PSLQ (5) of
312 120 52 314 14 59 33 12 56 36 18.

As we have seen, only P(3) = 3/1,3/3 has a trivial composition factor and no trivial submodule or quotient,
and so the first, third and fourth cases all fix lines on Vj,;,. However, in the third case this means that L
cannot embed with these factors: as it fixes a line on Vi, from Lemma 2.5 we see that L lies in either an
Es-parabolic, with factors 1,1,27,27* or a Bs-subgroup, factors 1,1, 112,32, neither of which is compatible

with 57,33, 12, so this case cannot occur.
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For the remaining case of 52,3, 1%, we switch to the Lie algebra. There are two possibilities for the
corresponding composition factors of L(G) (since an element of order 3 with trace 2 on Vi, can have trace
either —2 or 7 on L(G)) are

510 322 117 and 513319 111
both of which must have trivial submodules as again we can only cover a 1 by 3/1,3/3. This proves (i).

Recall from Lemma 5.24 that the only simple modules for H with non-trivial 1-cohomology when a > 2
have dimension 8 and restrict to L as 5® 3 by Lemma 5.21. When a = 2, if V,;n |1 has composition factors
3'2, 120 then Viuin Ly has at least eight trivial composition factors and no factors of dimension 8, s0 Vinin 41
has eight trivial summands. Similarly, if the composition factors of Vi, L1, are 5%,36, 18 then Vi, | g must
have at least two trivial composition factors by Lemma 5.21, and for every composition factor of dimension
8 we must have another trivial factor, so Vinin J i always has pressure at most —2, so (ii) holds.

We thus may assume that Viui, J1, has factors 52,3, 1%, We have at most two 8s in Vini, 45 since there
are only two 5s in Vi, |1, and hence there can be at most a single trivial composition factor in Vi, da,
else H fixes a line on Vj,;,. We thus get two cases: there is a trivial composition factor and there is not.

If there is a trivial factor we have 82,1 in Viuin |z, and the remaining factors of Vi, |z restrict to L as
312,13, so we need factors 82,43,3% 1. For a = 2, there is no such set of composition factors, so we cannot
have a trivial composition factor in Vi, .

For a = 2 there are up to field automorphism five possible sets of composition factors, which are
5%744a3%07 82,17517447351)7 8%,174473’{’32’ 8%,1744a3?73§7 1537174273411733'

The fact that 4 has an extension with 3; and 35 (see Lemma 5.25) makes deducing the module structure

difficult, and so we turn to the Lie algebra in all cases. These are
3 £10 45 qll 16 5 5 46 ql0 11 7 =3 9 3 17
851,91 :41 2,317, 17, 85.1,57,47 2,31, 32,177, 9,851,97,37,33, 17,

3 Q4 3 48 q6 6 2 4 2 3 3 2 2,
9 782’175174 731732a1 9 152,1791,278172782,1751752741727317327]- .

each of these has non-positive pressure, as needed. (Remember that 831 has 1-cohomology but 8; 2 does not
by Lemma 5.24.)

Finally, suppose that a > 3. From Lemma 5.21 we see the following facts: firstly, in any even-dimensional
composition factor of Vi,i, g there are the same number of 3s as 5s and 1s combined on restriction to L, and
secondly, in any odd-dimensional factor of Vi, g there is at most one more 5 and 1 combined than 3 on
restriction to L. This means that if Vi,i, J7 has factors 5%, 3%, 18, there must be at least six odd-dimensional
composition factors. Lemma 5.21 easily shows that if the factors of Vi, |1 are 3'2,120 then there must be
at least eight trivial factors in Vinin &, and if we have 52,34, 14 then we have at least six 3s in Vinin 45, SO
in all cases we have at least six odd-dimensional composition factors, so an element of order (p® +1)/2 > 30
has a 1-eigenspace of dimension at least 6. This means that H is a blueprint by Proposition 4.10, as needed

for the proposition. O

Having completed p = 5, we now move on to p = 7. This time p® = 7,49 will need to be considered, but
p®* = 343 is above 2 - v(E7) = 150.

Proposition 11.4 Suppose that p = 7.
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(i) If a = 1 then either H fixes a line on Vi, or L(G), or the actions of H on Vi, and L(G) are

e P(3)®2 and 7% @ P(5)%° @ P(3).

(ii) If @ = 2 then either H is a blueprint for Viui, or H fixes a line on Viiy.

Proof: We first compute the possible composition factors of Vi, |y when a = 1, using the traces of

elements of orders 2, 3 and 4. There are seven of these, given by
312 120 £2 314 14 56 36 8 7 £O g 1 w2 56 92 16 o4 £2 96 o6 (14

As in the case of p = 5, the only indecomposable module with a trivial composition factor but no trivial
submodule or quotient is P(5) = 5/1,3/5, so we need twice as many 5s as 1s and as many 3s as 1s. Thus all

but the fourth and sixth cases must fix lines on Viin.

Case 4: If the factors are 7,5%,3,1, then H cannot fix a line or hyperplane on V.., since by Lemma 2.5
the line stabilizers for Vi, are contained in either an Fg-parabolic — composition factors 27,27*, 12 — or a
subgroup ¢'™32B5(q) - (¢ — 1), — composition factors 32,112, 12 — neither of which can work. As there are no
self-extensions of the 5, Vi, Ly is

7@ P(5) @ 5%,

with u acting as 73,57, not in [13, Table 7], so there does not exist an embedding of H into G with these

factors.

Case 6: We are left with 74,52, 35. Here, the lack of trivials means that the possible summands are
3/585/3, 3/3 3/3,5/3, 3/3,5®3,5/3, 3,5/3,5.

Therefore we need an even number of 1s, 4s and 7s in the Jordan block structure of u, with at least four
more 7s than the 1s, 2s and 4s combined. Examining the list above, we see only two examples of this, namely

(xiii) and (xiv). this yields the two possible embeddings Viyin 4 to be
7 ®3/3®3/3,5®3,5/3, and 7% @ P(3)%2

The traces of semisimple elements of orders 3 and 4 on Vi, yield two possibilities each for the semisimple

class, and so we get four possible sets of composition factors for L(G) | g, namely
76 510 310 111 78 510 36 19 73 513 313 18 75 513 39 16-

Apart from the last one, each of these has enough trivials and not enough 5s to ensure that H fixes a line
on L(G), since P(5) = 5/1,3/5 is the only indecomposable module for H with a trivial factor but no trivial
submodule or quotient.

We now remove the first possible action on Vi, using the simple fact that for p > 5, the symmetric
square of Vi, is the sum of L(G) and the 1463-dimensional module L(2);), Lemma 2.1. The symmetric

square of the first module is a sum of projectives and
(3,5/1,3,5@1,3,5/3,5)%2 @ 5830 1.

Since u comes from class F7(as), and this acts on L(G) as 717, 5,3, we must have two of the summands of

dimension 17 in L(G) lm, hence H fixes a line on L(G). This completes the proof for a = 1.
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Now let a = 2, so that H = PSLy(49), and recall that L < H is a copy of PSLy(7). At the start of this
proof we gave the conspicuous sets of composition factors for Vi, |1, and from Lemmas 5.23 and 5.24 we
see that the only simple modules for H with non-trivial 1-cohomology have dimension 12 and restrict to L
as 7@ 5, and only the trivial module for H restricts to L with more 1s than 3s. These two facts mean that if
Viin 11 has factors the first, third, fifth and seventh cases then V,,;, Jg has trivial composition factors, and
these are summands except for the fifth case, and there we have at least four trivials and at most two 12s, so
pressure at most —2. The fourth case cannot occur, as we proved, so Vinin Jz has factors either 52,314, 14,
and Viin 47 can have no trivial factors else it has a trivial summand, or 74, 52, 36.

In the case of 52,3, 14, from Lemma 5.23, apart from 3, there are no simple modules for H whose
restriction to L has more 3s than other factors, and the composition factors of Vi, J g have dimensions 1,
3,4, 5,8 and 9. In particular, this means that V,;, |z has at least eight 3-dimensional composition factors.
By Lemma 5.26, of these modules only 8s can have an extension with 3s, with there being at most two of
those, so the 3-pressure is at least 6. This means that V,;, |z has at least four 3-dimensional summands,
so the action of the unipotent element u on Vi,;, has at least four Jordan blocks of size 3. There are no
non-generic unipotent classes with this property, as we saw in the list at the start of this section, and so H
is a blueprint for Viin.

Thus we end with Vi, |z being 74, 52,35, and Lemma 5.23 implies that H has at least two 7s and
four 3s on Viyin. The remaining composition factors have dimension 3, 5, 7, 8, 12 or 15: using the traces of
semisimple elements, we find exactly four conspicuous sets of composition factors for Vi, | g with the correct
restriction to L, and for each of these the eigenvalues of an element of order 24 determine its conjugacy class,

and this lies inside Fy, hence a blueprint by Lemma 4.9. Thus H is a blueprint for Vi,i,, as needed. O

Proposition 11.5 Suppose that p = 11.

(i) If a = 1 then either H is a blueprint for Vi, or H fixes a line on Viip.

(ii) If @ = 2 then H is a blueprint for V.

Proof: Let a =1 firstly, and suppose that H is not a blueprint for Vi, so in particular the class to which
the unipotent u belongs is non-generic, thus cases (xv) to (xvii) from the start of this section. In each case
we either have 52 or 10 in the action of u. A single block of size 10 (as Viuin is self-dual) must come from 5/5,
and for the 52 the indecomposable modules of dimension congruent to 5 modulo 11 are 5 itself, 5,7/3,5,7
and its dual of dimension 27, and 3,5,7,9/1,3,5,7,9 and its dual, of dimension 49. Thus if we are in case

(xvi), so u belongs to class Eg(a1) acting as 114,52, 12, we therefore have 592 as a summand of Vi, |g, or
Vinin 4= 5,7/3,5,7®3,5,7/5,7® 1%%

an involution x € H acts with trace 0 on this module, so it is not allowed. Therefore in all cases Vinin 4o
has either 5/5 or 552 as a summand, contributing 2 to the trace of z.

If u comes from class Fr(a3), acting as 11%,10,2, the self-dual module that can contribute 2 to the
action of u is 5,7/5,7, so that Vi, J & has composition factors at least 72,5%. The only conspicuous sets of

composition factors with this many 7s and 5s are
92,72 5% 1*  and  72,5% 3219,

with the latter being incompatible with the unipotent action and the former implying that Vi, g is
P(1)®? @ 5/5®5,7/5,7. Clearly therefore H fixes a line on Viip.
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For Dg and Eg(a;) we already have the composition factors of 52, and the Jordan blocks 12 in the action
of u come either from two trivial summands, so we are done, or come from 5/7 or 3/9 and their duals, on

each of which z acts with trace 0. From the previous case we know that 5/7 yields
PL)®@5/Te7/50 M,

where M is either 592 or 5/5, and again we fix two lines on Vi, If we have 3/9 @ 9/3, we again have a

unique conspicuous set of composition factors, and this time it is the very similar
PL)*?@3/909/3a M,
where M is as before, proving the result.

Now let a = 2, and suppose that H is not a blueprint for Vi,;,. In particular, by Proposition 4.10 there
are at most four odd-dimensional composition factors in Viyin L. When the composition factors of Vinin |1,
are 92,7%2,5%, 14, as they are in two cases above, all of the 1s become trivial composition factors for H,
as there are no 3s in Vi, lr. Also, because there are no 11s either, there can be no simple modules in
Vinin 4 with non-trivial 1-cohomology by Lemma 5.24, as a 20-dimensional module restricts as 11 $9. Thus
the potential embeddings of L into G with these factors, where L has a trivial submodule but no trivial
summand, cannot be extended to embeddings of H into G. The same statement holds when the composition
factors are 9%, 52,32, 14, as we have at least two trivial composition factors.

Thus we may assume that Vi, | has two trivial summands, along with the two 5s, with the rest being

projective. The conspicuous such modules are
2o P1)*?01*?2eM and P92 01929 M.

The first case has six trivial factors and no 3s, so Vinin {7 has six trivial factors and hence H is a blueprint
for Vinin. In the second case there are two more trivials than 3s so Vi, Ly has two trivial factors, and
Vinin {1 has four 9s and no 7s or 11s, so Viuin L has four 9s, thus H has six odd-dimensional factors on Vi

and so is a blueprint for Vi, as needed. 0

For p = 13, since 169 > 150 = 2 - v(E7), we need only consider a = 1.

Lemma 11.6 Suppose that p = 13 and @ = 1. Then either H is a blueprint for Vi, or H fixes a line on
either Vipin or L(G).

Proof: If H is not a blueprint for Vi,;, then u acts non-generically, and so we are in case (xviii) of the list of
possible unipotent actions at the start of this subsection. Suppose that H has no trivial summand on Vi,
so that the 1% in the action of u all comes from indecomposables of dimension 14; this means that there
are eight composition factors of dimensions between 3 and 11, as indecomposables of dimension 14 have the
form 4/(14 —4). Since the trace of an involution z is +8, and the trace of x on i/(14 — ) is +2, each of them
has the same trace. Adding in the traces of elements of orders 3 and 4, the unique such set of composition

factors is 112,74, 32, This gives Vinin Ly as
11/383/11e7/7T®7/7.

Using these traces, we can determine two possibilities for the action of L on the adjoint module L(G): these
are 13%,11,93,7°,5%,3,1% and 13%,113,9%,7,5% 3% 12, Either way, H fixes a line on L(G), since the only
module with a trivial factor but not a trivial submodule or quotient is P(11) = 11/1,3/11. The proof is
complete. OJ
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The last case is p = 19, where again we only have a = 1.

Proposition 11.7 Suppose that p = 19 and @ = 1. If H is not a blueprint for Vi,;, then H centralizes a

2-space on Vi, and is a non-G-cr subgroup of the Fg-parabolic acting on Vi, as
P(1)*?©9/9.

Proof: If H is not a blueprint for Vi, then in particular u is non-generic, and so we are in case (xix) from
the list at the start of the section, i.e., u is regular and acts as 192,18. We need a self-dual indecomposable
module of dimension congruent to 18 modulo 19, and there is only one of these by Lemma 5.17, namely 9/9,
and the remainder of the module is projective. If x denotes an involution in H then x has trace 8 on Vi,
and has trace 2 on 9/9, leaving a trace of 6 or —10 on the remaining projective summand. The trace of =
on P(i) for 3 <i < 17 is £2, the trace of z on 19 is —1, and on P(1) it is 3. Thus Viin 4z is P(1)®2®9/9,
as needed. O

This non-G-cr subgroup was constructed at the end of Section 9.
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12 F; in odd characteristic: SL, embedding

In this section, k is a field of characteristic p > 3 and G = E7(k), by which we mean the simply connected
form, i.e., |Z(G)| = 2 and G’ = G. Let G be an almost simple group with socle G/Z(G). From [10] we see
that v(E7) = 75 for odd integers, so if H is any subgroup of G with a semisimple element of odd order 77
or more, then H is a blueprint for Vipi,, with the same holding for N=(H). In addition, in [9] we prove that
SL2(9) cannot yield a maximal subgroup of G either, so here we let H = SLy(p®) with a = 3,4 if p = 3 and
p* < 150 =2-v(E7) if p = 5. In order for H not to be contained in a centralizer of a non-central involution,
we require that Z(G) = Z(H). Let L = SLa(p) < H and let u denote a unipotent element of L of order p.

On Vinin, since we consider SLy(p®) rather than PSLy(p®), there can be no trivial composition factors
in Viin g, but rather 2-dimensional factors. We will thus normally aim to show that H is a blueprint for
Vinin, that H fixes a line on L(G), or that H fixes a 2-space on Viip.

12.1 Characteristic 3
We let p = 3 and a = 3,4. We begin with the case where the action of H = SLy(3%) on Vi, is definable

over a subfield of Fsa.

Proposition 12.1 Suppose that p = 3, that a = 3,4, and that the composition factors of Vi, |y are

invariant under a non-trivial field automorphism of H.

(i) If a = 3 then the composition factors of Vi, J g are either
8,(21,22,23)%  or  8%,(21,22,25)"
in the first case H fixes a line on L(G), and in the second case Nz (H) is contained in a member of
Ze.
(ii) The case a = 4 cannot occur.
Proof: For a = 4, it turns out that the traces of semisimple elements of orders 5 and 8 are enough to
eliminate all possible sets of composition factors for Vi, |, so we concentrate on the case a = 3.

The traces of semisimple elements of H are enough to confirm the first part of this statement. If the

composition factors of Viuin Jg are 8, (21,22, 23)% then the composition factors of H on L(G) are
(41,27 42,33 41,3)83 (313 327 33)7 128)

which has pressure —4 and so H fixes a line on L(G). Suppose therefore that the composition factors of
Vinin b are 8%, (21, 29, 23)4, and to start that there is an 8 in the socle of Vi, | 1. Let y be the diagonal

matrix with entries ¢ and (™!, where ( is a primitive 26th root of unity. The eigenvalues of y? on 8 are

2 44 410 ,E12
1 Y C:t ) C:tl 7<:t )

and so we look for elements of order 26 in G that square to y? and stabilize these eigenspaces of the action of
y? on Vigin: in fact, there are elements of G lying in seven distinct conjugacy classes of semisimple elements,
one of which contains y itself, and all of which have no (—1)-eigenspace on L(G). Any of these can be used
with Corollary 4.14, but taken together they show that the stabilizer of an 8 that is a submodule of Vi, Lo

must be very large, and in particular positive dimensional.
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Thus 8 is not a submodule of Vi, lg. If a 2; submodule is stabilized by Ng(H) and G then H is
contained inside a member of 277, so we may assume that this is not the case, either because Ng(H)
induces the field automorphism on H or that no 2; is o-stable (because k does not contain Fo7 for example).
In this case there must be an Nz (H)-stable H-submodule W isomorphic to 21 & 2, & 23, and the eigenvalues
of 42 on W are ¢*2, ¢(*6 and ¢*8. In this case we do the same as for 8, finding again seven distinct classes
containing elements that square to 32 and preserve these eigenspaces. Thus Ng(H) is always contained in a

member of 277 as needed. O

We may now attack the case of @ = 3. We will not prove anything specific about the embeddings of H

into G, except that they are always contained in positive-dimensional subgroups.

Proposition 12.2 Suppose that p = 3 and a = 3. The subgroup Nz (H) is contained inside a member of
Z°.

Proof: There are 284 conspicuous sets of composition factors for Vi, g, but only 137 of these have
corresponding sets of factors on L(G), each of these being unique. Of these, seventy-seven have either no
2; or positive 2;-pressure for each ¢ = 1,2,3, and of these only sixty-seven have either no trivial or positive
pressure on L(G). One of these is invariant under the field automorphism, which we saw earlier, so we are
left with twenty-two sets of composition factors, up to field automorphism.

The module 2; has non-split extensions only with 2,41, 6,_1,; and 8, so if there are 2s but no 6; ;1 or 8
appearing with multiplicity 2 or above, then H fixes a 2-space on Viuin: two sets of composition factors (up
to field automorphism) satisfy this, so we are down to twenty sets of composition factors.

There are eighteen (six up to field automorphism) sets of composition factors with no 8s, and since 2;
only has extensions with the 8, 2,11 and 6,_1;, and of course there can be no 2s in the socle of Vinin La,
the socle must consist of 6,_1 ;s, plus modules we can remove without exposing 2s. In each case there is a
unique ¢ such that 6;_; ; appears with multiplicity at least 2, so this must be the socle and all 2s must be
stacked on top of it in some way. In each case we cannot place enough 2s on top of each 6,_; ;, and so we
must fix a 2-space in all these cases. This reduces us to fourteen sets of composition factors.

Thus we have at least one 8 in Vi, Jg. There are five conspicuous sets of composition factors with a

single 8, up to field automorphism, namely
876%,1a6§,152?a2%a2§7 8a6%,3762,37637172?,235237 87627172?72352§a

2 2 2 92 o2 2 3 2
8, 61,2ﬂ 62,17 63,17 63727 217 227 237 182,3,17 8, 62,17 63,1» 217 29, 237

Since there is a single 8, we must still have the 6;_1 ;s in the socle, and so again we can eliminate these cases
as follows: each of these only has a single 6,1 ; appearing with a non-unital multiplicity, and it appears with
multiplicity 2, so this appears once in the socle and all 2s lie above this, so we consider the {2, 6,8}-radical

of P(61,2), and then remove all quotients that are not 61,2, since Vipi, is self-dual. This module is

61,2/22/23/22/61 2,

and so we can only support three 2s, but there are clearly far too many. This is enough to complete the
first four cases, but the fifth has an 18. We take the appropriate radical of P(63 1), and again remove all

composition factors from the top that are not 63 1, to get the module

63.1/21/22,63,1/21,621,182.3.1/631,
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which does not have a 23 in it. Thus all these conspicuous sets of composition factors yield a stabilized
2-space.

Thus we are down to nine, which are below.
2 2 4 o3 2 2 94 92 92 2 2
8 76271361,%63,1,21;223237 8 762,1361,3a63,1,21722a237 8 ,6372,61_’2,6271,6371,6173,21,227

8276:%72’62,1;6%,172%72%523’ 82761,3363,176373761,272%7237235 82763,2762,1762,376%73a2%72§7237
181,2,3782762,1763,132%7237237 181,2,3383761,332?7227 181,2,3;82762,1a61,3,2?a23'
Recall that 2; has extensions with 2;+1, 6,—1,; and 8, and no other simple modules.

Cases 1,6,7,8,9: In the first, sixth, seventh, eighth and ninth cases, 6;_1 ; does not occur with multiplicity
greater than 1 for all ¢, and so if it occurs in the socle then it is a summand. Therefore, for these six sets
of composition factors, we can remove all quotients and submodules from Vi, | g other than 8, and yield a
submodule W of P(8), which contains all composition factors of dimension 2 in Vipi, 5.

The {2, 65 i4+1,6i+1,, 1812 3}-radical of P(8)/soc(P(8)) is

21a 227 237 61,23 62,33 63,1/217 227 237 62,17 63,27 61,3/87

and so if W has two 8s and three 2;s then H must stabilize a 2-space on Vi, eliminating the first and ninth
cases immediately. It also means that W has at most four socle layers except for the eighth case, which we

eliminate easily, since the {21, 22,61 3,8,18; 2 3}-radical of P(8) is
8/21,22,61,3/8,

which doesn’t have enough 2;s, so H fixes a 2-space of Viip.

Since W has at most four socle layers and is self-dual, none of the 6,,11 can occur in W. Also, any
2; that occurs with multiplicity 1 in Vi, J g must occur in the second socle layer, and cannot have any
extensions with a 2,41 in the third socle layer. However, both 2,17 in the third layer have an extension with
the 2; in the second layer, so cannot exist in W. In other words, we cannot have two 2; in W, eliminating

the sixth and seventh cases.

Case 5: Remove all composition factors from the top and bottom of Vi, Jg to yield a module W with
socle a submodule of 8 ® 6 3 and all 2s in it.

The preimages of the {21, 22, 23,61 2,61 3,62 3 }-radical of the module P(8)/soc(P(8)) and {21, 22, 23, 61,2, 61,3, 8}-
radical of P(62,3)/soc(P(623)) are

21,22,23,623/21,22,23,61,3/8 29,23/21,8/23,61,3/62,3,

and the fact that there is a single 23 means it must lie in the second socle, and has no extensions with the
other 2; composition factors. But then all other 2;s lie in the second socle layer as well, and that means we

cannot fit enough 2s in, so H fixes a 2-space on Viiy.

Cases 2,3,4: Here we wish to apply Corollary 4.14, so let y be the diagonal matrix with entries (2,2 for

¢ a primitive 26th root of unity, so that y has order 13 and acts with eigenvalues (*2 on 2;. The eigenvalues

of 1 on 63,1 and 8 are

Ci47 C:I:S’ C:t12 12’ C:i:4, C:I:lO’ <i12~

and

If we can find an element ¢ of order 26 in G \ H that has no (—1)-eigenspace on L(G) and that stabilizes
a submodule W of Viin lgr, then by Corollary 4.14 the subgroup (H, ), which cannot be all of G, is not
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almost simple modulo Z(G) either, and so by Proposition 3.3 the stabilizer of W, and any submodule of
Vinin 4# isomorphic to W, is contained in a member of 27, and so H and indeed Ng(H) are contained
inside a member of 2.

In the third case, the composition factor 63 ; only has extensions with 2; and 62 ; from the composition
factors of Vinin lm, so this must split off as a summand. In the second and fourth cases, if 8 is not a
submodule of Vi, Iy and Vi Ly does not a 2-dimensional submodule then Vi, g is a submodule of
P(63,1) and P(63,2 @ 63,1) respectively. The cf(Vinin Jzr)-radical of P(631) in case 2 is

63,1/21,23/22,8/21,62,1/63,1,
so 8 must be a submodule of Viyin g. Similarly, the cf (Vipin 4#r)-radicals of P(63,1) and P(632) in case 4 is
62,1/63,1,8/21,23,632/22,8/21,62,1 /63,1 and 63,1/21,62,1/8/63,2,

so since there is no 2% in this, 8 must be in the socle of Vi, | g again.
We have therefore proved that in cases 2 and 4, 8 must be a submodule, and in case 3, 63 ; must be a
submodule. We therefore find, in each case, an element § in G'\ H of order 26, squaring to 32, and stabilizing

the eigenspaces of the particular stabilized submodule. On Vi, these have eigenvalues
1 (=00 () (CF), (C)2 (2, (=), (CF9)P, (=¢9)°,
1 (G52, (=CFN)2 (=), (%)%, (—CF2), ()1 (¢F), (=), (=),
1 (CF1), (=CN), (=028, () (=), (CF)P, (=¢F0)%, (=¢H0)™
Thus the result holds. O

Proposition 12.3 Suppose that p = 3 and a = 4. Either H is a blueprint for Vj,;, or the composition
factors of Vi, | g are

2
184,2,3,87 2.3,81,2,4, 61,3, 64,1, 21,

and Ng(H) lies inside an element of 277.

Proof: Using semisimple elements of order up to 41, one whittles down the 55 million or so possible sets
of composition factors for a module of dimension 56 to just 190 up to field automorphism, of which two fail
the trace of an element of order 80, leaving 188.

Of these, we consider an element y of order 41 in H, and whether there exists an element of order 123
in G cubing to y and stabilizing the same subspaces of Vj,;,. If this is true then y is a blueprint for Vi,
since 123 > v(E7). Indeed, a computer check shows that this is true for 187 of the 188 semisimple elements
involved. The remaining one comes from the conspicuous set of composition factors in the statement of the
proposition,

2
184,2,3,87 2,3, 81,2,4, 613,641, 21,

where y has 38 distinct eigenvalues on Vi, and there exist elements of order 123 cubing to y and with 40
distinct eigenvalues, but none with 38. If ( is a primitive root of unity then y can be chosen to have the

following eigenvalues.
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Module Eigenvalues

2 ¢E
613 (EL (EIT (19
64,1 (E12 (E14 16
812 (ED(ET (11 13
8124 (10, (12 (£16 -+18
18405  (E2,¢E3 (4 (48 (49 (10 H14 (15 420

There exists an element § of order 123 cubing to y and stabilizing all eigenspaces except for the (*1-
eigenspaces.

Since 81,23 is the only composition factor to occur with multiplicity greater than 1, any other factor
in the socle must be a summand. The module 8; 2 3 only has extensions with 2;, 61,3 and 8; 24 from the
composition factors of Viin {5, and so the structure of Vinin L g must be W @641 6184 2 3, where W consists
of the remaining factors.

Since 7 stabilizes all but the (*!-eigenspaces, it fixes the 32 @ 6 @ 18 decomposition above, and if Y
denotes an infinite subgroup of G containing ¢ and stabilizing the same subspaces of Vi, as § (which exists
since 123 > v(FE;) = 75), then X = (Y, H) certainly stabilizes the 6- and 18-dimensional summands of
Viin L. Thus H is contained inside an element of 2. O

12.2 Characteristic at least 5

We now let p > 5: since there are elements of orders (p® + 1)/2 or (p® — 1)/2, and one of these is odd, we

assume that p* < 150. As all unipotent classes are generic for Vi, for all p > 29, we only need consider
p* =5,7,11,13,17,19,23,25,49, 121, 125.

As for PSLy(p®), there are some restrictions we can place on the possible actions of a unipotent element
u, above and beyond appearing on [13, Table 7], given by Lemma 5.16. This yields twenty-nine possible

non-generic classes for various primes, as given below.
(i) (A3 + Ay)”, p =5, acting as 52,4%,27;
(ii) D4(a1) + Ay, p =5, acting as 5°,4,3%,2%;
(iii) A3+ Ag, p =5, acting as 55,42, 34,22 12;
(iv) A4, p =5, acting as 519, 16;
(v) As+ Ay + Ay, p =5, acting as 55,44, 25;
(vi) Aq+ Ay, p=>5, acting as 50,22 12,

(vii) A4+ Aa, p =5, acting as 519, 32;

(viii) (As)”, p =17, acting as 72,67;
(ix) D4+ Ay, p =T, acting as 76,2° 1%
(x) Ds(ay), p="1, acting as 76,32, 22 14

(xi) (As)', p =T, acting as 7*,6%,1%;
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(xii) As + Ay, p= "7, acting as 74,63, 52;
(xiii) Ds(ay) + A1, p =7, acting as 75, 4, 2%;
(xiv) Dg(az), p =17, acting as 75,52, 4;

(xv) FEg(az), p =7, acting as 7°,5% 14;

(xvi) Ez(as), p =17, acting as 75,6, 42;

(xvii) Ag, p =7, acting as 75;

(xviii) Er(a4), p= 11, acting as 112,10, 8, 6,42, 2;

(xix) Dg, p = 11, acting as 114,10, 1%;

(xx) Eg(a1), p =11, acting as 114,52, 12;
(xxi) E7(asz), p= 11, acting as 114,10, 2;
(xxii) Eg, p = 13, acting as 134, 1%;

(xxiii) Er(a3), p = 13, acting as 132,12, 10, 6, 2;
(xxiv) FEz(as), p = 13, acting as 13%,4;

(xxv) Er(a2), p= 17, acting as 17%,10,8, 4;
(xxvi) E7(a1), p =17, acting as 172,16, 6;
(xxvii) E7(a1), p = 19, acting as 192,12, 6;

(xxviii) Er, p = 19, acting as 192, 18;

(xxix) E7, p = 23, acting as 232, 10.

Thus we need to consider p = 5,7,11,13,17,19, 23, and we will examine each in turn.

Proposition 12.4 Suppose that p = 5.
(i) If a = 1 then H fixes a 2-space on Viin.

(ii) For a = 2, one of the following holds: H and Ng(H) fix a 2-space on Vi H fixes a line on L(G) or H
stabilizes a 4-space on Vi, that has a positive-dimensional stabilizer; H stabilizes an sls-subalgebra
of L(G).

(iii) If @ = 3 then an element of order 63 in H is a blueprint for Vi,i,, and hence H is a blueprint for V.

Proof: Only the element of order 3 is important here, and it has trace one of —25, —7, 2,20, with the last
case not possible, and so we get

4 226 47 214 410 28.
As P(4) = 4/2/4, each of these must fix a 2-space on Viiy, as claimed.

When a = 2, there are 106 conspicuous sets of composition factors for Vi, lg, but fifty of these have

no corresponding set of composition factors for L(G), so can be ignored. None of the 106 sets is definable
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over F5, so if H stabilizes a line on L(G) or a 2-space on Vi, then we are done. Removing those sets of
factors with non-positive 2;-pressure (and at least one 2;) leaves eighteen, nine up to field automorphism
of H. Exactly one of these has two possible sets of composition factors on L(G), one of which has a single
trivial and a single 8-dimensional, so that second option will be ignored as having pressure 0. Of the other
eight, which all have a unique corresponding set of composition factors on L(G), three have non-positive
pressure and trivial factors, so that leaves us with six conspicuous sets of composition factors on Vi,i,. Up

to field automorphism of H, these are
12%231017234374%72% 12172a1017%62,156%,274372%3 121,2710%,2762,1761,2342a417227217

121,23122,13102,1a62,1361,2)42a41a217 12%,2)102,1)101,2)61,27417213 123717101,276?72a41'
The simple modules with extensions with 2; are 45, 621 and 124 5.

Case 1: This has pressure 1, and we may assume that we have a submodule of P(1212) or P(4y) with
three 21s. The {21,441, 42,107 2,127 o}-radicals of these two modules are 101 2/121 2/21,44,107,2/12; 5 and
45/21 /42, so H fixes a 2-space on Viip.

Case 2: The corresponding submodule of P(45) in the second case is also 49/21 /42, so again this fixes a
2-space on Viin.
Cases 3, 4: The 2;-pressure is 1, but the only simple module with multiplicity more than 1 is 10; 2, so 2;

(and 25) split off, and the result holds again, and of course the same idea works for the fourth case.

Case 6: There are no extensions between the simple modules involved so Vi, g is semisimple. The
corresponding composition factors for L(G) |z have no extensions between them either and so the restriction
is also semisimple, acting as

1585 @ 1597 @ 9%° © 5, @ 5, @ 3%* @ 3%°.

Write z for an element of order 13. Choosing ¢ a primitive 13th root of unity appropriately (so that x acts

on 2; with eigenvalues (1) the eigenvalues of 2 on Vi, are
14 (Cil)'T (<i2)6 (<i3)3 (<i4)6 <i5 (Ci6)3'
Looking through the elements of order 26 in E7, we find one & that squares to z, and if 6 is a primitive
26th root of 1 with 62 = ¢, we have that the eigenvalues of & are

147 (eil)Y, (9i2)6’ (0i3)3, (0i4)6’ 0i57 (9j:6)2, (70j:6).

This stabilizes the 4-space of V., stabilized by H (as well as the 6-spaces and the sum of the 12- and
10-spaces), so the stabilizer Y of this 4-space is either an almost simple group PGL2(25) modulo Z(G) or H

is not the socle of an almost simple maximal subgroup. The eigenvalues of & on L(G) are
117 (9:&1)10 (9:&2)13 (Q:I:S)IZ (914)6 (0:|:5)8 (70:|:5)3 (916)4 (70:|:6)2

so (H, ) is not PGLy(25) by Corollary 4.14. By Proposition 3.3, either H is contained in a member of 27
or H is contained in a copy of the Rudvalis group Ru (which is really 2 - Ru) acting on Vi, as 28 @ 28*
by the table in [23]. Since this is incompatible with the action of H, we get that H is contained inside a

member of 27, and this 4-space stabilizer must itself be positive dimensional.
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Case 5: The 102,; must split off as it has no extensions with the 12; 5, but the rest of the composition

factors of Viuin lg can lie above it, and there is a unique module
1021 © 121 ,2/21,41,61,2,101 2/121 2,

with u acting as 5'°,32, class A4 + A,. The action of v on the direct sum of the composition factors of
Vinin 41 has block structure 58,4224, and examining [13, Table 7], we see that there are only two possible
actions for u: 5'° 3% and 5'°,2% 12, Thus the 4; and 61 > cannot be summands (as they both have a 4 in
the action of u), and we assume that the 2; is not a submodule, so if Viyi, g is not the module above then
only the 1072 can be removed from the non-simple summand. However, the {21, 41,61 2,127 2}-radical of
P(121 ) is

121,2/21,41,61.2/121 2,

but with a 6; o quotient, not allowed. Thus Vinin J& is as above, and in particular the symmetric square of
this has L(G) |z as a summand (since S?(Vinin) = L(G) & L(2)1)).

The composition factors of L(G) g are
16,157 5,153 1,87 5,83 1,37, 33,17,

and u must act on L(G) as 525, 3. There are only six isomorphism types of indecomposable module appearing

as a summand of S?(Vinin | #r) whose composition factors appear on the list above, and these have structures

31, 1521, 821/1,32/821, 1521/821/1,32/821/1521, 1512/812/1,31/81,2/1512, 32/821,16/32,

with the second module appearing only once. There is only one way to assemble these summands into a

module with the right unipotent action and composition factors, and this is
15271/8271/1, 32/8271/15271 (&) 15172/8172/1, 31/81,2/15172 (&) 32/82,1, 16/32 @D 3.

In particular, this has 3; as a summand and so this is an sly-subalgebra by Proposition 4.17, and also 35 as

a submodule and subalgebra, but not necessarily a copy of slo. This completes the proof for a = 2.

Finally, let a = 3. Using the traces of semisimple elements of order up to 31 there are 434 conspicuous
sets of composition factors, 146 up to field automorphism. Checking the traces of elements of order 63,
we find that eleven of these are not conspicuous for elements of order 63, and the remaining 135 all have
preimages of order 5 - 63 = 315 that have the same number of eigenspaces on Vi,i,. Since 315 > v(E7) = 75
(for odd-order elements) we have that elements of order 63 in H are always blueprints for Vi, and hence

H is as well. 0

In the introduction we claimed that this potential SLy(25) is maximal if it exists, so we must show
that it is not contained in any positive-dimensional subgroup. By consideration of composition factors and
summand dimensions, it can only lie inside a Dg-parabolic; then one can proceed either by showing that
the 12-dimensional factor cannot support a symmetric bilinear form, or by noting that if the subgroup lies
inside the Dg-parabolic then another lies inside the Dg-Levi, hence acting semisimply, but the action of the
unipotent element would be 58,42 2% not appearing in [13, Table 7].

The next case is p = 7, where we cannot prove that there are no maximal SLy(7)s in all cases.

Proposition 12.5 Suppose that p = 7.
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(i) Let a = 1. If H does not fix either a 2-space on Vi, or a l-space on L(G), then the action of H on
Vinin and L(G) are

P6)Y*? o P4)®6®4% and 70 PB)P o P3)® @59 393
respectively.

(ii) Let a = 2. If H is not a blueprint for Vi, then either Ns(H) fixes a 2-space on Vi, or a line on
L(G).

Proof: We start with a = 1. The conspicuous sets of composition factors are
4,2, 4T 2 6,4% 27, 6%,47,2°, 6%,4°2"0,  6°,4°2°, 69,4,2%, 67,472
As the projective indecomposable modules are
P(2)=2/4,6/2, P(4)=4/2,4/4, P(6) =6/2/6,
we look through the list above, checking to see whether we have enough 4s and 6s (three of the first or two

of the second) to cover all 2s; this leaves the sixth and eighth cases of 6°,4°,2% and 67,43, 2 to deal with.

Case 8: We switch to L(G), and there is only one corresponding set of composition factors on L(G), namely
7,515,319 121 which means that H fixes a line on L(G).

Case 6: The only possible structure that does not fix a 2-space on Vi, and also yields a unipotent action
from the list at the start of this section is P(6)®% @ P(4) @ 6 © 492, with u lying in class F7(as). The factors

of L(G) Ly aren’t uniquely determined, and can be any one of
75 515 32 17 72 518 g5 (14 78 57 312 16 75 510 315 {3
The first three of these must fix a line on L(G), but the last one could in theory not, with module action
7@5 @ P(5)@3 o P(S)@i’) e56 36937

this action compatible with the action of u on Viiy,.

Now let a = 2, and recall that L = SLy(7). The eigenvalues of an element y of order 25 on Vi, are
enough to determine the semisimple class of F; to which y belongs. This allows us to apply Lemma 4.12 to
see that if there is an A; subgroup with 24-restricted composition factors, then any subgroup H of G whose
composition factors on Vi, match the restriction of this A; to SL2(49) is a blueprint for Viyip.

There are 150 conspicuous sets of composition factors for Vi, g, and this is too many to analyse one
at a time, although none of these is definable over F7, so we can eliminate those of negative 2;-pressure. Of
the 150, only 92 of them have a corresponding set of composition factors for L(G), and only 42 of these
have either no trivial factors or positive pressure. Of these 42, only 26 have either no 2; or positive 2;-
pressure for i = 1, 2, so we have thirteen conspicuous sets of composition factors left to deal with, up to field

automorphism. Six of these have a 2; composition factor:
63,61,2,43, 21, 181,100, 41,42,21, 2812,102,1,63, 41,21,

141 5,101 2,63,61,2,43,21, 181,103 ,,61,612,45,21, 145,103 |,612,42,21.
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Case 1: Consider the diagonal A; inside the A;A; maximal subgroup of G, acting along each factor as
L(1): this acts on Vi, as

(L(6) ® L(3)) © (L(2) @ L(5)) ® (L(4) ® L(1)),

which has factors L(5)°, L(3)*, L(7)?, L(9), up to field automorphism the same as the first case above.
Case 4: Inside C3G3, consider an A; subgroup X acting along the first factor as L(5) and along the second
as L(2) ® L(8). The action of X on Vi, is

L(5)/L(7)/L(5) ® L(3) ® L(11) & L(13) & L(3)/L(9)/L(3),

so the restriction to SL2(49) has composition factors 145 1,102 1, 6%7 62,1, 421)’7 25, up to field automorphism a
match for the fourth case.

Case 5: For the fifth case, we note that the composition factors are the same as
2o @ ((61 ®22) ©51/41,2/51D) D4y :

inside A1 Fy, let X be a copy of A; acting along the first factor as L(7) and along the second factor as
L(12) @ L(4)/L(8)/L(4). This subgroup of Fy exists inside the A;C3 subgroup, acting irreducibly on the
minimal modules of both subgroups as L(7) and L(5). The composition factors of Vi, Jx match the fifth
case.

Case 6: For the sixth case, as in the fifth, we note that the composition factors are the same as
29 ® (71 ®51/41,2/51 B 51) B 4o :

inside A;Fy, let X be a copy of A; acting along the first factor as L(7) and along the second factor as
L(6)® L(4)/L(8)/L(4) ® L(4). This subgroup of Fj exists inside the A;G2 subgroup, acting irreducibly on
the minimal modules of both subgroups as L(1) and L(6). The composition factors of Vipin Jx match the
sixth case.

Since these embeddings have factors up to L(21), in all cases H is a blueprint for Vi, by Lemma 4.12.
Case 3: We now address the third case. Inside C3Ga2, let X be an A; subgroup acting along the C5 as
L(1) ® L(21) and acting along G as L(6). The action of X on Vp;y, is

L(27) @ L(5)/L(7)/L(5) ® L(3) & L(29).

Up to field automorphism, the composition factors match the third case. While these are not 24-restricted,
they are close: checking the weight spaces against the eigenvalues of the SL2(49) contained within it, all weight
spaces that have the same eigenvalues when restricted to SL2(49) are contained within the L(27) & L(29).
Thus if H is not a blueprint then H is contained in a positive-dimensional subgroup Y with composition
factors of dimension 38,6, 6,4, 2. Notice that therefore Y, and hence H, must lie in either C3G> itself — and
we know from above that in that case H is a blueprint for Vi,;, — or inside A; Fy, but it is easily seen to not
be possible to place H inside this subgroup by the action of H on Vi,;,. Thus H is indeed a blueprint for
Vinin -

Case 2: Here if H is not semisimple — and hence stabilizes a 2-space of Vi, — then the action of H on Vi
is

181,2/21,41/181,2 © 1021 & 4;
we claim that such a subgroup H does not lie in a positive-dimensional subgroup of G. To see this, firstly

the dimensions of the composition factors are not compatible with coming from any maximal parabolic, so
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that H must be contained in a reductive maximal subgroup, where the dimensions and multiplicities exclude
A7 and As, and it is easy to see that it doesn’t lie in the A Aj;.

For H to lie in A;Dg, 18; 2 would have to lie in the product of a module for SLy of dimension 2 and
a module for PSLy of dimension 12: this is possible, but only with 2; being tensored by 2; ® 62, and this
yields 62 as well, not in Vi Lg-

If H lies in A;As then we must have that H acts on the natural modules along each factor as 3; and 64,
whence the module (00, A3) is 42/61,2/42 @ 62, obviously not correct.

If H lies in G2, the the tensor product of the two minimal modules for these groups must be 18%2, 4;
for some ¢, and this is obviously impossible.

For H to lie in A1G, 1812 would have to be a composition factor of the tensor product of a module for
SL2(49) of dimension 4 and a module for PSL3(49) of dimension 7, not possible.

We finally have H in A F,, where H must act on the natural module as 2; for some i, yielding 4; as a
composition factor of Vi, L, and the rest of the module must be 2; ® M for some 26-dimensional module
M for PSLy(49), and this cannot yield 187 ,, so H cannot embed in this subgroup either.

Having proved this, we now show that the stabilizer of the 45 submodule is positive dimensional, a
contradiction. There are eight elements of order 50 in a maximal torus of G squaring to y of order 25 and
preserving the eigenspaces making up the 45: these eight elements generate a subgroup Zsg X Zs x Zy of
order 200, and so the stabilizer of the 4-space contains H as a subgroup of index at least 4, ruling out the
possibility that it is almost simple with socle H. Thus H is contained in a member of Z 7 by Proposition

3.3, a contradiction and we are done.

We now give the seven conspicuous sets of composition factors with no 2; in them.
185,,61,621,47, 1821,1421,1021,62,1,47, 421,651,437, 281,141 5,61,4]

125 1,101,263 5,41, 2821,1221,63,,41, 2812,1821,101 2.

Cases 1 and 2: Inside A3As, let a subgroup X of type A; act along the two factors as L(14) and L(5)
respectively. The composition factors of Vi, Lx are L(21)2, L(5), L(3)?, L(9). This is the first case.

Inside C5G4, consider an A; subgroup X acting along the first factor as L(5) and along the second as
L(14) & L(8). The action of X on Vi, is

L(19) & L(13) & L(11) & L(3)/L(9)/L(3).

The composition factors of X on Vi,;;, match the second case.
Case 3: Inside C5Ga, consider an A; subgroup X acting along the first factor as L(5) and along the second
as L(42). The action of X on Vpy, is

L(47) ® L(3)/L(9)/L(3),

a match for the third case, but of course these are not 24-restricted, but do satisfy the second condition of

Lemma 4.12, so that H is a blueprint for Vi,

Case 4: Inside FyA;, let X denote an A; subgroup acting along the second factor as L(1), and along the
first factor as L(4) @ L(44), which exists inside the A; G4 subgroup of Fy. The action of X on Vi, is

L(43) © L(45) @ L(5) @ L(3)%?,
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so this is the fourth case. Of course, these are not 24-restricted, so we proceed as in the second case of
the previous set of composition factors, looking for elements of order 50 squaring to y and stabilizing the
eigenspaces the comprise the 4; in the socle. Again, we find a subgroup Z5o X Zy X Zs, and we conclude as
before that the stabilizer of the 41 is a positive-dimensional subgroup of G.

We claim that H is a blueprint for V;,. With the dimensions and multiplicities of the composition
factors, the only maximal positive-dimensional subgroups it can lie in are DgAy, C3Ga, A1Go, A1Fy and
Ay Ay, with the last one clearly impossible.

If H < DgA; then 141 2 ® 61 @ 41 is a tensor product of a 12-dimensional and a 2-dimensional module,
so must be 2; ® (7o ®51). Thus H lies inside the product of the A; and a product of two orthogonal groups,
Spin, X Sping, and there is a unique action of an A; subgroup inside these of acting as L(42) ® L(0) and
L(42) on the two relevant modules of Spin;, and as L(3) and L(4) on the two modules of Sping. This A;
fixes the same subspaces of Vi, as H, so H is a blueprint for Vi,i,. The same statement holds from above
for A Fy.

If H < C3G5 then a similar analysis shows that H acts on the minimal modules of the two factors as
2; ® 4, and T2 respectively, and the A; acting along each factor as L(1) @ L(3) and L(42) again stabilizes
the same subspaces of Vi, as H, so H is a blueprint for Vii,.

We are left with A;Go, where in order to find the 28; 5 we must have that H acts on the two natural
modules as 2; and 75 respectively, so that the factor 3 ® 10 in Vinin la,q, yields 28; 2, but then the other
factor of 1 ® 01 yields two copies of 64 2, not correct. (Indeed, this is how we get the sixth case above.)

Thus, whenever H is a subgroup of a positive-dimensional subgroup of G, it is a blueprint for Vi, as

needed.

Case 5: Inside the maximal subgroup A;Ga, let X be an A; subgroup acting along the first factor as L(7)
and along the second as L(2)®2@ L(0): the composition factors of X on Vi, are L(9)%, L(11), L(21), L(23)?,
matching up with the fifth case, up to field automorphism. Since they are all 24-restricted, H is a blueprint
for Vinin by Lemma 4.12.

Case 6: Inside the same subgroup A;Gs, let X instead be an A; subgroup acting along the first factor
as L(7) and along the second as L(6): the composition factors of X on Vi, are L(3), L(9)2, L(17), L(27),
matching up with the sixth case, but no longer 24-restricted, but H is still a blueprint for Vi,;, by Lemma
4.12(ii).

Case 7: Inside the maximal A; Ay subgroup, take a diagonal A; as we have done before, but this time acting
as L(1) and L(7) along the two factors. The composition factors of this on Vi, are L(27), L(13), L(37), of
course not 24-restricted, and even Lemma 4.12(ii) doesn’t work in this case. If H is contained in a positive-
dimensional subgroup other than A; A; then the dimensions of the composition factors and multiplicities
show that it can only come from A;Gs, and in order to get 28 2 appearing, H must act along A; as 2; and
G4 as 7p. However, the other factor of dimension 28 must have 6; 5 as a composition factor, not allowed.
Thus H < A1Aq, and so H is a blueprint for Vyin.

It remains to show that H is always contained inside a member of 2. Of course, since Vi, g is
multiplicity free, it is semisimple, and so the 10,2 is a submodule. As with previous cases, we find more
than one element of order 50 squaring to y and stabilizing the eigenspaces that comprise 10; 5. The subgroup
generated by these is Z59 X Zo, and we wish to apply Corollary 4.14, so we need to find an element ¢ of order

50 in this subgroup whose action on L(G) has no (—1)-eigenspace, but this is easy: its eigenspaces are
177 (0i2)6’ (9:&4)4’ (0:|:5)7 (9:|:6)2, (9:ﬁ:7)3’ (0:|:8)7 (0:|:9)5’ (9:!:11)67 (0113)6’
(9i15)5 (9i16) (9i17)3 (9118)2 (6119)2 (9i20)4 (9i21) (9i22)5 (9i24)6
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where 6 is a primitive 50th root of unity and y = 2 acts on 2; with eigenvalues #%2.

We have thus shown that all cases are blueprints for Vi, fix a 2-space on Vi, or fix a line on L(G), as
needed. O
Proposition 12.6 Suppose that p = 11.

(i) Let a = 1. If H is not a blueprint for Viyin, then Ng(H) fixes a 2-space on Viyin or a line on L(G).
(ii) Let a = 2. If H is not a blueprint for Vi,i,, then Ns(H) fixes a 2-space on Viyip.

Proof: Let a = 1. As p = 11 the action of u is one of cases (xviii) to (xxi) in the list above. In the first
unipotent class, E;(a4) acting as 112,10, 8, 6,42, 2, there are single blocks of size 10, 8, 6 and 2, which must
come from simple summands of those dimensions. Since we cannot have a faithful indecomposable module of
dimension 11 + 4 = 15, the 4s must also come from simple summands, and so Vi, g is a single projective

plus a semisimple module. The conspicuous such sets of composition factors yield
P10)210280604%2@2 and PMA)@10080604% 02,

The second of these has corresponding set of factors on L(G) given by 98,7257, 112 and the action of u on
L(GQ) is 118,9,7% 5% 3%, Blocks of size 3 come from, up to duality,

3, 7,9/1,3,5, 3,5,7/5,7,9,
and so H cannot embed with these factors and this action of u. (The other set of composition factors yields

1@ PO @ P(7) 290 7% 9592 ¢ 3%4)

If u comes from class Dg, acting as 114,10, 12, then the 10 must come from a simple summand, and
the 12 comes from (up to duality) 6/6, 4/8 or 2/10. The sum of one of these plus its dual, a single
projective indecomposable module, and the 10, must be conspicuous. There are five such conspicuous sets
of composition factors, all of which have corresponding sets of factors on L(G), three of them having two
different sets. The action of u on L(G) is 11'°,102, 13, so certainly H has a trivial summand on L(G), with
the 10? coming from (5/5)%2, 3/7@® 7/3 or 1/9 @ 9/1, the other 12 being either semisimple, 9/3 & 3/9 or
5/7@®7/5, with the rest of the module being projective. There are 937 such sets of composition factors, and
when taking the intersection of that list with those of the corresponding sets of composition factors to our

list for Vinin 41, we find two members:
P4)®10/2®2/10410 and  P(6) @ (6/6)%2 & 10,
with corresponding embeddings
1 e PB)®PB)®3/999/3®3/T®7/3@1 and 119°@PG)® PB3)®3/T®7/3@ 193,

Of course, these fix a line on L(G), as needed.

If u comes from class Fg(a;) acting as 114,52, 12, then the two blocks of size 5 must come from summands
of dimension 16, so 4,6/6 @ 6/4,6, and the two ls must come from summands of dimension 12. The

conspicuous such sets of composition factors yield

4,6/6 6 6/4,6810/2@2/10,  4,6/6©6/4,6 ®4/3®8/4,  4,6/66/4,6 (6/6)2.
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Of these, only the last has a corresponding set of composition factors on L(G), and this is 112,98 5% 114,
however, u acts as 1119,9,52,3,1 on L(G), so we need a 3 as a summand of L(G) |, not possible. Thus H

does not embed with u from this class.

Finally, if u acts as 114, 10,2, coming from E7(a3), then the 2 and 10 must come from summands of the
same dimension, so we need two projectives plus 104 2. There are three such conspicuous sets of composition

factors, yielding
PA)*?* 01092, P(4)o P(10)® 10 ® 2, P(6)® P(10)® 10 @ 2.

Each of these has corresponding sets of composition factors on L(G), with the third having two. However,
u acts on L(G) with blocks 11'1,9,3, so L(G) lg is the sum of 9 @ 3 and projectives, and since we have
11 in the action of u, the number of summands of L(G) |z that are either 11s or P(1)s must be odd. In
particular, any trivial composition factors lie either in P(1)s or P(9)s. The four corresponding sets of factors
are
0% 73 57,12 11%,93 74, 53,351, 113,9%,7%,5%,3%, 11%2,9% 77,5,35 13;

the first and second cases need an odd number of P(1)s, and the second case can have no P(9)s as it has no
3s, leading to a contradiction. The fourth case cannot work with the unipotent class either, but the third

case yields
1193 @ P(1)%? @ P(5) @ P(3) ®9 @ 3.

Thus P(6) ® P(10) @ 10 & 2 is the only acceptable embedding of H into Vi, with this unipotent action.

Now let a = 2, and recall that L is a copy of SLy(11) inside H. We have traces of semisimple elements of
order up to 40, and can use the preimage trick from Section 4.2 to find traces of elements of orders 60 and
120 as well. We would like that the eigenvalues of an element y of order 120 on Vi, uniquely determine the
semisimple class of F; to which y belongs. This is not true in general for all classes, but will be true for the
particular classes that arise from conspicuous sets of composition factors for Vi, g, by a check using the
preimage trick.

Suppose that u comes from class E;(a4), so that the composition factors of Vi, |1 are 10,8, 6,42, 2.
There are, up to field automorphism, twenty conspicuous sets of composition factors for Vi, g, using
semisimple elements of order up to 40; using the preimage trick, we can eliminate seven of these from
contention, as they fail either the trace of an element of order 60 or 120, leaving thirteen. Note that, for
these thirteen remaining sets of composition factors, the eigenvalues of an element y of order 120 on Vi,
determine the semisimple class to which y belongs.

Nine of the thirteen have a 2-dimensional composition factor, and are
1412,103,42,22, 103,81,61,42,2,, 25, 2251,180,61,42,2), 2251,1421,101,42,2;,  10%,81,61,62,1,41,21,

300,102,101 2,41, 21, 2212,18{3,1010,41, 21, 181'),103,62,612, 42,21, 2212,181, 105,45, 2;.

(Recall that 18{!) = 2, ® 9;, 18{>) = 3; ® 6; and 30!} = 3; ® 10,.) The simple modules with non-trivial
extensions with 2; are 10q, 18;{ and 30(13, and in order for H not to stabilize a 2-space, one of these must
occur with multiplicity 2: thus all cases must fix a 2-space on Vi, except for the first and eighth. However,
even in the first case the {21,42,102, 144 5}-radical of P(105) is simply 102/21/102, so there must be a 2;
submodule of Vi,;, L, so that case also fixes a 2-space.

For the eighth case, up to field automorphism we find this inside DgA;, by taking an A; subgroup
acting on the natural modules for the two factors as 91 @ 37 = L(8) @ L(2) and 2, = L(11) respectively.
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This yields 18&% @ 621 = L(19) @ L(13), and for the spin module for the Dg term, we need a module
with unipotent action 112,6,4 (one sees this from the entry for Dg(a;) in [13, Table 7]) and composition
factors 10%,61,41,22 = L(9)%, L(5), L(3), L(11) (obtained from the traces of semisimple elements), and so

the restriction of the spin module to this A; subgroup is
L(9)/L(11)/L(9) ® L(5) & L(3),

so we apply Lemma 4.12 to see that H is a blueprint for Vi,;,, as needed.
The remaining four conspicuous sets of composition factors, which have no 2-dimensional composition
factor, are
362,1,101,61 2,41, 4212,101,41, 2223,101,102,1,81,612, 2821,2291,62.

For the last of these, consider a diagonal A; inside A;G5, acting as 2o = L(11) along A; and as 71 = L(6)
along the Go factor. The composition factors on Vini, are L(39), L(21), L(13), matching up with the fourth
case above, so we satisfy the conditions of Lemma 4.12. Consider an A; subgroup of G3Cs, acting as
7o = L(66) along the Gy factor and as 6; = L(5) along the C5 factor: the composition factors on Viin
are L(71), L(9), L(3), matching up with the second case above. Again we apply Lemma 4.12, this time the
second statement, and therefore H is a blueprint for Vi, as claimed.

For the third case, we find an A; subgroup Y inside DgA; that works: consider Y acting as 2; = L(1)
along the A; factor, and as 91 @ 33 = L(8) @ L(22) along the second factor. This second A; is contained
diagonally as an irreducible subgroup inside the product of orthogonal groups Og x Og, i.e., B4A1, so its
action on the 32-dimensional half-spin module is as the tensor product of the spins. The action on Sping
must be as 25 = L(11), and the action on the Sping has unipotent factors 11,5 and can be seen to be
11; & 51 = L(10) & L(4). Thus the subgroup Y has composition factors

L(21), L(15), L(9), L(7), L(23),

and hence satisfies Lemma 4.12, with the SLy(121) inside Y having the same factors on Vi, as the third
case.

We are left with 3621,101,61,2,41. We firstly note that if there is such a subgroup H then Ng(H) is
not contained in a positive-dimensional subgroup of G: to see this, notice that since Vi, |z is multiplicity-
free and contains a 36-dimensional composition factor, the only positive-dimensional subgroups that could
contain it are GoC3 and A Fy. If H < G2C3, the module 10 ® 100 has dimension 42, so must restrict to
362,1 @612, but 3621 = 9; ®42 is not a composition factor of any tensor product of a 6-dimensional module
and a 7-dimensional module, a contradiction. Since A;F, acts on Vi, with factors 1 ® 0001 and 3 ® 0000,
we see that if H < Ay Fy then the projection of H along A; must act on the natural module as 27, so that
L(3) restricts to H as 4;. However, again 362 ; is not a composition factor of any tensor product of 2; and a
module of dimension at most 26, so H cannot lie in A; Fyy either. Thus H, and by extension Nz (H ), cannot
lie in a positive-dimensional subgroup of G.

We therefore must have that Ng(H) contains SLa(121) with index at most 2 by Proposition 3.3. Recalling
that ¥ is an element of order 120, chosen so that the eigenvalues of i on 2, are ¢(*! for ¢ a primitive 120th
root of unity, we consider the elements of order 120 in a maximal torus of G squaring to y2, noting that the
¢2- and (S-eigenspaces of y? on Vi, are both 3-dimensional and coincide with the (- and (3-eigenspaces of
y respectively. We thus look for elements that square to y? and preserve the (2- and (®-eigenspaces of 3?;
of course, y is one of these elements, and we find four elements with 3-dimensional (- and (3-eigenspaces

(and therefore four with 3-dimensional (—()- and (—(?)-eigenspaces), which together generate a subgroup
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Z190 X Zo X Zg of the torus. Thus the stabilizer in G of the 4-dimensional submodule 4; of V,;, contains H
with index at least 4, a contradiction, and so H doesn’t exist by the above proof. This completes the proof

of the proposition when u comes from class E7(a4).

Suppose that u comes from class Dg, and that the composition factors of Vi, |1 are 10,67, 4: the trace
of an element of order 5 is 6, and this is enough to seriously restrict the possibilities. Using other semisimple
elements of order up to 20, we find up to field automorphism a single conspicuous set of composition factors,
namely 101,67,4;, and this must be semisimple as there are no non-trivial extensions between the factors.
However, this is incompatible with the action of u, so H cannot embed with this restriction to L. The other
set of composition factors are the same as for F7(a4), which we have already considered above.

Suppose that u comes from E7(a3), so that Vi, Lz has composition factors 103,63, 4,22, Checking traces
of elements of order up to 40 yields, up to field automorphism, only five conspicuous sets of composition

factors, which are
103,63,41,27, 103,63,42,27, 103,1091,67,21,22, 101,103,61,63,612,21, 221,102,101 2,63,2;.

The last two of these fail the traces of elements of order 60, so do not exist. The 2;-pressures of the remaining
three are —2, 1 and —1 respectively, as only 105 from these simple modules has an extension with 21, so
only the second need not fix a 2-space. In this case the {21, 42,64, 102 }-radical of P(103) is 102/21/103, so

Viin 15 has a 2-dimensional submodule. 0

We now have that p > 13, for which we only need consider a = 1. For p = 17,19,23, if H is not in
a member of 277, we will prove that H fixes an sly-subalgebra, and for p = 19 we will also get a Serre
embedding (see Definition 4.7).

We begin with p = 13.

Proposition 12.7 Suppose that p = 13 and a = 1. If H is not a blueprint for Vi, then Ng(H) either fixes

a 2-space or 4-space, and in both cases lies in a member of 277.

Proof: There are three possibilities for the action of u on Viin, namely cases (xxii), (xxiii) and (xxiv) from
the list above, with the last of these being semiregular.

In the first case, u acts as 13%, 14, and so Vinin & is the sum of four modules of dimension 14, which are
2/12, 4/10, 6/8, 8/6, 10/4, 12/2.
There are only two conspicuous sets of composition factors consisting of dual pairs of these, and they are
2/12¢12/23®4/10® 10/4 and 4/10®10/4 ® 6/8 @ 8/6.
Neither of these has a corresponding set of composition factors on L(G), so H does not embed in G with u

coming from class Fg.

If u comes from class Er(a3) then it acts as 132,12,10,6,2. The single block of size 2 must come from a
self-dual indecomposable module of dimension congruent to 2 modulo 13, and the two of these are 2 itself
— so H fixes a 2-space on Vi, — or a 28-dimensional module 6,8/6, 8; from here, the blocks of sizes 6 and
10 must come from simple summands and the 12 comes either from a 12 or a 6/6, yielding two possible
sets of composition factors, neither of which is conspicuous, having trace —1 for an element of order 3. This

completes the proof for the second action of wu.
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The final unipotent class to consider is the semiregular E7(az), acting as 13%,4 on the minimal mod-
ule. The single block of size 4 comes either from a summand 4 or from the indecomposable module
4,6,8,10/4,6,8,10, which is conspicuous, but we saw above that it has no corresponding set of factors
for L(G). Hence Vi g has a 4 as a summand, with two projective indecomposable summands. The

conspicuous such sets of composition factors yield
P2)® P(4) @ 4, P(12) ® P(10) @ 4, P(10) ® P(8) @ 4, P(6)® P(4) @ 4.

The first and second of these cannot occur because they do not have corresponding factors on L(G).

In the fourth case we again switch to L(G), and find two corresponding sets of composition factors,
namely

13,11,9%,79,5%,34 1, 113,93, 7°, 54,36,

The action of 4 on L(G) must be 13,3, and the single 3 in this action comes from a summand isomorphic
to either 3 or 5,7,9/5,7,9. The first case cannot occur as the single 1 must lie in a P(11), but this cannot
occur. In the second case, no trivials means there can be no P(11)s, so we must have P(3)®3 in L(G) |u,
but then there are no 3s or 9s remaining, so the summand contributing the 3 to the action of u cannot occur,
a contradiction. Thus H cannot embed with these factors either.

In the third case, there are again two corresponding sets of composition factors on L(G), namely
13,11%,9%,77,5,3% 13, 11°,93, 73,52, 35,12,

In the first of these, the single 5 means one has no P(5) and at most one P(7), but these are the only two
projectives containing 7, so we cannot use up the seven 7s. The second case does have a unique possibility,
however, of

P11)®? @ P(9) @ P(7T) ® P(3) ® 3.
Although it has 3 as a summand, the presence of a P(3) means that we cannot guarantee that it is an
slp-subalgebra of L(G), although the 3 @& 3 in the socle of L(G) |y does form a subalgebra.

Let x denote an element of order 14 in H and let { be a primitive 14th root of unity, arranged so that

the eigenvalues of x on 4 are (!, (*3. The eigenvalues of z on Vi, are
(=1 (¢, ()%, ()™
Let # denote a primitive 28th root of unity with #2 = ¢, and we find # € G such that 2 = z and & has
eigenvalues
(ii)4» (eil)g’ (0i3)8, (9i5)53 (70i5)2

on Viin. This stabilizes the eigenspaces intersecting the 4, and so  stabilizes the 4-space stabilized by H.

The action of # on L(G) has a 21-dimensional 1-eigenspace but —1 is not an eigenvalue of #: if H =
(H,%)/Z(G) = PSLy(13) then all of the composition factors of L(G) | 7 must be the plus-type factors, in the
notation of Section 4.4. Thus we extend the action of H/Z(G) = PSLy(13) on L(G) uniquely to an action
of PGL2(13), and doing so yields a trace of 11 on L(G) for an element of order 4 in PGL2(13) \ PSLy(13).
However, 11 is not the trace of an element of order either 4 or 8 (in case it powers to the central involution)

in G on L(G), a contradiction, so that (H,Z), which stabilizes the 4-space, is not almost simple modulo
Z(@G). Thus Ng(H) is contained inside a member of 2% by Proposition 3.3, as needed. O

Proposition 12.8 Suppose that p = 17 and « = 1. If H is not a blueprint for Vi, then either Ng(H)
stabilizes a 4-space on Vi, whose stabilizer not Nu(H), and hence N (H) is contained in a member of 277,
or H stabilizes an sly-subalgebra of L(G).
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Proof: There are two non-generic unipotent classes, cases (xxv) and (xxvi) above, where there are single
Jordan blocks of sizes 4,6,8,10,16. Apart from the simple modules of dimension congruent to 4,6, 8,10, 16
modulo 17, the self-dual indecomposable modules congruent to those dimensions have dimensions 72, 108,
144, 114 and 16 respectively, so only the 16 might not come from a simple summand.

For u belonging to class F7(asz), so acting as 172,10, 8,4, we therefore have a single projective plus

10 ® 8 @ 4. Applying the traces of semisimple elements yields two possibilities:
P(16)® 100 8d® 4 and P(10)® 108 a 4.

The second of these does not yield an action on L(G) as the traces do not match up, but the first of these

has a unique set of composition factors on L(G) which yields
7@ P(15) @ PA1) @150 11096 70 392

The subspace 392 is an H-invariant Lie subalgebra of L(G), but we proceed as in the case of p = 13, finding
an element of order 36 that preserves the 4-dimensional submodule.
Let x be an element of H of order 18 and ¢ be a primitive 18th root of unity, arranging our choices so

that the eigenvalues of = on 4 are ¢*' and ¢(*3. The eigenvalues of 2 on Vi, are
(_1)67 (Ci1)67 (Ci3)77 (<i5)67 (Ci7)6'

Letting 6 denote a primitive 36th root of unity squaring to ¢, we find an element & of order 36 in G with

2

¢ = x and with eigenvalues on Vi, given by

(:l:i)37 (eil)(i’ (9i3)77 (9i5)57 _9i57 (9i7)47 (_9i7)2'

We see immediately that & preserves the 4-space stabilized by H, and we proceed as in Proposition 12.7,
noting that —1 is not an eigenvalue of & on L(G), and so there is a unique extension of PSLy(17) to PGL2(17).
However, an element of order 6 in PGLo(17) \ PSL(17) has trace 8 on L(G). While 8 is the trace of an
element of order 6 in G (but not an element of order 12 powering to the central involution), the square of
this element needs trace 34 on L(G), which is not a trace of an element of order 3 in H, a contradiction. We

then proceed as in Proposition 12.7.

For u belonging to class F7(a1), so acting as 17%,16,6, the 6 must come from a simple summand, but
the 16 comes from either a simple summand or 8/8. Thus our embedding of H is either a single projective

plus 8/8 @ 6 or a single projective plus 16 @ 6. Using traces, the two options are
P(12)216®6 and P(4)® 16 @ 6.

The second of these has no corresponding set of composition factors on L(G), but the first has a unique set,
which implies that L(G) g is
7@ P(15)® P(11) @ P(7) @ 11 @ 3,

and so the 3 is an sly-subalgebra by Proposition 4.17 and we complete the proof. OJ

Proposition 12.9 Suppose that p = 19 and @ = 1. If H is not a blueprint for Vi,;, then H stabilizes an
slp-subalgebra of L(G), or H is a Serre embedding.
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Proof: When p = 19, there are two non-generic unipotent classes, E;(a1) and E7, cases (xxvii) and (xxviii)
above. As p = 3 mod 4 there is a unique self-dual indecomposable module congruent to any given integer
modulo p. For E7(ap) the 12 and 6 in the action of u must therefore come from simple summands, leaving a
single projective module of dimension 38. Only two possibilities yield conspicuous sets of composition factors,
namely P(16) @ 12 ® 6 and P(4) @ 12 ® 6. The second of these has no corresponding set of composition
factors on L(G), with the first of these yielding the unique action

P15) & P& 196176116 76 3,

with the 3 being an sly-subalgebra of L(G) by Proposition 4.17.

The remaining case is u coming from the regular class, where as with the E7(aq) case the 10 from the
action of u must yield a simple summand, with the rest projective. There are again two conspicuous sets of
composition factors for Vipi, |a, coming from P(4) @ 18 and P(10) @ 18. The first has no corresponding set
of composition factors on L(G), and the second has a single set, which since u is projective on L(G), must
be arranged so that L(G) g is

19® P(15) @ P(11) @ P(3).

While the 3-dimensional submodule is a subalgebra of L(G), it is not obviously an sly-subalgebra because

we cannot apply Proposition 4.17. This is a Serre embedding as defined in Definition 4.7, as needed. OJ

The last case is p = 23 and the regular unipotent class, to conclude this section.

Proposition 12.10 Suppose that p = 23 and a = 1. If H is not a blueprint for Vj,;, then H stabilizes an
sly-subalgebra of L(G).

Proof: The only non-generic class for p = 23 and Vi, is the regular class, with blocks 232, 10, case (xxix)
above. The 10 in the action of v must come from a simple summand, leaving a single projective module of
dimension 46. Only two possibilities yield conspicuous sets of composition factors, namely 20, 18, 10,42 and
182,10,6,4. The first of these has no corresponding set of composition factors on L(G), with the second of
these yielding the unique action

P(19)® P(11) @23 @ 15® 3,

with the 3 being an sly-subalgebra of L(G) by Proposition 4.17. O
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A Actions of maximal positive-dimensional subgroups on minimal

and adjoint modules

In this appendix we collate information on the actions of the reductive and parabolic maximal subgroups of
positive dimension on the minimal and adjoint modules for the algebraic groups Fy, Eg and E7 that we have
used in the text, other than those in Lemmas 2.4 and 2.5. These have been documented in many places, but
we give them here as well for ease of reference.

We need information for Fy and FEg in characteristic 3, and for Fg in characteristics 7 and 11. We
list the composition factors of every maximal closed, connected subgroup of positive dimension in these
characteristics, taken from [20], on Viin, and L(G) for G = F;. We list the reductive subgroups first, and
then the parabolics. Write M* to mean a module M and its dual M*.

We begin with the table for F); in characteristic 3.

Subgroup of Fy for p =3 Factors on Viin Factors on L(G)
By 1000, 0001 0100, 0001
A Cy (1,100), (0,010) (2,000), (0,200), (1,001)
Ag A,y (10,10), (01,01), (00,11) ~ (11,00), (00, 11), (10,02), (01, 20), (00, 00)?
A1Gy (2,10), (4, 00) (2,00), (0,01), (0,10)2, (4, 10)
Bj 100, 0012, 0002 1002,010,0012, 000
Cs 1002,010 200, 0012, 000?
A, (10,1)*, (10,0)%, (11,0), (10,2)*, (10, 1)*, (10,0)*,
(00, 2), (00, 1)2 (00,2), (00, 1)2, (00, 0)?

(20, 1)*, (20,0)%*, (11,0),

A2A1 (1051>i7(1070)i7(11’0) (00 2) (OO 1)2 (00 0)2

Next, the subgroups of Fg in characteristic 3.

Subgroup of Fg for p =3 Factors on Viin
AsAy (Ag,0), (M, 1)
A Az As (10,01,00), (00, 10,01), (01, 00, 10)
Fy 0001, 00002
Cy 0100
GaAs (10, 10), (00, 02)
G2 (2 classes) 20
Ds A1, A, 0
As A2\
AgAy (1000, 1), (0001, 0), (0010, 0), (1,0000)
Ay As Ay (10,01, 1), (01,00, 1), (00, 10,1), (01, 00,0), (00, 10,0)

Finally, the subgroups of F; in characteristics 7 and 11.
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Subgroup of E7 for p=7,11

Factors on Vi,

Dg A, (A1, 1), (A5, 0)
A; A

Az Ay (A1, 10)%, (A3,00)

C3Goy (001, 00), (100, 10)

G2 A, (01,1), (10, 3)

F A, (0001, 1), (3,0000)
Ay 06+

A Ay (6,3),(4,1),(2,5)
o 2,02
Dg A \s
Ag AT AS

As Ay (A1, 10)%, (A3,00)

Ay Ay (10,1000)*, (10,0000)*, (00,0100)*

AsAs Ay (000,10, 1)*, (010,00, 1), (100, 10,0)*, (100, 00, 0)*
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