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Abstract

In this PhD thesis we discuss methods of recognizing finite groups by the structure of
normalizers of certain 3-subgroups. We explain a method for characterizing groups using
character theoretic and block theoretic methods and we use these methods to characterize
Alt(9). Furthermore, we describe a particular hypothesis related to the 3-local structure of
finite groups of local characteristic 3 and characterize two almost simple proper extensions
of Q4 (2) as examples of the local approach to group recognition. We also give a 3-local
characterization of the sporadic simple group HN using local methods whilst applying a

character theoretic result.
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Introduction

In [25], Higman gives the following weak analogue of the Brauer-Fowler theorem for the

prime three.

Theorem. There are a finite number of finite simple groups G' with more than one con-
Jugacy class of elements of order three such that for some integer n, |Cq(x)| < n for every

element of order three, x in G.

The Brauer-Fowler Theorem itself says that there are a finite number of finite simple
groups with a given centralizer of an involution. This, together with the Feit—Thompson
Theorem suggested that finite simple groups could be classified by the structure of invo-
lution centralizers. Furthermore, much as the proof of the Brauer—Fowler Theorem relies
on the fact that two involutions generate a dihedral group, Higman’s analogue relies on
a well known observation that a group generated by elements a and b of order three such
that ab also has order three has an abelian normal subgroup of index three. In [22] Hart-
ley and Kuzucuoglu proved using the classification of finite simple groups (see [18]) that
for any two natural numbers, n and k, there are a finite number of finite simple groups
G containing an element x of order n such that |Cg(z)| < k. However the elementary
nature of the proof of Higman’s statement reminds us that elements of order three have a
special role in finite group theory and also provides hope that some simple groups can be
recognized from the structure of their 3-centralizers independently of the classification of
finite simple groups (see Section XVI in [16] for further discussion of this). In fact, during

the 1960’s and 1970’s, Higman and some of his students worked towards odd characteri-
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zations of some simple groups using character theoretic methods (see for example [24] and
[34]). The methods work particularly well in characteristic three. Note that in a finite
group G, the subgroups N¢(P), where P is a non-trivial p-subgroup of G' (p a prime), are
called the p-local subgroups of G. There are many recent examples of so-called 3-local
characterizations of simple groups. See for example [6], [27], [36]. In particular, in the

qualifying thesis which preceded this thesis [5], the following theorems were proven.

Theorem. Let G be a finite group with subgroups A = B such that C':= AN B contains
a Sylow 3-subgroup of both A and B and such that no non-trivial normal subgroup of C

is normal in both A and B. Suppose further that

() G= (A, B);
(i1) AJO3(A) = B/Oy(B) = GLy(3);

(1ii) O3(A) and O3(B) are natural modules with respect to the actions of A/O3(A) and
B/Os5(B) respectively; and

(iv) for S € Syly(C), Na(Z(5)) = Na(2(5)) = Ns(Z(5)).

Then G = My or PSL3(3).

Theorem. Let G be a finite group with non-conjugate subgroups A, and As such that
Aqg = Ay N Ay contains a Sylow 3-subgroup of both Ay and As, and such that no non-
trivial normal subgroup of Ais is mormal in both A, and As. Suppose further that, for

i=1,2,

(1) |0s(A;)| = 3%
(17) A;/O3(A;) = GLy(3);

(1i1) O3(03(A;))/Z(A;) and Z(05(4A;))/03(A;)" are natural modules with respect to the
action of A;/O3(A;); and



(iv) Ng(Os(4;)") = A;.

Then G = G5(3).

Both theorems recognize a group which is rank 2 in the sense that there are two subgroups
properly containing a given Sylow 3-subgroup. The characterizations rely on two character
theoretic results by Smith and Tyrer and by Feit and Thompson (see Theorems 1.54 and
1.57 in Section 1.5 of this thesis). In 3-local characterizations, we often need to determine
the structure of centralizers of elements of order three. Once we have such information we
must use it to determine the structure of an involution centralizer. Character theoretic
results allow us to restrict the size and structure of such subgroups by using information
related to the normalizer of a Sylow 3-subgroup. The Smith-Tyrer Theorem can be
useful in determining the structure of a group if the target group is p-soluble of length
one and such structures appear surprisingly often in [5]. The theorem is not used to such
a large extent in this thesis (for example we must deal with non-soluble centralizers). In
fact, it has been observed that, to 3-locally recognize certain groups it is often necessary
to develop character theoretic arguments related to the specific 3-local subgroups one
encounters. To be more specific, in the final chapter of this thesis, we recognize the
Harada—Norton sporadic simple group, HN (see Chapter 5). The group HN has a subgroup
isomorphic 3 x Alt(9). However the information we acquire through 3-local analysis only
allows us to see a small part of this subgroup. Thus in Chapter 2 of this thesis we present

a proof of the following theorem.

Theorem A. Let G be a finite group with J < G such that J is elementary abelian of
order 27. Suppose H = Ng(J) is isomorphic to a 3-local subgroup of Alt(9) of shape
3%.Sym(4). If O3 (Cq(x)) = 1 for every element of order three x in H, then G = H or
G = Alt(9).

The proof of this result is highly character theoretic and deals with a fixed isomorphism

type of local subgroup and as such is tailored towards the situation arising in the HN
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recognition result. However the method is most likely applicable to many situations
involving 3-local recognition of small groups. The character theoretic proof uses Suzuki’s
theory of special classes as described in Chapter 2. It also develops some character
theoretic methods which were possibly used by Higman and students in the 1970’s. These
methods involve blocks of characters and detailed calculations. In fact we use a computer
algebra package for some of these calculations and the code is displayed in the appended
Chapter ?7?7. The proof also uses some local methods to finally recognize the simple group

Alt(9) together with a theorem of Aschbacher.

In Chapter 3 we consider groups satisfying a particular hypothesis. This hypothesis is
related to a major programme of research led by Meierfrankenfeld, Stellmacher and Stroth.
The programme aims to understand groups of local characteristic p (see [30]). Given a
group X and a prime p, X is said to be of characteristic p if Cx(0y(X)) < Oy(X).
Given a group G and a prime p dividing |G|, G is of local characteristic p if every p-
local subgroup is of characteristic p and G is of parabolic characteristic p if every p-local
subgroup which contains a Sylow p-subgroup is of characteristic p. A group G is almost
simple if a subgroup H < G is non-abelian and simple and G is isomorphic to a subgroup
of Aut(H). Almost simple groups of Lie type defined over fields of characteristic p have
local characteristic p and several of the sporadic simple groups have a prime divisor p
of the group order for which they are of either local or parabolic characteristic p and
therefore in some sense mimic the local behavior of groups of Lie type in characteristic
p. In this thesis we do not explicitly consider groups of local characteristic p however
we consider the following hypothesis which has application towards the understanding of

such groups.

Hypothesis. Let G be a finite group and let Z be the centre of a Sylow 3-subgroup of G
with Q := O3(Ce(Z)). Suppose that

(i) Q= 3}&-+4;

(i7) Ca(Q) < Q; and



(i7i) for some x € G\N¢g(Z), [Z,Z"] = 1.

The third condition is to say that Z is not weakly closed in C(Z) with respect to G.
Five sporadic simple groups satisfy this hypothesis as well as several simple and almost
simple groups of Lie type in defining characteristics 2 and 3. Thus the configuration
is exceptional as it admits sporadic groups and simple groups of local characteristic 2.
Full analysis of this hypothesis will form part of a future project however we begin the
analysis in this thesis. In particular, we replace condition (7iz) with the following stronger

condition.
(1i1) Z # Z* < Q for some x € G.

In Chapter 3 we examine groups satisfying our hypothesis and produce a list of local
properties which such groups have. These properties are then used in Chapter 4 where

we consider groups with an additional hypothesis as we prove the following theorem.
Theorem B. Let G be a finite group and let Z be the centre of a Sylow 3-subgroup of G
with Q := O3(Ce(Z)). Suppose that

(Z) Q o~ 3}~_+47.
(1ii) Z # Z* < Q for some x € G.
Furthermore assume that Ce(Z)/Q = SLa(3) or Ce(Z)/Q = SLa(3) x 2 and the action

of O*(Ca(Z)/Q) = SLy(3) on Q/Z has one non-central chief factor. Then G = QZ(2).3
or G = QF(2).Sym(3).

This result has a direct application in a further recognition result in preparation by
Parker and Stroth which aims to recognize the exceptional group of Lie type 2Eg(2)

(and its almost simple extensions) as groups of parabolic characteristic 3. The almost
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simple groups each have a section to which Theorem B applies. The proof of Theorem B
requires us to recognize firstly that a group satisfying the hypothesis has a proper normal
subgroup and secondly that a normal subgroup is isomorphic to the simple orthogonal
group €4 (2). After gathering both 3-local and 2-local information about groups satisfying
the hypothesis of Theorem B we are able to use transfer results to recognize abelian
quotients. We finally make use of a theorem due to Smith [38] to recognize the simple

subgroup.

The Harada—Norton sporadic simple group also satisfies the hypothesis we describe in

Chapter 3 and in the final chapter of this thesis we give a proof of the following result.

Theorem C. Let G be a finite group and let Z be the centre of a Sylow 3-subgroup of G
with Q := O3(Cq(Z)). Suppose that

(i) Q=31

(i) Co(Q) < @
(iid) Z # Z% < Q for some x € G; and
(iv) Ca(Z)/Q = 2-Alt(5).

Then G is isomorphic to the sporadic simple group HN.

We apply the general theory from Chapter 3 to understand the 3-local structure of groups
satisfying the hypothesis of Theorem C. We also apply Theorem A to recognize a 3-
centralizer of shape 3 x Alt(9). However the majority of the proof involves 2-local analysis.
This is because in order to eventually recognize the simple group we apply a theorem of
Segev. Segev’s recognition result requires us to determine the structure of two conjugacy
classes of involution centralizer. Both involution centralizers are non-soluble which, as
described previously, can make identification more difficult. Moreover, both involution
centralizers have small Sylow 3-subgroups which further complicates our determination

of the group structure.



We conclude this introduction with some discussion of transfer and the scope for
further work. In the proof of Theorem B we are forced to work “at the top of the group”
when we prove that our group has proper derived subgroup. This requires results which
use the transfer homomorphism which is an essential tool when working with groups which
are almost simple proper extensions. The recognition of HN could also be extended in
this way to recognize the almost simple group Aut(HN) ~ HN.2. However, as we see with
the characterization of 2f (2).Sym(3), proving the existence of an index two subgroup is
difficult. The transfer results can only be used once a Sylow 2-subgroup has been found
and after we have gathered a great deal of information about fusion of elements of order
two. Such things are not observed until the later stages of the proof. However, future
work will include extending Theorem C to the almost simple case and perhaps such work
will lead to a faster way to recognize proper 2-quotients. We mention also that perhaps
the first case to consider in relation to our general hypothesis is the simple group PSLy4(3).

This has also been characterized (see [4]) with the following theorem.

Theorem. Let G be a finite group and let Z be the centre of a Sylow 3-subgroup of G.

Suppose that

(i) @ =0s5(Cc(Z)) = 3,
(i) Ca(Q) < Q;
(1ii) Z # Z* < Q for some x € G; and

(iv) Ca(Z)/Q = SLa(3) and the action of Ca(Z)/Q on Q/Z has two non-central chief

factors.

Then either G = PSL4(3) or G is isomorphic to a mazimal parabolic subgroup of PSL4(3)
of shape 3%.SL3(3).

This result will also be extended to recognize the four almost simple extensions of PSL4(3).

Furthermore, future work will include characterizing all groups which satisfy our hypoth-
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esis with Z # Z% < ). This involves recognizing Fy(2) and Aut(Fy(2)) and of course
proving that no further examples exist. Finally, we remark that, as described previously,
the hypothesis we consider in this thesis can be weakened to consider groups in which Z
is not weakly closed in Cg(Z) with respect to G. This, of course, is a much wider project
and involves recognizing many more almost simple groups. However the work in this
thesis makes a contribution to such an investigation and describes and develops methods
which will certainly be applicable. In particular, it is likely that the character theoretic
results in Chapter 2 can be extended and could prove to be a vital tool in such a project.
A first extension of the character theoretic methods could, for example, be to characterize

groups G with a Sylow 3-subgroup S = 313 such that Cg(Z(9)) has characteristic 3.

Finally, all groups in this thesis are finite. We note that Sym(n) and Alt(n) denote the
symmetric and alternating groups of degree n and Dih(n) denotes the dihedral group of
order n and @,, the quaternion group of order n. Notation for classical groups follows [1].
All other groups and notation for group extensions follows the ATLAS [10] conventions.
In particular, if S is a group, p is a prime and n € N then S = p” means that S is an
elementary abelian subgroup of that order. If a group G has a normal subgroup N of
isomorphism type A with G/N of isomorphism type B then we say that G has shape
A.B or G ~ A.B. If furthermore the extension is split, this is to say G has a subgroup
M isomorphic to B such that G = NM, then we use the notation G ~ A : B unless
[M, N] =1 in which case G = A x B. If the extension is non-split then we denote this by
G~AB. If NNM <GwithG=MN, [M,N|=1and 1 # Z(M) < Z(N) then we write
G = M * N and say G is a central product of M and N. Furthermore, if G is a group and
x € G then % represents the conjugacy class of G containing = (so % = {29]g € G}).
If 1 # 2 € G is in the centre of a Sylow p-subgroup then we say that x is p-central in G.
If a group A acts on a group G and a € A and g € G then [g,a] = g~ '¢*. Further group
theory notation and terminology is standard as in [1] and [28] except that Z(G) denotes

the centre of a group G. The character theoretic notation used in Chapter 2 follows [26].



Chapter 1

Preliminary Results

We begin this thesis with some preliminary results whose proofs can mostly be found in

[1], [17] and [28].

1.1 General Group Theoretic Results

Lemma 1.1 (Frattini Argument). /28, 3.2.7, p66] Suppose that p is a prime and that
H <G with P € Syl (H). Then G = Ng(P)H.

Lemma 1.2 (Dedekind’s Modular Law). [1, 1.14] Suppose that A, B and C are sub-

groups of a group G such that B < C. Then

ABNC = (ANC)B.

Note that a commutator [a, b] is defined to equal a~ta’. Also commutators are left defined

so [a, b, ¢| means [[a, b], c].

Lemma 1.3 (Three Subgroup Lemma). [28, 1.5.6, p26] Let G be a group and let
A,B,C<G. If[A,B,C] = [B,C, Al =1 then [C, A, B] = 1.



Definition 1.4. Let p be a prime and let £ be a non-abelian p-group. If E' = Z(F) =

®(FE) is cyclic of order p then E is said to be extraspecial.

Lemma 1.5. [12, Thm 20.5] Let E be an extraspecial p-group. FEzactly one of the fol-

lowing holds.

(1) p=2 and FE is a central product of n copies of Dih(8).

(1) p=2 and E is a central product of n — 1 copies of Dih(8) and one copy of Qs.
(1ii) p # 2 and E has exponent p.
(iv) p # 2 and E has exponent p*.

g2l+2n 21+2n 1+2n 1+2n
=27 , 20

We denote such groups as E , py " and pZm" respectively.

It is well known that Dih(8) % Dih(8) = Qg * Qs so the description of extraspecial 2-groups
given here is not unique.

Theorem 1.6. Suppose that p is a prime and that E is an extraspecial p-group of order

14+2n
p .

(i) If p=2 and E = 21" then Out(E) = O3, (2).
(i3) If p=2 and E = 22" then Out(E) = 05, (2).
(i43) If p is odd and E = p:t*" then Out(E) = Sp,,, (p).Cp_1.
(iv) If p is odd and E = p"™" then Out(FE) = piﬁ("_l).SpanQ(p).Cp_l.

Proof. See [12, 20.8, 20.9]. O

The following result is well known. A proof can be found for example in [5, 1.18].

Lemma 1.7. The extraspecial 2-group 21++4 contains exactly two subgroups isomorphic to

Qs and they commute and 2?4 contains exactly 12 elements of order four.
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Definition 1.8. Let A be a group acting on a group G. The action of A on G is coprime

if |A| and |G| are coprime.

Theorem 1.9 (Coprime Action). Suppose A is a group acting on the group G and

suppose the action of A on G is coprime. The following hold.

(1) G =[G, AlCs(A) and if G is abelian, then G = [G, A] x Cg(A).
() G, A] =[G, A, Al
(iti) Can(A) = Ca(A)N/N for any A-invariant N <1 G.

(iv) If A is an elementary abelian p-group (p is a prime) of order at least p* then G =
(Cola) | a € A%) = (Ca(A1) | [A: Al =p).

Proof. For (i) and (i) see [28, 8.2.7, p187]. For (iii) see [28, 8.2.2, p184]. For (iv) see
28, 8.3.4, p193]. 0

Lemma 1.10. Let p be a prime and let QQ be an extraspecial p-group. Suppose that « is

a non-trivial automorphism of Q of order coprime to p with [Z(Q),a] = 1. Then either

(i) Q@ =1[Q,a] and Cy(a) = Z(Q); or

(i1) Co(a) and [Q, a] are both extraspecial with Q) = Co()[Q, a] and Co(a) N[Q, o] =
Z(Q).

Proof. By coprime action on an abelian group, we have Q/Z(Q) = [Q/Z(Q),a] x
Co/z@)(a). Hence if Q = [Q,a] then Cg(a) = Z(Q). So suppose that Q # [Q,al.
Since a is non-trivial, Q # Cg(a) and so we have that 1 < [Q,a] < Q. Notice that
[Co(a),Q,a] < [2(Q),a] =1 and [Cy(a),a,Q] = [1,Q] = 1 so by the three subgroup
lemma, [Q, o, Co(c)] = 1. Consider Z(Cp(«)). This commutes with (Co(a), [Q,a]) = Q
and so 1 # Z(Cgo(a)) < Z(Q) and since Z(Q) is cyclic of order p, Z(Co(a)) = Z(Q).
Similarly, Z(]Q, a]) = Z(Q). If Co(a) = Z(Q) then, because Q = [Q, a]Co(a), it follows
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that @ = [Q, o] which is not the case. Similarly if [Q), a] = Z(Q) then, Q = Cg(«), which
contradicts that o # 1. Hence Cg(a) and [@,a] are both extraspecial and it follows

immediately from coprime action that @) = Cp(a)[Q, a] and Cp(a) N [Q, o] = Z(Q). O

Theorem 1.11 (Thompson). [17, 2.1, p337] Let Q be a group and o an automorphism

of Q of prime order such that Cg(a) = 1. Then @ is nilpotent.

Theorem 1.12 (Burnside). [17, 5.1.4, p174] Let p be a prime and let P be a p-group

and o an automorphism of P of order prime to p. If a centralizes P/®(P) then o = 1.

Theorem 1.13 (Gaschiitz). [19, p63] Let p be a prime and let A be an abelian normal
p-subgroup of a group G. Suppose that S € Syl (G). Then there is a complement to A in

G if and only if there is a complement to A in S.

Definition 1.14. Let G be group and let p be a prime. Set n to be the order of a largest
abelian p-subgroup of G and set A := {A < G||A| = n}. Then the Thompson subgroup
of Gis J(G) :=(A] Ae A).

See [28], for example, for properties of the Thompson subgroup. We use the following

property many times in this thesis.

Lemma 1.15. Let G be a group, p be a prime and S € Syl,(G). Suppose J(S) is abelian

and suppose a,b € J(S) are conjugate in G. Then a and b are conjugate in Ng(J(S5)).

Proof. Suppose a9 = b for some g € G. Notice first that it follows immediately from the
definition of the Thompson subgroup that J(S)? = J(S9). Now J(S5), J(59) < Cg(b).
Let P,Q € Syl,(Cg(b)) such that J(S) < P and J(SY) < Q. Again, by the definition of
the Thompson subgroup, it is clear that J(S) < P implies J(S) = J(P) and similarly
J(S9) = J(Q). By Sylow’s Theorem, there exists © € Cg(b) such that @ = P and so
J(S)=J(P)=J(Q)* = J(5)%. Thus gx € Ng(J(5)) and a%" = b" = b as required. [

Lemma 1.16. /28, 7.1.5, p167] Let G be a group, p be a prime and S be a Sylow p-
subgroup of G. If Ay and Ay are normal subsets of S which are conjugate in G then they

are conjugate in Ng(S).
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In many of the calculations in the proof of Theorem B and Theorem C we often switch
between a group with nilpotence class two and its abelian quotient modulo the centre.

The following lemma allows us to adjust between the two groups.

Lemma 1.17. Let P be a class two group and o an automorphism of P that centralizes

Z(P). Then [Cpjzpy(a) : Cp(a)/Z(P)] divides |Z(P)|.

Proof. Define a map
¢ : Cp/g(p)((l{) — Z(P)

Z(P)x — [z,q].
Then ¢ is a well defined map since o commutes with Z(P). Moreover ¢ is a homomor-

phism and the kernel is Cp(a)/Z(P). O

Lemma 1.18. Let X be a group with an elementary abelian subgroup E <1 X of order 2%"
such that Cx(E) = E. Let S € Syl,(X) and suppose that whenever E < R < S with R/E
elementary abelian and |R/E| = 2* we have |Cg(R)| < 22"7%"1. Then E is characteristic

m S.

Proof. First observe that since Cx(F) = F, X/F is a group of outer automorphisms of
E. Let a be an automorphism of S such that E* # E. Then R := FE* < 5. Since E is
elementary abelian, we have that £*/(F N E*) = EE*/E = R/FE is elementary abelian
and ENE* is central in R. If |R/E| = 2% then |[ENE*| = 2?50 |Cg(R)| > |[ENE*| =

22n=a which is a contradiction. O

1.2 Results Using Transfer

The transfer homomorphism is a useful tool in group theory and is used to identify proper
normal subgroups. See Chapter 7 in [28] for a definition of the transfer homomorphism
and related results. We state four transfer related results in this section and apply one of

these in Lemma 1.23 to prove a result which is required in Chapter 5.
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A group G is said to have a normal p-complement (p a prime) if O, (G) = OP(G).
This is to say that G has a normal subgroup N of order prime to p such that G = NP
for P € Syl (G).

Theorem 1.19 (Burnside’s Normal p-complement Theorem). [28, 7.2.1, p169] Let
G be a group and let p be a prime. Suppose that P € Syl,(G) such that Co(P) = Ng(P).

Then G has a normal p-complement.

Lemma 1.20 (Thompson’s Transfer Lemma). /28, 12.1.1, p338] Let G be a group
and S € Syl,(G). Suppose that there exists a mazimal subgroup U < S and an involution

t €S such that t“NU = ). Then t is not contained in O*(G).

Theorem 1.21 (Griin). [17, 7.4.2] Let G be a group, p a prime and S € Syl (G). Then
SNG = (SN Ng(S),Sn PP eSyl,(G)).

Theorem 1.22 (Extremal Transfer). [19, 15.15, p92] Let G be a group and let p be a
prime with P € Syl (G). Suppose Q<P and [P : Q] =p andxz € P\Q. Ifz9NP C QUQx

then either v ¢ OP(G) or there exists g € G such that 29 € Q and Cp(29) € Syl (Ca(27)).

Note that 2% N P C Q U Qz holds automatically if p = 2.

The following lemma is an application of Lemma 1.22 that will be needed in Chapter

5. Note that given a p-group S, we set Q(5) = (z | 2P = 1).

Lemma 1.23. Let G be a group and 4x4x4 = A < G with Cg(A) = A. Set X := Ng(A)
and assume that X ~ 43 : (2 x GL3(2)) contains a Sylow 2-subgroup of G. Furthermore
suppose that there exists an involution u € X\O?*(X) such that Ce(u) = 2 x Sym(8).

Then u ¢ O*(G). In particular, O*(G) # G.

Proof. Let Y := O*(X) then Y/A = GL3(2) and u ¢ Y. We assume for a contradiction
that for some g € G, r := w9 € Y and so we apply Lemma 1.22 to see that C'x(r) contains
a Sylow 2-subgroup of Cg (1) = 2 x Sym(8). Observe first that r ¢ A because no element

of order four in G squares to r.
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Set V :=Q(A) = 2% and let S € Syl,(Cx(r)). Then |S| = 2% and therefore |SNA| > 2.
It follows that SN A = 4 x 4 since Ar € Y/A = GL3(2) acts faithfully on V' and therefore

|Cy(r)| < 22. In particular, |[Ca(r)| = 2% and so SA € Syl,(X).

Since X/A = 2xGL3(2), 2xDih(8) = SA/A = S/(ANS) = S5/C4(r). Set Sy := SNY
then r € Sy and we have that Dih(8) = SypA/A = Sy/(A N Sy) = So/Ca(r). Since
r € Z(9), Ca(r)r € Z(So/Ca(r)). Therefore So/(Ca(r),r) =2 x 2. Let Ca(r) < R <
S such that |R/Ca(r)] = 2 and S = SpR and [R,Sp] < Ca(r). This is possible as
S/Ca(r) =2 2 x Dih(8). We have therefore that [R, Sp|, So N R < Cu(r) < (Ca(r),r)
and so S/(Ca(r),r) =2 x 2 x 2. Now (Ca(r),r)/(r) = Ca(r) = 4 x 4. Hence, S/(r) ~
(4 x 4).(2 x 2 x 2) which is a subgroup of Cg(r)/(r) = Sym(8). However, a 2-subgroup of
Sym(8) has non-abelian derived subgroup which supplies us with a contradiction. Thus

u ¢ O%(G). 0

1.3 Strongly Closed Subgroups

We now define strongly p-embedded (p a prime) subgroups as well as strongly closed and
weakly closed subgroups of a group. In Chapter 2 we prove a result concerning groups with
a certain strongly 3-embedded subgroup. Groups with a strongly 2-embedded subgroup

are well understood thanks to a theorem due to Bender (see [§]).

Definition 1.24. Let G be a group and H < G with a prime p dividing |H|. We say
that H is strongly p-embedded if for all g € G\H, p1|H N HY|. If p =2 we say that H

is strongly embedded in G.

Definition 1.25. Let GG be a group with subgroups P < R < G.

(1) We say that P is strongly closed in R with respect to G if for all g € G and for all

x € P, 29 € R implies 29 € P. Alternatively, for all g € G, PPN R < P.

(i7) We say that P is weakly closed in R with respect to G if for all g € G, P9 < R
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implies that P9 = P.

In the following lemma we use the notation m(G) to be the order of the largest
elementary abelian 2-subgroup of a group G. The result is due to Goldschmidt (see [15])

but is stated in the presented form and proven also in [40].

Lemma 1.26. Let E be an elementary abelian 2-subgroup of a group G and let E < S €
Syly(Ng(E)). Assume that for each x € S\E, m(E) > m(S/E) + m(Cg(x)). Then E is

strongly closed in S with respect to G. In particular, S € Syly(G).

In Chapters 4 and 5 we show that certain abelian 2-subgroups are strongly closed
in a Sylow 2-subgroup of a group with a view to applying the following theorem due to
Goldschmidt. The result is an essential part of the 2-local analysis required to determine

a centralizer of an involution.
Recall that given a p-group S, we set Q(S) = (z | 2P = 1).

Theorem 1.27 (Goldschmidt). [28, p370] Let S be a Sylow 2-subgroup of a group G
and let A be an abelian subgroup of S such that A is strongly closed in S with respect to
G. Suppose that G = (A%) and Oy (G) = 1. Then G = F*(G) and A = O4(G)Q(S).

1.4 Representation Theoretic Results

In order to understand a group we often identify this group acting on a vector space and
use representation theoretic results. When one group G acts on a p-group V say (p a
prime) we may consider sections of V' on which G acts irreducibly and call these chief
factors. Note that in this thesis we often consider groups acting on elementary abelian
p-groups. We consider such groups as vector spaces and call them modules. However we

continue to write such groups multiplicatively.

Definition 1.28. Let G be a group which acts on a group p-group V. Consider a sequence

1=Vy < Vi <... <V, =V where each V; is a G-invariant subgroup of V' and each
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V; < Vi1 is maximal with respect to being G-invariant. We say that the series is a G-chief
series and that each factor Vi, 1/V; is a G-chief factor. Moreover if [V;,1/V;, G] = 1 then

we say that V;,1/V; is a central G-chief factor and non-central otherwise.

Definition 1.29. Let G be a group acting on an elementary abelian p-group V. We say

that G acts quadratically on V' if [V,G,G] = 1.

See Chapter 9 in [28] for results concerning quadratic action. We require the following

such result.

Lemma 1.30. /28, 9.1.1, p226] Let V be an elementary abelian p-group and G a group

acting quadratically on V.. Then G/Cq(V') is an elementary abelian p-group.

Lemma 1.31. Suppose that p is a prime and that V is an elementary abelian p-group

and let x be an automorphism of V.
(i) Then V/Cy(x) = [V, x].
(it) If p=2 and x has order 2, then Cy(x) > [V, x| and |Cy(x)]* > |V|.

Proof. (i) This is Lemma 8.4.1 in [28].

(71) This follows because the action of z on V' is necessarily quadratic because [v, z|* =
(v ) = (v*)* = v*v = [v,2] and so [v,z, 2] = [v, 2| v, 2]* = [v, ][V, 2]* =

[v,2][v,2] =1 and so Cy(x) > [V, z] and by part (i), |Cy(z)|? = |V]. O

Lemma 1.32. Let G be a finite group and V- < G be an elementary abelian 2-group.

Suppose that r € G is an involution such that Cy(r) = [V,r]. Then

(1) every involution in Vr is conjugate to r; and

(1) [Ca(r)| = [Cv(r)]|Capv (V)]
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Proof. (i) Let t € Vr be an involution. Then ¢t = gr, for some ¢ € V. Since t* = 1, we
have that 1 = grqr = [¢,r] as r and ¢ have order at most two. So ¢ € Cy(r) = [V,7]. So
q = qirqir, for some ¢; € V', and therefore t = ¢1rgirr = r® and so t is conjugate to r by

an element of V.

(ii) Define a homomorphism, ¢ : Cq(r) = Cev(Vr) by ¢(x) = V. Then ker ¢ =
Cvy(r). Moreover, if Vy € Cq/v(Vr) then Vr¥ = Vr. Hence, using (i) we see that there
exists ¢ € V such that r¥ = r%. Therefore ¢~y € Cg(r) and of course Vg~ ly = Vy
and so ¢(q~'y) = Vy. Therefore ¢ is surjective. Thus, by an isomorphism theorem,

Ca(r)/Cv(r) = Cev(Vr) and |Ca(r)| = |Cy(r)]|Cayv(VT)|, as required. O

During the proof of Theorems B and C we observe 3-elements acting on elementary
abelian 2-groups. The following lemma allows us to convert information about the fixed

space of a 3-element into information about the fixed space of certain 2-elements.

Lemma 1.33. Let G be a group with a normal 2-subgroup V' which is elementary abelian
of order 2™. Suppose t and w are in G such that V't has order two and Vw has order three

and V't inverts Vw. If |Cy(w)| = 2% then |Cy ()| < 200972,

Proof. Since V't inverts Vw, we have that Vw = Vtw?t and so Vw? = Vtw*tw = VtVtv.
Therefore Cy (t) N Cy (1) < Cy(w?) = Cy(w). We have that |V]| > |Cy(t)Cy (V)| =
|Cy(1)||Cv ()] /|Cy ()NCy (t7)| and s0 2" > |Cy(t)|2/2¢ which implies |Cy (¢)| < 20"T2/2.0

Lemma 1.34. Let p be a prime and let X = SLy(p) act on a vector space U over GF(p).
Suppose that V. and W are distinct irreducible and isomorphic GF(p)X -submodules of
U such that U = V@ W. Then U contains exactly p + 1 X-submodules and each is

1somorphic to V.

Proof. Since V' and W are isomorphic, there is an isomorphism ¢ : V' — W. Consider
the sets V; = {(v',¢(v))]v € V} where i = 1,2,...,p — 1 and where multiplication is
coordinate-wise. Then each V; is a GF(p)X-submodule which is isomorphic to V. Thus
{V,W, Vi, ..., V,_1} is a set of p+ 1 GF(p)X-invariant submodules.
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By [20, 2.8.8], the splitting field for SLy(p) is GF(p) and by [1, 25.8], this means that
Endcrp)x (V) = GF(p). We now apply Theorem 3.5.6 in [17, p79] which says that the
number of distinct irreducible GF(p)X-submodules of U is (p> —1)/(p — 1) = p+ 1 since

p = |Endcrp)x(V)|. Hence U contains exactly p 4+ 1 X-submodules each isomorphic to
V. O

In this thesis, we will often consider natural SL, (p)-modules for p a prime. We will
often observe a group G = SL,(p) acting naturally on an elementary abelian p-group V'

which we view as a vector space and call the natural GG-module.

Lemma 1.35. Let G = SLy(3) and suppose that G acts on an elementary abelian 3-group

V' of order nine. Then either V' is a natural G-module or V' has a trivial G-submodule.

Proof. Since G acts on V' there is a homomorphism from G to GL(V') = GLy(3). Moreover
the kernel of the homomorphism, C(V), is a normal subgroup of G therefore |Co (V)| =
1,2,8 or 24. So assume that G acts non-trivially on V. If |Co(V)| = 1 then there is an
injective homomorphism from G into GL(V) and it follows that G = SL(V) and so V/
is a natural G-module. If |Cq(V)| = 2 then there is an injective homomorphism from
G/Z(G) = Alt(4) into GLy(3) which is not possible. If |Ce(V)| = 8 then let S € Syly(G)
then 1 # Cy(S) # V and so Cy(5) is a trivial G-submodule. O

Lemma 1.36. [32, 3.20 (iii)] Let X = SLy(3) and S € Syly(X). Suppose that X acts on
an elementary abelian 3-group V' such that V = (Cy(S)*), Cy(X) =1 and [V, S, S] = 1.

Then V' is a direct product of natural modules for X.

Lemma 1.37. Let E < GL4(3) such that |E| = 25, and |®(E)| < 2. Furthermore let
S < GL4(3) be elementary abelian of order nine such that S acts faithfully on E. If
QRs = A= B with A # B both S-invariant subgroups of E, then E = 2i+4 and E is

uniquely determined up to conjugation in GL4(3).

Proof. Note that E is non-abelian since A, B < E. Therefore |E/®(F)| = 2 is acted on

faithfully by S. Hence, S is isomorphic to a subgroup of GL4(2). Now observe that GL4(2)

19



has Sylow 3-subgroups of order nine which contain an element of order three which acts
fixed-point-freely on the natural module. Thus any S-invariant subgroup of E properly
containing ®(F) has order 2 or 2°. Since A and B are distinct and normalized by S, we
have E = AB. Suppose |Z(E)| > 2. Then |Z(F)| = 8 is S-invariant. By coprime action,
Z(E) = (Czp)(s)|s € S*). Thus there exists s € S# such that Cz(p)(s) > ®(E). Since
E = AB, we find a € A and b € B such that ab € Cz(p)(s)\P(£). Then, as s normalizes
A and B, s must centralize a and b. Now Cg(s) is S-invariant with |Cg(s) N A| > 4 and
|Cg(s) N B| > 4. It follows that [E, s| = 1 which is a contradiction. Thus Z(FE) = ®(F)

and so F is extraspecial and by Lemma 1.5, ' = 2?4.

Since FE is extraspecial, [E : E'] = 21. Therefore there are sixteen 1-dimensional
representations of E over GF(3). Moreover there is a 4-dimensional representation of
E since E < GL4(3). Since 16 + 4% = 32 = |E|, this accounts for all the irreducible
representations of £ over GF(3). Hence there is a unique 4-dimensional representation of

E and so there is one conjugacy class of such subgroups in GLy4(3). O

In [5] a complete proof of the following well known result due to Higman is given. We

state a definition of GF(2)SLy(2")-module.

Definition 1.38. Let ¢ = 2" and suppose that G = SLy(q). Let V be an irreducible
finite-dimensional GF (2)G-module such that Endgr(2)c(V') = GF(¢) and V is a 2-dimensional
GF(q)G-module.

Theorem 1.39 (Higman). Let X be a group and Q := Oy(X) where X/Q = SLy(2")
forn = 2. If an element of order three in X/Q acts fized-point-freely on Q then @Q is

elementary abelian and is a direct sum of natural GF(2)X/Q-modules.
Modules for SLy(2") where described in Section 2.6 and Chapter 8 in [5]. In particular
the next lemma follows from Lemma 8.5 in [5].

Lemma 1.40. Let X = Alt(5) = SLy(4) act irreducibly on an elementary abelian 2-group
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V' such that an element of order three acts fized-point-freely. Then |V| = 2* and V is a

natural module for X over GF(2).

1.5 Recognition Results

The following theorem by Higman is proved in [24] using the Suzuki method (see Chapter
2).

Theorem 1.41 (Higman). [24] Let G be a simple group with a Sylow 3-subgroup, S,
which is elementary abelian of order nine. Suppose G has more than one conjugacy class

of elements of order three and Cg(s) = S for each 1 # s € S. Then G = Alt(6).

In [34], Prince completes an earlier characterization result by Hayden [23] to recognize

the groups PSp,(3) = Qg (2), Aut(PSp,(3)) = SO4 (2) and Spg(2) = SO7(2).

Theorem 1.42 (Prince). Let G be a group and suppose a € G has order 8 such that
the following hold.

(i) Cg(a) has shape 312.SLy(3);

(17) there exists J < Cg(a) which is elementary abelian of order 27 and normalizes no

non-trivial 3'-subgroup of G.

If a is not conjugate to its inverse in G then either G has a normal subgroup of index 3
or G = PSp,(3) = Q4 (2). If a is conjugate to its inverse in G then either G = Ng({(a))
or G = Aut(PSp,(3)) = SO4 (2) or G = Spg(2) = SO7(2).

Proof. Theorem 1 and 2 from [34] give the result under the assumption that Cg(a) is
isomorphic to the centralizer in PSp,(3) of a 3-central element of order three. Lemma 6
in [31] says that Cg(a) has this isomorphism type provided it has shape 3}7.SLy(3) and
05(Cg(a)) = 1. However the condition Oy(Cg(a)) = 1 is guaranteed by part (ii) of the

hypothesis. 0
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In Chapter 4 we need to distinguish between SOg4 (2) and SO7(2) and we require some

theory about the subgroup structure of both groups.

Lemma 1.43. If G = PSp4(2) = SO7(2) and J < G is elementary abelian of order 27
then there exist three distinct subgroups of J of order three, Ay, As, A3 such that Cg(A;) =

3 x Sym(6) for each i € {1,2,3}.

Proof. Let {ey, f1, e, fa, €3, f3} be a symplectic basis where {e;, f;} is a hyperbolic pair.
Then Ng((e;, f;)) = Sym(3) x PSp,(2) = Sym(3) x Sym(6). In particular there exists an
element of order three x in G such that Cg(x) = 3 x Sym(6). We may assume x € J.
Since this element of order three is non 3-central, there are at least three conjugates of x

in J. O

Lemma 1.44. Let G = PSp,(3) = Qg (2). Suppose that t € G is an involution and

R € Syl;(Cq(t)) such that |R| = 9. The following hold.

(i) We have that t is 2-central in G and Cq(t) ~ 217.(3 x 3).2.
(i1) Ox(Calt)) = 281
(1ii) If Q1 = Qo = Qg are distinct subgroups of Cg(t) such that [Q;, R] = Q; for i €

{1,2}, then [Q1, Q2] = 1 and Q1Q2 = O(Ce(t)) =2 21,

Proof. (i) We see in [10] that G = PSp,(3) = Q4 (2) has two classes of involutions and
only one class commutes with a subgroup of order nine. Thus ¢ is 2-central in G. We
observe that Cg(t) ~ (Spy(3) * Spy(3)).2 ~ 2-(Alt(4) 1 2). Moreover, we may describe this

group as Cg(t) ~ 247.(3 x 3).2.

(i1) Clearly Oa(Cq(t)) contains a subgroup, @ say, isomorphic to 247, Since Cg(t) ~

2:Alt(4) 1 2 which clearly has no larger normal Sylow 2-subgroup, Oq(Cg(t)) = 217

(i31) Since Oy(Ce(t)) = 247 and Q; and @, are both normalized by R € Syl,(Cy (1)),
it follows that (Qy, Q) < O9(Cq(t)). Moreover, Q) # Q2 and by Lemma 1.7, 217 has
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exactly two subgroups isomorphic to Qs, therefore we have [Q1,@Q2] = 1 and Q1Q2 =
21 O

Lemma 1.45. (i) Let G = PSp,(3) = Q4(2) or Aut(PSp,(3)) = SO4 (2). Suppose
also that J < G is elementary abelian of order 27. Then Ng(J) ~ 3%.Sym(4) or

Ng(J) ~ 3%.(Sym(4) x 2).

(17) If G = Aut(PSp,(3)) = SOq4 (2) and w ¢ G’ is an involution with 9 | |Ca(w)|, then
Ce(w) =2 x Sym(6). Also, G has no element of order three which commutes with

a subgroup isomorphic to Sym(6).

Proof. (i) It is clear from the statement of Theorem 1.42 that G has an elementary abelian
subgroup J of order 27. We can now observe from, for example, [10] that Ng(J) ~

33.Sym(4) or Ng(J) ~ 3%.(Sym(4) x 2).

Part (i) is easily checked in [10]. O

Lemma 1.46. Let G be a group of order 3*2 with S € Syly(G) and T € Syl,(G) and
J < G elementary abelian of order 27. Suppose that Z = Z(S) has order three and
Z < Cs(T)#S. Then G = Cgym9)((1,2,3)(4,5,6)(7,8,9) ).

Proof. We have that T" normalizes Z and J and so by Maschke’s Theorem, there exists a
subgroup K < J such that K is a T-invariant complement to Z in J. Set L := KT then
K QL and [G: L] =9. Suppose that N < L and that N is normal in G. If 3 | | N| then
NN Z(S) # 1 which is a contradiction since Z £ K. So N is a 2-group which implies
N =1 otherwise GG has a central involution. Hence there is an injective homomorphism
from G into Sym(9). Moreover there is a map from G into the centralizer in Sym(9) of
the centre of a Sylow 3-subgroup. Since |Cgym(9)((1,2,3)(4,5,6)(7,8,9)| = |G|, we have

an isomorphism. O

Theorem 1.47 (Prince). [35] Let G be a group and suppose x € G has order 3 such that

Ca(2) = Csym(9)((1,2,3)(4,5,6)(7,8,9)) and there exists J < Cq(x) which is elementary
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abelian of order 27 and normalizes no non-trivial 3'-subgroup of G. Then either J < G

or G = Sym(9).

Theorem 1.48 (Aschbacher). [2] Let G be a finite group with an involution s. Set
L :=Cg(s), @ := Oz(L) and choose X € Syls(L). Assume that Q) is extraspecial of order
32, L/Q = Sym(3), Co(X) = (s) and s is not weakly closed in () with respect to G. Then
either G has shape 23.PSL3(2) or G = Alt(8), Alt(9) or M.

The following theorem will be vital in the proof of Theorem B in Chapter 4. Note
that our notation for orthogonal groups follows [1]. In particular, for a natural number n

and a prime p and € € {1, —1}, Q5,(p) is the derived subgroup of SOS, (p).

Theorem 1.49 (Smith). [38] Let G be a finite group and let t be an involution in G =
O?*(G). Suppose F*(Cq(t)) is extraspecial of order 2° and Cg(t)/O2(Cq(t)) = Sym(3) x
Sym(3) x Sym(3) and Cg(O2(Cq(t))) < O2(Cq(t)). Then either Oy (G)t € Z2(G/02(G))
or G = QO (2).

The following three theorems are all required to recognize certain sections of a group
satisfying Hypothesis C.

Theorem 1.50 (Parker—Rowley). [33] Let G be a finite group with R := (a,b) an

elementary abelian Sylow 3-subgroup of G of order nine. Assume the following hold.

(i) Ce(R) = R and N¢(R)/Cx(R) = Dih(8).

(17) Cg(a) = 3 x Alt(5) and Ng({a)) is isomorphic to the diagonal subgroup of index

two in Sym(3) x Sym(5).

(iti) Ce(b) < Na(R), Ce(b)/R 222 and Na((b))/R =2 x 2.

Then G is isomorphic to Alt(8).
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Corollary 1.51. Let G be a group and Alt(8) = H < G such that for R € Syl;(H) and
eachr € R*, Cg(r) < H. Then G = H.

Proof. Suppose R is not a Sylow 3-subgroup of G. Then there exists R < S € Syl;(G).
Therefore R < Ng(R) and 1 # r € Z(Ng(R)) N R. Therefore Ng(R) < Cg(r) < H which
is a contradiction. Thus R € Syl;(G). Pick a,b € R such that Cy(a) = 3 x Alt(5) and
Cr(b) < Ny(R). Now we check the hypotheses of Theorem 1.50. We have that for any
r € R*, Cq(R) < Cg(r) < H and so Cg(R) = Cy(R) = R. So consider Ng(R)/Cg(R)
which is isomorphic to a subgroup of GLy(3). Since R € Syl;(G), Ng(R)/R is a 2-group.
Also Ny (R)/R = Dih(8). Suppose Ng(R)/R = SDih(16). Then Ng(R) is transitive on
R#* which is a contradiction. Therefore Ng(R) = Ny(R) and Ng(R)/Ce(R) = Dih(8)
so (1) is satisfied. Now Cg(a) = Cpg(a) and there exists some x € H that inverts a.
Therefore Ny ({(a)) = Cgy(a)(z) < H. Similarly Cg(b) = Cgy(b) and there exists some
y € H that inverts b. Therefore Ny((b)) = Cy(b)(y) < H. Thus (ii) and (iii) are
satisfied so G = H = Alt(8). O

Theorem 1.52 (Aschbacher). [3] Let G be a group with an involution t and set H :=
Cqg(t). Let V < G such that V= 2 x 2 x 2 and set M := Ng(V'). Suppose that
(i) Ox(H) =242 and H/Oy(H) =2 Sym(5); and

(i) V < Oo(H), Os(M) = 4 x 4 x 4 and M/Oy(M) = GLa(2).

Then G is isomorphic to the sporadic simple group HS.

Theorem 1.53 (Segev). [37] Let G be a finite group containing two involutions u and
t such that Cg(u) = (2HS) : 2 and Cg(t) ~ 217 (Alt(5) 1 2) with Ca(Ox(Ca(t))) <
O2(Cg(t)). Then G = HN.

Finally we present the following two theorems by Feit and Thompson and by Smith
and Tyrer which have both proved to be very useful in odd characterizations (see [6] and

[7] for example). Both theorems are required in the proof of Theorem A in Chapter 2.
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Theorem 1.54 (Feit—-Thompson). [1}] Let G be a finite group containing a subgroup,
X, of order three such that Cq(X) = X. Then one of the following holds:

(1) G contains a nilpotent normal subgroup, N, such that G/N = Sym(3) or Cs;

(i1) G contains an elementary abelian normal 2-subgroup, N, such that G/N = Alt(5);

or

(iii) G = PSLy(7).

The result can be found in [14] however the additional information in conclusion (77) that

N is elementary abelian uses a theorem of Higman (see 1.39).

Definition 1.55. A group G is p-soluble if every composition factor of G is either a

p-group or a p/—gI'OU.p.

Consider the following series

1d Op’(G) d Op’,p(G> g Op’,p,p’(G) d...

where O, ,(G) is the preimage in G of O,(G/O,(G)) and O, ,,(G) is the preimage in
G of Oy(G/Oy ,(G)) and so on. This series defines a minimal factorization of G into p
and p’ factors (minimal in the sense that the number of factors is as few as possible). We

call this the lower p-series for G.

Definition 1.56. A p-soluble group G has length n if there are n factors in the lower
p-series for G which are p-groups. In particular, G is p-soluble of length one if G =
Oy pp (G). Alternatively, G is p-soluble of length one if for any Sylow p-subgroup, S, of
G, Oy (G)S 4 G.

Theorem 1.57 (Smith—Tyrer). [39] Let G be a finite group and let P be a Sylow p-
subgroup of G for an odd prime p. Suppose P is abelian and [Ng(P) : Cq(P)] = 2. If P

is non-cyclic, then OP(G) < G or G is p-soluble of length 1.
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Chapter 2

Character Theoretic Results and a

3-Local Recognition of Alt(9)

Let G be a finite group and let J < G be a 3-subgroup of G. Suppose that J is elementary
abelian of order 27 and N¢(J) is isomorphic to the normalizer in Alt(9) of an elementary
abelian subgroup of order 27. Then we say that G has a 3-local subgroup, Ng(J), of

Alt(9)-type. The theorem we prove in this chapter is the following.

Theorem A. Let G be a finite group and suppose that H is a 3-local subgroup of G of
Alt(9)-type. If O3(Cq(x)) = 1 for every element x of order three in H then G = H or
G = Alt(9).

There are two isomorphism types of groups X with X/O3(X) = Sym(4) acting faithfully
on an elementary abelian subgroup O3(X) of order 27. Both are isomorphic to subgroups
of Sym(9) however only one embeds into Alt(9) which is the type we consider in Theorem
A. In [34], Prince characterizes PSp,(3) which has a 3-local subgroup with the same
shape, 3% : Sym(4), as H but with a different isomorphism type. Furthermore some of
the methods used in the proof of Theorem A date back to Prince and to Higman’s odd
characterizations. Higman characterized the nine finite simple groups with smallest order

which have more than one conjugacy class of elements of order three and he lists these in
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[25]. He characterized the groups assuming the order of each 3-centralizer. Most of these
calculations were never published but his methods would certainly have involved detailed
character calculations, in particular, the Suzuki method and possibly arguments involving
blocks of characters. It is likely he would have calculated part of the character table and
then used calculations involving structure constants to obtain an upper bound for the
group order. These methods are particularly relevant when the 3-structure of a group is
small. In such situations local group theoretic arguments become very difficult because
it is often not possible to control the size and the structure of an involution centralizer
and therefore one has no control of the group order. Character theory may however allow
calculation of an upper bound for the group order and therefore come to the rescue when

local methods fail.

The proof of Theorem A uses a combination of local and character theoretic methods.
We briefly describe Suzuki’s theory of special classes and define some necessary p-block
theory. We then begin to work under the hypothesis of Theorem A. This leads us to three
possibilities for the 3-centralizer structure of G and we consider each case separately. The
first case describes a situation when, in some sense, H = Ng(J) has full control of the
3-centralizer structure of G (Hypothesis 2.21). An argument involving Suzuki’s theory
of special classes proves that G = H. We only calculate the part of the table which is
necessary and so the calculations are somewhat delicate. In the second case we consider
the possibility that the 3-centralizers of G are small but H does not control the 3-structure
(Hypothesis 2.30). We require some detailed calculations involving blocks of characters to
reach a contradiction. The character calculations involve using the character table of H
to calculate part of the character table of G. From here structure constants are calculated
and an upper bound for |G| is found. The complexity of the calculation is far greater than
in the first case. Finally, in the third case we recognize Alt(9). A calculation of Higman’s
to recognize Alt(6) using the Suzuki method allows us to see that G has a 3-centralizer
isomorphic to 3 x Alt(6) (Hypothesis 2.39). It is then possible to use local group theory

to determine the structure of an involution centralizer. We may then recognize Alt(9)
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using a recent theorem of Aschbacher [2].

It is likely that Higman used character calculations to recognize Alt(9) from the order
of each 3-centralizer. We note that the block character theoretic methods used in Case 2
were extended in Case 3 to repeat Higman’s calculation of part of the character table of
Alt(9). From here an upper bound for the group order was obtained. However, this leaves
the difficulty of recognizing Alt(9) from its group order and knowledge of the 3-structure.

Thus we present here the local arguments only.

We may deduce a corollary concerning strongly 3-embedded groups immediately from
Theorem A. Recall that a subgroup H of a group G is strongly p-embedded (p a prime
divisor of |H|) if p | |H|, H # G and pt|H N HY| for all g € G\ H.

Corollary 2.1. If G and H satisfy the hypothesis of Theorem A then H cannot be a

strongly 3-embedded subgroup of G.

Character notation follows [9] and [26] in particular for a character x of a group H < G

the induced character is labeled x“. If y, 1 are two characters of a group G then (x,%)g

is the inner product in G and equals ﬁ >gec X(9)¥(g)-

2.1 Preliminary Results

We will apply Theorem A in Chapter 5. To do so we need the following lemma which
gives conditions which guarantee that a group is isomorphic to a 3-local subgroup of

Alt(9)-type.

Lemma 2.2. Let H be a group of order 3*23 with S € Syl;(H). Suppose the following
hold.

(1) J < H is elementary abelian of order 27.

(i1) Z = Z(S) has order three with Cy(Z) = S.
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(i43) There is an involution t € Ny (S) such that C;(t) # 1.

Then H is isomorphic to a 3-local subgroup of Alt(9)-type.

Proof. Let T € Syl,(H). First observe that since J < S, Z = Z(S) < J. Therefore,
Cy(J) < Cy(Z) = S and since J is not central in S, Cy(J) = J and so H/J acts
faithfully on J. Hence H/J is isomorphic to a subgroup of GL3(3). By Sylow’s Theorem,
H has four Sylow 3-subgroups or S < H. However, if S < H then Z(S) < H and then

Cu(Z) would not be a three group. Thus H has four Sylow 3-subgroups.

If V is a GF(3)-vector space of dimension three then we observe that a Sylow 2-
subgroup of GL(V') has order 2°. The normalizer in GL(V') of a subspace of dimension
two is isomorphic to 2 x GLy(3). Notice that this normalizer contains a Sylow 2-subgroup
of GL(V'). We conclude from this that 7" € Syl,(H) preserves a subgroup of J of order
nine. Let W be such a T-invariant subgroup of J of order nine. Suppose that W < H.
Then WNS < SsoZ <W. We see that Cy (W) = J since no involution centralizes
Z < W and |Z(S)| = 3. Thus, H/J is isomorphic to a subgroup of GLy(3) and then
it follows from |H| that H/J = SLy(3). Now, by hypothesis, an involution ¢ normalizes
S with C;(t) # 1. Hence Jt € Z(H/J) and Jt inverts W. Moreover, |C;(t)| = 3.
We have that Cy(t) ~ 3.SLy(3) and furthermore we have that H = JCp(t). Therefore
Cy(t) < (J,Cy(t)) = H. This is a contradiction since C;(t) < H implies that Z < Cj(t).

Thus W ¢ H.

Now suppose that Z < W. We have seen that H has four Sylow 3-subgroups and
these are permuted by T'. Therefore, T permutes the centres of the Sylow 3-subgroups.
Since T normalizes W, we have that W = |JZ#. However this implies that W < H
which is not the case. So Z « W. This implies that no proper non-trivial subgroup of W

is normal in H for if it were then this normal subgroup would contain Z.

Now we set X := WT. Then [H : X] = 9. Consider the core of X in H, K :=
ﬂgeHXg < H. Then KNJ <W and KNJ < H. Therefore K NJ =1 and so K is
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a 2-group. However now we have [K,J] < KNJ =1and so K < Cy(J) = J. Thus
K = 1. Hence H is isomorphic to a subgroup of Sym(9). Furthermore, H embeds into the
normalizer in Sym(9) of ((1,2,3),(4,5,6),(7,8,9)). There are three possible isomorphism

types for H and only one of these is contained in Alt(9). The three subgroups are

A = ((123), (456), (789), (147)(258)(369), (23)(89), (14)(25)(36)(78)):

B = ((123), (456), (789), (147)(258)(369), (23)(89), (14)(25)(36));

and

C = ((123), (456), (789), (147)(258)(369), (23)(56)(89), (23)(89)).

Notice that H 2 B since we calculate that the centralizer of a 3-central element
of order three in B is not a 3-group (because (14)(25)(36) centralizes (123)(456)(789)).
Notice also that by hypothesis, an involution ¢ in N(.S), has non-trivial centralizer on J.
However an involution in C' which normalizes a Sylow 3-subgroup of C' acts fixed-point-
freely on C' (the involution (23)(56)(89)). Thus we conclude that H = A is isomorphic to

a subgroup of Alt(9). O

Lemma 2.3. Let G be a group and S € Syly(G) such that S = 31" and Ng(Z(S)) = S.
Then G = Ox(G)S. In particular, if O3(G) =1 then G = S.

Proof. Let Z := Z(S). Note that Ng(S) < Ng(Z) implies that S = Ng(S). Suppose
Z #Y < S with Y9 = Z for some g € G. Then (5,57 < Ng((Z,Y)) and (Z,Y) is
self-centralizing so (S,S59)/(Z,Y) is isomorphic to SLy(3). Therefore Ng(S) contains an
involution which is a contradiction. Thus no subgroup of S distinct from Z is conjugate
to Z. Now by Griin’s Theorem (Theorem 1.21), SN G' = (Ng(S)', S N P'|P € Syl;(G)).
Since Ng(S) = 8" = Z and SN P’ < Z for any Sylow 3-subgroup P of G, SNG' = Z.
So Z € Syl;(G') and Z is necessarily self normalizing in G'. Thus G’ has a normal

3-complement (by Burnside’s normal p-complement Theorem) N = O (G’) such that
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G' = NZ. Now, by a Lemma 1.1 (Frattini), G = G'Ng(Z) = NZNg(Z) = NZS = NS
and clearly N = Oz (G). O

The following observation allows the calculation of structure constants in a group in
which all 3-centralizers are known. It is stated as a theorem and proved in [14] however

it was probably known well before this.

Lemma 2.4. Let X be a group with elements a, b and c each of order 3 such that ¢ = ab

and X := (a,b). Then X has an abelian normal subgroup of index 3.

Lemma 2.5. Let G be a group with elements a, b and c each of order three such that
ab = ¢ and such that (a), (b) and (c) are not all G-conjugate. Then there exists an
element of order three z € X = (a,b) such that X < Cg(2).

Proof. By Lemma 2.4, X has an abelian normal subgroup of index three, N say. Let
S € Syl;(X). Since (a), (b) and (c) are not all conjugate, |S| > 9. Therefore 1 # SNN < S
and so Z(S) NN # 1. Choose z € Z(S) N N of order three then z commutes with

(S, N) = X and therefore X < Cg(z). O

Given a group F' and elements z, y, z in F, a , denotes the number of pairs (a,b) €
ot xy! such that ab = z. This integer is called a structure constant and may be calculated

from the character table of F' using the formula:

e |F X@)x X&)
e = (@) Crly)] 2 <> ‘

xGIrr F)

We introduce the notation:

x(@)x(y)x(z)
- 3 T

XEIrr(F)

F o oF Cr@IICr@)]
Therefore oy, . = a,, 7]
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2.1.1 Suzuki’s Theory of Special Classes

We now present Suzuki’s definition of special classes and the Suzuki method. See [9] and

[11] for further details.

Definition 2.6. Let G be a group and H a subgroup of G. Suppose that C = |J_, C; is a
union of H-conjugacy classes of H. Then C is called a set of special classes in H provided

the following hold:
(i) Cq(h) < H for all h € C;
(1) CENC =C; for all 1 <i < n; and

(i73) if h € C and (h) = (f) then f € C.

Suppose that G is a group, H < G and C is a set of special classes in H. Set CF(H) to

be the C-space of all class functions of H and set

W = {¢ € CF(H)|¢(h) = 0 for all h € H\C}.

Let {¢1,...,¢.} =Trr(H) and {04, ...,0,} = Irr(G).

Lemma 2.7. Suppose A\, it € W. Then \¢(x) = \(z) for all x € C and for all z € G\C©.

Furthermore (A, u®)q = (\, )i
Proof. See [9, p111]. O

Lemma 2.8. Suppose C = |J._, C; is a set of special classes in H < G. Then the set
of all class functions of H which vanish on H\C is a C-subspace of the set of all class

functions of H and has dimension n.

Proof. See [11, 14.6, p348]. O
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Let By := {A1,..., Ay} be a basis for W and define a matrix A = (a;;) such that

T

)\i = Z aij@/)j.

=1

Now consider the class functions of G, y; = A¥. Each can be written as a linear combina-
tion of irreducible characters of G' (these are 6y, ..., 6;) and so let B = (b;;) be the matrix

such that
Wi = Z bij9j~
j=1

Theorem 2.9 (Suzuki). There exist uniquely defined C' = (c;;) such that the (i,7)th
entry of CA is 1;(z;) and the (i,7)th entry of CB is §;(x;) where x; is a representative

from the H-conjugacy class C;.

Proof. See [11, 14.11, p351] O

Corollary 2.10. C = () is such that v := Y77 i)y = D70, .

Proof. We have v; := > " ¥;(;)1; and by Suzuki’s Theorem, v;(z;) = >, cixay; so
D Vi)l = 2i0 Yo Cinar Y

= D ke Cik Dy Ok Yj
= D ke Cik Mk

because )\, = 2;21 a1 by definition of A. Hence v; = Y, _; Cix A d

Therefore given the character table of H it is possible to determine the constants ¢;; by
calculating each v; and writing as a linear combination of basis elements using the basis
By above. The Suzuki method involves making a careful choice of basis By. A good
choice of basis will make it easier to determine candidates for B and therefore candidates

for the character table of (.
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2.1.2 Some p-Block Theory

We present the relevant block theory for use in the proof of Theorem A. See [26] and [13]
for further details. In modular character theory it is always necessary to fix a prime p and
then make a fixed choice of ring homomorphism * defined on the ring of algebraic integers
A with kernel equal to a maximal ideal which contains pA. Then *x maps A onto an
algebraically closed field of characteristic p. Let Irr(G) be the set of irreducible ordinary
characters of G and let IBr(G) be the set of irreducible Brauer characters of a group G.
We do not require a formal definition of Brauer character only that a Brauer character
is a map from the p-regular elements (elements of order coprime to p) of G to C, and
that every Brauer character can be written as a sum of irreducible Brauer characters. See
[26, p263] for a full definition. Given an ordinary character x of G, restricting x to the
p-regular elements of G gives a Brauer character of G which can be written as a sum of
irreducible Brauer characters. If some irreducible Brauer character p € IBr(G) appears

in this sum we say p appears in the Brauer decomposition of .

Definition 2.11. Let G be a group with p | |G|. A p-block of G is a subset B C

Irr(G) U IBr(G) satisfying
(i) for x, ¢ in BNIrr(G),
(LMoL Y (ot
x(D|Ce(9)] ¢(1)|Calg)|

for every g € GG; and

(17) BN IBr(G) is the set of irreducible Brauer characters which appear in the Brauer

decomposition of some x € BN Irr(G).

The p-blocks define a partition of Irr(G) and the principal p-block, denoted By(G), is

the p-block containing the principal character. We are mostly interested in the ordinary
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characters and so given a p-block B we often refer to B in place of BN Irr(G). If there is

no ambiguity in p we often refer simply to the block rather than the p-block.

Lemma 2.12. Let G be a group, S € Syl,(G) and 1 # x € Z(S). If x is an irreducible

character in the principal p-block of G then x(x) # 0.

Proof. Since y € By(G),

( x(@)|G] >*: < |Gl )
xX(D)[Ce(z)| |Ca(z)|
Since z is p-central, |G|/|Cq(z)| is an integer which is coprime to p and so its image under

* is non-zero. Therefore x(z) # 0. O

The following result was proved independently however a proof can also be found in

[29].

Lemma 2.13. Let G be a group and x a character of G. Suppose that g € G is a

p-element and x(g) € Z. Then x(g) = x(1) mod p.

Proof. For any integer n > 1, if € is a primitive p"’th root of unity then € is a root of the

cyclotomic polynomial,

n—1

(X)) =14+ X" 4+ X2 4 X

p

and this polynomial is well known to be irreducible and hence the minimal polynomial of

€.

Now suppose that there exist integers ag, a1, ..., ay»—1 such that Zf:gl a;et = 0. Then
€ is a Toot of the equation 327" a; X = 0 and so .7 ' ;X = @, (X)F(X) for some
polynomial F(X) € Z[X]. In fact we may calculate, F(X) = ap + a1 X + aa X?> + ... +
apn71_1Xpn71*1 and it follows that for i € {0,...,p" ! — 1} and j € {1,...,p — 1},

n__q . n—l_l .
a; = ajp-1p;and Y 0T a; X =" 07 @ X P (X).
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So now we suppose that G is a group, x is a character of G of degree m and g € G
has order p" with x(g) = z € Z. Then x(g) is a sum of m p™’th roots of unity. Therefore
we may suppose that z = x(g) = ?:gl b;e! where each b; € Z and m = by + ... + byn_;.
By setting ag := by — z and a; := b; otherwise, we may describe an equation for which e
is a root, 0 = figl a; Xt = ﬁﬁ;l_l a; X' ®,n(X) and as above for i € {0,...,p" ! — 1}

and j € {1,...,p— 1}, a; = ajpm-14;.

Now x(1) =m =by+...+bym_1 and since fori € {0,...,p" ' —1}and j € {1,...,p—
1}, a; = ajpm-14; and b; = a; except when i = 0, we have that m = by + (p — 1)ao + pa; +
pas + ...+ payn-1_1. Therefore m = by — ap mod p and since by — ag = z = x(g), we have

x(g) = x(1) mod p. O

To every p-block of G we associate a G-conjugacy class of p-subgroup (see [26, p278-9]
for a description of how we do this and why it is possible). Given a p-block B with
associated p-subgroup D, we say D is a defect group of the p-block B. The Sylow p-

subgroups are the defect groups of the principal block.

Lemma 2.14 (Generalized Decomposition Numbers). Let x € G have order p".
For x € Irr(G) and ¢ € IBr(Cg(x)) there exist unique algebraic integers dZ,, € Q(e*™/7")

such that

Xxf)= > def)

eelBr(Cq (z))

for every p-regular element f in Cg(x).

Proof. See [26, 15.47, p283]. O

The algebraic integers d7, are called generalized decomposition numbers. The following
result is used in Section 2.2.2 when we have a group with restricted 3-local subgroups
and it allows us to restrict our calculations entirely within the principal 3-block of the

character table. The proof uses Brauer’s first and second main theorems (see [26, p282,

p284)).
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Lemma 2.15. Let G be a group, 1 # x € S € Syl (G) and x € Irr(G)\Bo(G). Suppose
Na(D) is p-soluble and Oy (Ng(D)) =1 for each 1 # D < S € Syl (G). Then

(i) Bo(G) is the only block of G with non-trivial defect group; and
(i1) x(fz) =0 for each p-regular f € Cg(z).

Proof. By [26, 15.40], for each 1 # D < S € Syl,(G), Na(D) has only one block and the
block necessarily has defect group Dy € Syl (Ng(D)). Hence if D # S then D # D; and
by Brauer’s first main theorem (26, 15.45]), G has no block with defect group D. On the
other hand, if D = S then by Brauer’s first main theorem, G has exactly one block with
defect group S and this must be By(G). Thus every block of G has defect group S or 1.
It therefore follows immediately from a corollary to Brauer’s second main theorem ([26,

15.49]) that for 1 # x € S and any p-regular f € Cg(x), x(fx) = 0. O

Given a group G with Irr(G) = {x1, ..., Xn} define a column of G to be a sequence of
numbers indexed by Irr(G), (a;)i=1,.,. For example given an element z € G the column
of the character table of G corresponding to x forms a column (x(x))i=1,. , as do the
columns of generalized decomposition numbers if x is a p-element and ¢ € IBr(Cq(x)),
(d5,)i=1,.n- We define the inner product of columns (a;)i=1, » and (b;)i=1,.» to be the
usual dot product ((a;), (b;)) = >, a;b;. We further define a (p-)principal column of G

to be a sequence indexed by the principal (p-)block characters of G.

We use the following lemma in the proof of Theorem A to calculate part of the character
table of G. The method involves producing an invertible matrix M that satisfies the
hypothesis of this lemma. In Section 2.2.2, we restrict our character calculations to the

principal 3-block of G and we use this lemma in place of the Suzuki method.

Lemma 2.16. Let G be a group and H < G with {1, ..., } = Irr(H). Let {x1,...,Xs} C

Irr(G) and for any n < r let z4,...,x, be representatives in H of any n of the conjugacy
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classes of H. Set

N = (Vi(7)) 1cicri<j<n and L = (Xi(75))1<i<s, 1<j<n-

If M = (my;) € M,(C) is such that NM is a matriz with integer entries then LM is a

matrix with integer entries.

Proof. The (i, j)’th entry of LM is

n

Z Xi(xk)mkj-

k=1

We restrict y; to H to obtain integers ay, ..., a, such that x; g = a1+ . ..+ a1, Hence

Doper Xi(z)muy = Y0 (@ + . ) ()M

= Z}l;l Yy (xg)me; + ...+ a, ZZ:1 Uy (k) g

This is an integer sum of integer entries of the matrix NM. Therefore the (i, j)’th entry
of LM is integral. O

Lemma 2.16 allows us to choose an invertible matrix M in a nice way such that LM is an
integer matrix with few entries. The idea is that we are able to calculate the column inner
products in L but not the specific entries. The matrix K := LM contains columns which
are linear combinations of columns of L chosen such that entries are integral. Provided
the matrix K is sufficiently sparse, we can determine possibilities for the matrix K and
then calculate KM~ = L. The procedure for making a suitable choice for M amounts to
choosing M to be a matrix of column operations such that N M has few entries and such
that these entries are as small as possible. We will demonstrate these ideas in Section

2.2.2.

39



2.2 The Hypothesis

From now on we work under the hypothesis of Theorem A. Recall that a group G is said
to have a 3-local subgroup of Alt(9)-type if P < G is elementary abelian of order 27 and
N¢(P) is isomorphic to the normalizer in Alt(9) of an elementary abelian subgroup of

order 27.

Hypothesis A. Let GG be a finite group with J < G such that J is elementary abelian
of order 27. Suppose H := Ng(J) is a 3-local subgroup of G of Alt(9)-type and suppose

O3 (Cg(x)) =1 for every element of order three z € H.

The proof of Theorem A is highly character theoretic. Many of the calculations involve
the character table of H (Table 2.1). We note in particular that each irreducible character
of H gives integral values on 3-elements in H. We prove in Lemma 2.18 that H contains
a Sylow 3-subgroup of G and hence every irreducible character of G gives integral values
on all 3-elements. We label the conjugacy classes of H by C;,...,Cy4 and we continue
this notation throughout Section 2.2. Furthermore, we use the notation C& to be the
conjugacy class in G containing C; for 1 < i < 14. Observe that we may have C& = CjG
for i« # j. For the purpose of understanding the group structure of H, we consider a

permutation representation of H in Alt(9):
((123), (456), (789), (147)(258)(369), (14)(2536))

from which we see that J = Cy(J) = O3(H). In this representation, elements in C, are

3-cycles, elements in Cg have cycle shape 3212 and elements in Cs have cycle shape 33.

The following lemma is a consequence of J being the Thompson subgroup of a Sylow

3-subgroup of G. However for completeness we include a proof.

Lemma 2.17. J = Cy(J) = O3(H) is a characteristic subgroup of every S € Syl;(H)

and for any a,b € J, a is conjugate to b in G if and only if a is conjugate to b in H.
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Class Ci |Co|C3| Cy |Cs5|Cs|Cr|Cs|Cy|Cip|Cii|Cia| Ci3 Cia
|Cr(x)| | 648 |24 [ 12| 108 |81 |54 | 9 [12[12] 6 | 9 | 9 12 12
Order | 1 | 22| 3 | 3[3|3/4|/6|61]9]|09 12 12
U T [1 11111111 ]1]1 1 1
Vs 1 [ 1|1 1 1|11 |-1]1]-1]1]1 -1 -1
Vs 2 12102 |2]2]-1]0|2|01]-1]-1 0 0
Uy 3 /-1|-1| 3 |3[3]0]1]-1|-1]01]0 1 1
Vs 3 /-1]11] 3 |3[3]0]-1]-1]1]01]0 -1 -1
Ve 6 |20 3 |-3|0oj0|-2[-1101]01]0 1 1
V7 6 |20 3 |-3|]0oj0|2]-1]01]01]0 -1 -1
Vs 6 | 2103 |3/ojolo|l1]0]o0]o0]|V3]|=V3
g 6 |2/0] 3 [3[0jolo[1]O0]O0]|O0/|—-vV3|+V3
(O 8 (0|0 | -4 |-1]2]|-1/0|0|0]2]-1 0 0
Y11 8 (0|0 | -4 |-1]2]-1/0|0]O0|-1]2 0 0
(3 8 0|0 |-4-1]2]2]0]0|O0]-1]-1 0 0
Y13 121020 3|-3|/0]0|0|1]01]0O 0 0
(o 120120 [3|-3/]0l0|0]-1]01]0 0 0

Table 2.1: The character table of H.

Proof. We observe, by considering a representation of H in Alt(9), that H/.J acts faithfully
on J. Thus J = Cy(J) = O3(H). Now suppose J # Jy < S for S € Syl;(H) with Jy = J.
Then S = JJy and J N Jy < Z(5) has order nine. However again calculating in Alt(9)

gives |Z(S)| = 3. Thus J is characteristic in S.

Suppose a? = b for some g € G. Then J, J9 < Cg(b). Let P,Q € Syl;(Ce(b)) such
that J < P and JY < . By Sylow’s Theorem, there exists z € C(b) such that Q* = P

and so J9% = J. Thus gr € H and a9 = b* = b as required. O
Lemma 2.18. (i) H = Ng(H).

(i7) Ng(S) < H for S € Syly(H), in particular, Syl;(H) C Syl;(G).

(iii) CENCE =0 for {i,j} C {4,5,6}.

(iv) Cg(z) < H forx € C5sUCs UCyoUCy UCyy and C& # CS,.

(v) If T < J has order nine then No(T) < H and Cg(T) = J.
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(vi) Fiz x € Cy then H has two conjugacy classes of subgroups of order nine containing
z, PE and PJ say where |PyNCy| = |PyNCs| =4 and |P,NCy| = |PoNCs| =2 and
‘PQ N C5| = 4

Proof. Since J = O3(H) and H = Ng(J), H is self normalizing in G. Also, since J is
characteristic in S by Lemma 2.17, Ng(S) < Ng(J) = H and so S € Syl;(G). Therefore

(i), (71) and (7ii) follow immediately from Lemma 2.17.

Let x € Cs and set X := Cg(x). Then J € Syl;(X). Observe that |Nx(J)| =
|H N Cg(z)] = 3%2. Let X = Cg(x)/{x) and let ¢t be an involution in Cy(z) then

C;(t) = (z) so by coprime action,  acts fixed-point-freely on .J. Therefore
IN%(])/Cx ()] = INx(J)/ ]| = 2

and so X satisfies the hypothesis of Theorem 1.57. By Hypothesis A, O3 (X) = 1 and
so Oz(X) = 1. Moreover J = [J,f] < O3(X). Hence X is 3-soluble of length one with
trivial 3'-radical. Therefore X = N(J) and so X < H.

Let T' < J have order nine. A calculation in H verifies that Cy(T') = J for each such
T. Notice that every choice of T' contains an element in Cg and so Cg(7T) < H. Thus
Ce(T) = J. It is therefore immediate that N¢(T') normalizes J and so Ng(T') < H. This

proves (v).

Now let w € C5 and set W := Cg(w) and W = W/{w). Then w € Z(S) for some
S € Syl;(H) C Syly(G). We calculate in the image of S in Alt(9) to see that |S’| = 9 and
every element of order nine in S cubes into (w). Therefore S is non-abelian of exponent
three and so S = 3172, Furthermore, Ng(S)NW < HNW = S and so W has a self-
normalizing and non-abelian Sylow 3-subgroup isomorphic to 31++2. Let T < S such that
we T and T = Z(S) then |T| = 9 so Ne(T) < H. Therefore, Ny (T) < HOAW = S
and so Ny (2 (S)) = S. Thus W satisfies the hypothesis of Lemma 2.3. However, by

hypothesis, Oz (W) =1 and so ng(W) —1. Thus W = S and so W = S < H.
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Now, if v € C19UC11 UCy2 then either v? or v? is in C5UCs and so it follows immediately
that Cg(v) < H. So suppose that C& = C% then let a € Cy; and b € Cyp such that
a® = b € C5. Then there exists g € G such that a? = b and so (a®)? = (a?)® = b* and so
g € Cg(CLS) < H. Which implies that C;; = Ci2. This contradiction completes the proof

of (iv).

Finally to prove (vi) we allow x to be represented in Alt(9) by (123). Any group of
order nine containing x necessarily centralizes = and so is a subgroup of J. Therefore
we need only consider P, = ((123), (456)) and P, = ((123), (456)(789)) and count the

H-orbits of the subgroups of J. U
Lemma 2.19. If x € Cy then Cg(x) < H or Cg(x) = 3 x Alt(6).

Proof. Suppose Cg(z) £ H and set X := Cg(z)/(x). Since z is not 3-central in G, Cg()
has Sylow 3-subgroups of order 3% and so X has Sylow 3-subgroups of order nine. Observe
that J € Syly(X) and |Ng(J)| = 3222. We show that X must be simple. So let N be a
minimal normal subgroup of X then N is a direct product of isomorphic simple groups.
If 3 1 |N| then Os(Cq(x)) # 1 which is not possible. Therefore 3 | [N|. Now X has
Sylow 3-subgroups of order nine and so either N is simple or N is a direct product of
two isomorphic simple groups each with Sylow 3-subgroups of order three. Suppose the
latter then N = N; x Ny where N; = N, are simple groups. Choose T' € Syl;(N;) then
[T, N,] = 1. Let T and N; be the preimages in C¢(x) of T and N; respectively. Then N,
splits over (x) by Gaschiitz’s Theorem (1.13). Let M; be a complement to (z) in Ny then
M, = N is simple and normalized by 7. Since [T, N,] < (z), [T, My] < {(z) N M; = 1.
Thus M; < C(T). Now T is conjugate to a subgroup of J of order nine and so by Lemma
2.18 (v), My < HY for some g € G. However M; is simple and HY is soluble which implies
M, has prime order. Since 3 | |M;], M; = N is cyclic of order three. Therefore N has

order nine and so X has a normal Sylow 3-subgroup J and so Cg(z) < H contradicting

our assumption.

So we may assume N is simple. Let f € Cy(x) have order four then C;(f) = C;(f?) =
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(z). By coprime action, f and 2 act fixed-point-freely on J. Suppose N has Sylow 3-
subgroups of order three. Then J N N has order three. However f has order four which
implies that J = [JN' N, f] < N. Thus J is a Sylow 3-subgroup of N. Also since J has
more than one conjugacy class of subgroup of order nine containing z by Lemma 2.18
(vi), J has more than one conjugacy class of order three. Let 1 # j € J and suppose
that @ € N is a 3'-element and centralizes j. Then (a) normalizes (j,z) < J which has
order nine. By Lemma 2.18 (v), a € H has even order. Let ¢t € (a) be an involution
then we have seen that 7 acts fixed-point-freely on J. This contradicts our assumption
that ¢ centralizes j. Thus C5(j) = J and so N satisfies Theorem 1.41 so N =2 Alt(6).
In particular, N¢(J) < N. Since N < X and J € Syl;(N), we may use a Lemma 1.1
(Frattini argument) to write X = NNx(J) = N. Therefore X = N = Alt(6) and so by
Gaschiitz’s Theorem (1.13), C(z) = 3 x Alt(6). O

Lemma 2.20. If z € C; then either Cq(z) < H or C¥ = C§. If C¥ = C§ then for
S € Syly(H) and T € Syly(Ny(5)), Ca(T) contains a subgroup isomorphic to SLy(3) and
T# C Cs.

Proof. We see from the character table of H (Table 2.1) that Cy(z) has order nine and
therefore Cy(x) = (z, z) where z € Z(95) for some S € Syl;(H). Moreover Cy(z) = (x, z)
contains two H-conjugates of z and six H-conjugates of x. If x is not conjugate in G to
z then Ney2)((2,2)) < Na((2)) NCa(z) < HNCg(x) = (2, ). Thus Cg(z) has a Sylow
3-subgroup of order nine which is self-normalizing. Therefore C(x) has a normal 3-
complement. However, by hypothesis, O3 (C(x)) = 1. We conclude that Cq(x) = (2, x)

or x is conjugate to z.

Assume C¢ = C§ and let S € Syly(H) then Ny(S) = Ng(S) = Ng(Z(S)) has
order 3*2 and contains involutions from the H-conjugacy class C3. Let a € Z(S)# and
b € S\J have order three then b € C;. By assumption, b is conjugate in G to a. Set
X = (a,b). Let g € H such that a = b. Then b € Z(59) and S = Cg(a) implies
S9 = Cg(b). Since Cg(b) = X, SNSY = X. Solet A := Ng(X) and B := Ngo(X)
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and set Y := (A, B). Observe that X is self-centralizing in G and A and B are distinct.
Thus Y/X = SLy(3). Let TX/X = Z(Y/X) where T'= 2. Then T inverts a and so
T € Syl,(Ng(S)) < H. Let 1 #£t € T thent € C§. By coprime action and an isomorphism
theorem, SLy(3) = Cy)x(TX/X) = Cy(T)X/X = Cy(T). Since T' € Syly(Ng(S)), the

result is true for every subgroup in Syl,(Ng(5)). O

We have three scenarios to consider in more detail in the following three subsections.
e Case 1: For z € C7, Cg(x) < H.
e Case 2: For z € Cy, Cq(z) < H and C¥ = CE.

e Case 3: For z € Cy, C(x) = 3 x Alt(6) and C¢ = C§.

2.2.1 Casel

In this case we hypothesize that for x € C;7, Cs(x) < H. We do not need to consider the
possibilities for Cg(y) for y € Cy4 since the assumption on C; proves to be very powerful.
By Lemma 2.20, a more succinct way to describe this scenario is to hypothesize in addition
to Hypothesis A that, as sets, JNH = J. Throughout this section we assume G satisfies

the following hypothesis.

Hypothesis 2.21. Let G satisfy Hypothesis A and in addition assume that, as sets, J%N

H=J.

Theorem 2.22. If G satisfies Hypothesis 2.21 then G = H.

We suppose for a contradiction that G # H. In particular, J €4 G.

Lemma 2.23. |G|/|H| > 28.

Proof. The index of H in GG equals the number of conjugates of J in (G. So consider the

action of J on the set, Q := {J9g € G\H}, of its distinct conjugates in G. Since H # G,
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this set is non-empty. Moreover, if j € J fixes some J9 € () then j € H9 N J = 1. Hence
Q| > 27. O

Lemma 2.24. C :=CqUC; UCy1 UCyp is a set of special classes in H.

Proof. By Lemma 2.18 and Hypothesis 2.21, Cg(z) < H for each x € C. Now suppose for
i € {6,7,11,12}, CS NC # C;. Then there exists x € C;, y € C; (i # j) such that 29 =y
for some g € G. However this implies that Cg(z) = Cg(y) and so the only possibility is
that {i,j} = {11,12}. However by Lemma 2.18 (iv), C% # C%,. Finally we need to satisfy
condition (ii7) of Definition 2.6. However this is immediate since any element in Cq, C;
is conjugate in H to its inverse and every element of order nine in H is contained in the

set. O

Lemma 2.25. Suppose that a € Cg, b € C; and ¢ € Cg U C; such that for some h,g € G,
a"v? =c. Then X := {(a",19) < H.

Proof. By Lemma 2.5, there exists z € X of order three such that X < Cg(2). Since
z commutes with ¢ € Cs UCy, 2 € Cg(c) < H. Since z commutes with a" € J"
z€ J"NH < J. If however z € Cy, then since [2,09] =1, 2 € HINJ < J9. So z € Z(9Y)

and then z € C5G which is a contradiction. So z € C5 UCs and since a" € J, X < H. O

Recall from Section 2.1 the definition of the structure constants (labeled afyz and afyz

for G a group with elements x,y, z).

Lemma 2.26. Let y € Cq and z € C;. Then

(i) a%, =0; and

Y=y
(if) af, =22

Proof. By Lemma 2.25, the number of pairs (a,b) € y x z¢ such that ab = y equals the
number of pairs (a,b) € y x 2% such that ab = y and from the character table of H we

. 394
calculate this number to be afzy =all, = 235.0=0. Hence a?zy —0.
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G o H - 2334
By the same argument we have a,,, = a,,. = 35553

N [©

= 6 since Cg(y) = Cy(y) and

Ca(z) = Cy(z). Hence O‘szZ — 633@‘3 '

O

We now apply Suzuki’s Theory with the set of special classes C := Cg U C; U Cy1 U Cyo.
We begin by finding a basis for the space W = {¢ € CF(H) | ¢(h) =0 for all h € H\C}.
By Lemma 2.8, W has dimension four over C.

(1) A =1+ by — s;

(49) Ao = b3 + by + 5 + 1o + Y11 — P13 — Yy
(4ii) A3 = 1h1o — Y12;
(iv) Ay = Y11 — Yro.

We calculate v; := 2]1.4:1 ¥;(z;)¢; where x; € C; for i = 6,7,11, 12 and write each as a

linear combination of the class functions {A1,..., A4} to give the following:
(1) 796 = A1+ 3 — A3 — Ay
(7)) 7 =M — A3 — Ay

(ZZZ) Y11 = )\1 + 2)\3 - )\4; and

(ZU) T2 = )\1 — )\3 -+ 2)\4

Thus we have the matrix:

1 3 -1 -1
1 0 -1 -1
C =
10 2 -1
1 0 -1 2
Let 6, = 1,05, ...,0s be the irreducible characters of G where the numbering is not

fixed except that 6 always represents the principal character. Let ju; = A\ fori=1,... 4.

Table 2.2 gives the pairwise inner products (y;, i) using Lemma 2.7.
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(o | po ps pa

pe | -1 7

Table 2.2: The table of inner products (p;, ptj)¢ for 1 <i,5 < 4.

We also have, using Lemma 2.7 that p;(1) = A\(1) = 0 for each 1 < ¢ < 4 and
(i, 61) = 0fori =2,3,4and (u1,6,) = 1. We express i1, i3 and ji4 as linear combinations

of irreducible characters of G.
Lemma 2.27. (i) p; =6, + 3605 — 06s;
(1) ps = €y — €bs;
(191) pg = €0y — €bs;
where €,0 = £1.

Proof. Since pug and py each involve exactly two irreducible characters of G and have
inner product 1, it is clear that we can write us = €30y + €303 and py = €404 + €305
(€2,€3,€4 = £1). However since pus(1l) = pa(l) = 0, we have € := € = ¢4 = —e3. Now
since p; involves two irreducible characters together with the principal character and has
inner product 0 with g and gy, we have py = 61 + €505 + €60 (€5,66 = +1). Suppose
€5 = €. Then 0 = (1) = 1+ e5(6s(1) + 05(1)). However 0g(1) + 65(1) is an integer

greater than 1 and so we may take § := €5 = —¢g. [

Using Suzuki’s Theorem, we can now calculate part of the character table of G. So far
we have not induced the character ps to G and so we let b; represent unknown constants

such that ps =, ;. bif; in the following matrix:
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1 0 0 0 6 —6 O
0 by b3 by bs b b7

Therefore we calculate a portion of the character table (CB)' (Table 2.3) and we let

d; = 0;(1) and we avoid calculating the entries 0;(z) for € C¢ for the moment.

T T¢e ¢v ¢ Y
11 1 1 1 1
0y | do —€ 2 —¢
05 | ds 2¢ —e —¢
0, | dy — —€ 2
05 | ds ) ) )
O | dg -0 -0 —0
0; | dy 0 0 0
0, | dg 0 0 0

Table 2.3: Part of the character table of G
Lemma 2.28. d :=dy =d3 = d4 and 1+ dds — ddg = 0.

Proof. By Lemma 2.7, pui(1) = ps(1) = pa(l) = 0. Using Lemma 2.27 we see that
€d2 - Edg = €d3 — €d4 = 0 and 1 + 5d5 - (5d6 = 0 and so d = dg = d3 = d4 and
1+ éds — ddg = 0. O

We calculate structure constants for G which involve the G-conjugacy class C$ and
the class C§'. Hence we only need to know some of the character values for C§' provided
we know all the character values for CS. Therefore we need to calculate 6;(z) (z € C)

only for 1 = 2,3,4,5,6.

Lemma 2.29. Let by, b3, by, bs, bg be the constants as in the matriz B. One of the follow-
ing hold.
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(i) (ba, b3, by, bs,bg) = (€,0,€,—06,0);

(1) (bo,bs3, by, bs,bs) = (€,0,€, —20,—0);

(i73) (ba, b, by, b5, bs) = (0, —¢€,0,—0,0);

(1v) (bg, bs, by, bs,bs) = (0, —€,0, —25, —9); or
(v) (ba,bs, by, bs,bg) = (—e, —2¢, —e, —4,0).

Proof. We begin to induce Ay to G. Since (2, u13) = (o, ft4) = 1 we have that po either
involves €6y + €, or —efl3 or —efly — 2ell3 — €. In the first case in order to satisfy
(2, 1) = —1 we have that ps involves either —d05 or —2505 — 06g. In the second case we
again see that to satisfy (ug, 1) = —1, pg involves either —d6;5 or —2005 — 660s. Finally in

the third case the only possibility is that ps = —efly — 2€63 — €6, — 005. 0

We now calculate using Lemma 2.26 which says that

T W)()()_E: (1)0:(2)6(2)

1<i<6 i(1)
and

2230 0:(y)0;(2)6(z) 0:(y)0:(2)0(=
-y (1)0:(2)0(2) 3 (9)0i(2)0(z)

I o:(1)

1<i<s 1<i<6 i(1)

where y € Cg and z € C;. Notice that all H-characters are integral on elements in Cs and
in C;. Therefore all G-characters are integral on Cg and C; also. We now consider each of

the five cases described in Lemma 2.29.

Candidate 1: (bg, b3, b47 b5, bﬁ) = (67 0, €, —(5, O)

The missing entries from the character table are displayed in Table 2.4. So we calculate
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1] c§
0, | 1 1
92 d PAS
O | d | 2¢
04 d 2e
95 d5 —20
Og | dg | —0

Table 2.4: A candidate for part of the character table of G.

(where y € C¢ and z € Cr):

4 4.2 4 4 4
0ol —1_2 42 4 4 0 . 40 0

o T ST g T d T d T dy ds 0 ds dg
We now rearrange using the relation 1 — ddg = —dd;5 (by Lemma 2.28) to get 0 = 1 +
dsdg + 3d0dg. Since ds and dg are positive, we have 6 = —1 and so d5 = 1 4 dg and we
simplify further to get 0 = 1 + dg(1 + dg) — 3dg = d% — 2dg + 1. This quadratic in dg has

the repeated root dg = 1 and so d5 = 2. Now we calculate:

2236 G 1+2€+26+8€+2+1 3+12€
—_— = (X = _— e e — —_ = _—
iG]~ v dd a2 d

We simplify to get |G|(d + 4¢) = 223%d. Since d # 0, d + 4¢ # 0. Therefore we rearrange
to see that |G|/|H| = 3d/2(d + 4¢). By Lemma 2.23, |G|/|H| > 28. We rearrange
3d/2(d + 4¢) > 28 to get 53d < —224e. Therefore e = —1 and 0 < d < 4. However this is

a contradiction since this implies d + 4e < 0 and so |G| = 223°d/(d + 4¢) < 0.

Candidate 2: (b27 b3, 12)47 b5, bﬁ) = (67 O, €, —25, —5)

The missing entries from the character table are displayed in Table 2.5. So we calculate

(where y € Cg and z € Cr):

0=a% _1_4_6 42¢  de 2_55_1_65_1 2_55_@

e e e R R A R
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1] c§
0, | 1 1
92 d PAS
O | d | 2¢
04 d 2e
95 d5 —50
O | dg | —40

Table 2.5: A candidate for part of the character table of G.

As before we rearrange and use 1 — ddg = —dds to get 0 = 16 + dsdg + 99dg. Now since
ds and dg are positive, we have 6 = —1 and so d5 = 1 + dg and we simplify further to get
0 =16 + dg(1 + dg) — 9dg = d2 — 8dgs + 16. This quadratic in dg has the repeated root

de = 4 and so d; = 5. Now we calculate:

2236 a 1+26+86+26+5+4 3+12€
—_— = (X e e e e — —_ = _
|G| yz= d d d 5 4 d

We simplify to get |G|(d + 4¢) = 223%d or |G| = 2235d/(d + 4¢). Since d # 0, d + 4e # 0.
Therefore we rearrange to see that |G|/|H| = 3d/2(d+4¢). By Lemma 2.23, |G|/|H| > 28.
We rearrange 3d/2(d + 4¢) > 28 to get 53d < —224¢. Therefore e = —1 and 0 < d < 4.

However this is a contradiction since this implies d+4¢ < 0 and so |G| = 223°d/(d+4¢) < 0.

Candidate 3: (bz, b3, b4, b5, bﬁ) = (0, —€, 0, —(5, 0)

The missing entries from the character table are displayed in Table 2.6. So we calculate

1] c§
0 1 1
62 d —€
03 d —€
94 d —€
(95 d5 —20
O | de | —0

Table 2.6: A candidate for part of the character table of G.
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(where y € Cs and z € Cr):

58 58
N c R T A R [
0= ay, i ata A T a4

Again we rearrange and substitute for dds to get 0 = 1 + dsdg + 3ddg and again see that
9 = —1 and so d5 = 1 + ds and so we simplify further to get 0 = 1 + dg(1 + dg) — 3dg =
dg — 2dg + 1. This quadratic in dg has the repeated root dg = 1 and so d5 = 2. Now we

calculate:
2236 e e 4 € 2 1 be
G| Y d d d 2 1 d’

We simplify to get |G|(d — 2¢) = 223%d. Since d # 0, d — 2¢ # 0. Therefore we rearrange
to see that |G|/|H| = 3d/2(d — 2¢). By Lemma 2.23, |G|/|H| > 28. We rearrange
3d/2(d — 2¢) > 28 to get 53d < 112¢. Therefore ¢ = 1 and 0 < d < 2. However this is a

contradiction since this implies d — 2¢ < 0 and so |G| = 223°d/(d — 2¢) < 0.

Candidate 4: (bz, b3, b4, b5, b6> = (0, —€, 0, —2(5, —(5)

The missing entries from the character table are displayed in Table 2.7. So we calculate

1] C§
0 1 1
62 d —€
03 d —€
94 d —€
05 | ds | —5H0
O | de | —40

Table 2.7: A candidate for part of the character table of G.

(where y € Cg and z € Cr):

G —1_£+2£_£+2_55_1_65—1_|_@_@
vy d “d d ds dg ds ds
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Rearrange and substitute for dds to get 0 = 16 + dsdg + 90dg. Observe again that 6 = —1
and so d5 = 1 + dg and simplify further to get 0 = 16 + dg(1 + dg) — 9dg = d2 — 8dg + 16.

This quadratic in dg has the repeated root dg = 4 and so d5 = 5. Now we calculate

2230 a 1€ de € . 5 4 6e
—=a,,,=1—= == — = - .
|G| vz d d d 5 4 d

We simplify to get |G|(d — 2¢) = 223%d. Since d # 0, d — 2¢ # 0. Therefore we rearrange
to see that |G|/|H| = 3d/2(d — 2¢). By Lemma 2.23, |G|/|H| > 28. We rearrange
3d/2(d — 2¢) > 28 to get 53d < 112¢. Therefore € = 1 and 0 < d < 2. However this is a

contradiction since this implies d — 2e < 0 and so |G| = 223%d/(d — 2¢) < 0.

Candidate 5: (bz, b3, b47 b5, bﬁ) = (—6, —267 —€, —5, 0)

The missing entries from the character table are displayed in Table 2.8. So we calculate

1] c§
0,1 1
92 d —4e
63 d —4e
04 d —4e
95 d5 —20
O | de | —0

Table 2.8: A candidate for part of the character table of G.

(where y € C¢ and z € Cr):

16¢ 16e 16 46 6 46 4
—af =1-_—4o - _ 4 _ 14— _
0= 0y R B A PR i M

which this time reduces to 0 = 1 + dg(1 + dg) — 3dg = d2 — 2dg + 1 when we observe
that § = —1. This quadratic in dg has the repeated root dg = 1 and so d5 = 2. Now we

calculate:
2236 a 4de 16e 4e 2 1 24€
T =, = + -4+ - = .
|G| Y d d d 2 1 d



We simplify to get |G|(d — 8¢) = 223%d. Since d # 0, d — 8¢ # 0. Therefore we rearrange
to see that |G|/|H| = 3d/2(d — 8¢). By Lemma 2.23, |G|/|H| > 28. We rearrange
3d/2(d — 8¢) > 28 to get 53d < 448¢. Therefore ¢ = 1 and 0 < d < 8. However this is a

contradiction since this implies d — 8¢ < 0 and so |G| = 223°d/(d — 8¢) < 0.

Thus our calculations in each case given by Lemma 2.29 give a contradiction. Therefore

we may conclude that G = H. This completes the proof of Theorem 2.22.

2.2.2 Case 2

In this second case we hypothesize that for z € Cy, Cq(r) < H and C¥ = CS. Under the

assumptions of Hypothesis A it is clear that this is equivalent to the following hypothesis.

Hypothesis 2.30. Let G satisfy Hypothesis A and in addition assume Cg(j) < H for
each j € J* and for x € H\J of order three z% N J # ().

Theorem 2.31. No group satisfies Hypothesis 2.30.

We suppose for a contradiction that G is a group satisfying Hypothesis 2.30. We use
the p-block theory from Section 2.1.2 with p = 3. Recall that By(G) is the set of ordinary
characters in the principal block of G. We will show in Lemma 2.33 that we only need to

calculate character values from characters in By(G).

Lemma 2.32. If N < G and Sylg(N) C Syl;(G) then G = N.

Proof. Suppose N 4 G with N # G and assume S € Syl;(N) N Syly(G) # 0. Then by
Lemma 1.1 (Frattini argument), G = NNg(5). Let T' € Syly(Ng(S)) then |T| = 2 and
N¢(S) = ST follows from Lemma 2.18. Thus G = NT and since G # N, T « N. Thus,
by an isomorphism theorem, G/N = NT/N = T/NNT = T. By Lemma 2.20, there
exists A < G such that A = SIy(3) and T = Z(A). In particular, there exists a cyclic
group of order four FF < A such that T < F. Since NNT =1, NN F =1 and so
G/N = NF/N = F which is a contradiction. O
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Lemma 2.33. Let D < H be a non-trivial 3-subgroup. Then Ng(D) is 3-soluble and
O3z (Ng(D)) = 1. In particular, if x € Irr(G)\Bo(G) then x(a) = 0 for any element

1 # a € G of order a multiple of 3.

Proof. If D = S then Ng(S) < H and the conclusion is clear. If D = J then Ng(D) = H
and again it is clear. Therefore D has one of the following isomorphism types: 3, 3 x 3,
3172, 3572 Cy. In each case Ng(D)/Cg(D) is 3-soluble. Now since Cg(x) is 3-soluble
for each element of order three in D, Cg(D) is 3-soluble and thus Ng(D) is 3-soluble.
So suppose Os (Ng(D)) # 1. Then [O3(Ng(D)), D] = 1 and so O3 (Cs(D)) # 1. If
1 # x € D then x commutes with Oz (Cg(D)) and so x is not 3-central as elements in
C¢ have centralizers of order 3*. Therefore x € J. If D = () is cyclic then we have a
contradiction since Oy (Cg(x)) = 1 for every element of order three in .JJ. So we must have

D < J of order nine. However by Lemma 2.18 (v), C(D) = J gives us a contradiction.

Hence we may apply Lemma 2.15 to say that for any x € Irr(G)\By(G) and any

element non-identity a of order a multiple of 3, x(a) =0 O

Recall from Section 2.1 the definition of the structure constants (labeled afyz and afyz

for G a group with elements x,y, z).

Lemma 2.34. Leta € Cy, b€ Cs, c € Cg. Then

(i) ab. =2-108-81/|G|;

abc

(i) oS, =2-108-108/|G|; and

aac

(iii) oS, =4-54-54/|G|.

cca

Proof. Suppose (w, z,y) € {(a,b,c), (a,a,c),(c,c, a)}. Suppose for some g, h € G, wIz" =

y and set X := (w9, 2"). By Lemma 2.5, there exists an element of order three z € X such
that X < Cg(z). Since z commutes with y € C; UCg, z € J. Therefore X < Cg(z) < H.

Notice that w lies in Cy U Cs and so w9 € J. Therefore X = (w9, y) < J and w9, 2" € J.
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Now elements in J are G-conjugate if and only if they are conjugate in H (Lemma 2.17)

G H

_ G
so we may assume g,h € H. Therefore a;,, = a,,, and we may calculate «,;,, from

Table 2.1. 0

Recall from Section 2.1.2 the definition of a principal column of G as a sequence

indexed by the principal block characters of G.

Lemma 2.35. There are at most 14 characters in the principal 3-block of G and if z € G
is 3-central then x(z) # 0 for each x € By(G).

Proof. By Lemma 2.33, we may apply Lemma 2.15 to G to say that if z is a 3-element in
G and x € Irr(G) with x(z) # 0 then x € Bo(G).

Let d € Cy; and e € Cy5. By Lemma 2.18, Cﬁ + C1G2. Since any character of G
restricts to a sum of characters of H, x(d), x(e) € Z for any x € By(G). Furthermore
x(d) = x(e) mod 3 by Lemma 2.13. Let {x1,...,Xm} = Bo(G) then by Lemma 2.33,
S oxi(d) = S xi(e) = 9 and since CG # C%, S xi(d)xi(e) = 0. Define the

following principal column C' := (5(xi(d) — xi(€)))i=1.m- Then the inner product (C,C)

equals:
G 0u() — (@) = 5 2 — 2l dile) +xule) = 5(0+049) =2

i=1 i=1

So C' has just two non-zero entries. Let x; € By(G) such that (x;(d) — x;(e))/3 = %1.
Then x;(d) — x;(e) = £3. In particular there exists f € {d, e} such that |x;(f)] > 1. We
can therefore conclude that the number of irreducible characters of G which are non-zero

on f is at most six.

So, for z € Cs, it follows from Lemma 2.33 that > x:(2)? = 81 = |Cs(2)|. By
Lemma 2.12; x;(z) # 0 for each x; € Bo(G). If x; € Bo(G) and x;(f) = 0 then x;(2) is a
multiple of three since x(f) = x(z) mod 3. The number of characters in By(G) on which
z is a multiple of three is at most 8 since 8 * 32 = 72 < 81. It therefore follows that m is

at most 8 +6 and so m < 14. O
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Set Byo(G) :={x1,---,Xm} where m < 14. We define the following principal columns

of character values:

(1) A = (Xi(4) 1<icm;

(i) B = (Xi(25))1<i<m;

(iii) C = (xi(6))1<i<m;

(iv) D = (xi(29) )1<i<m;

(v) E = (Xi(x10))1<i<m;

(vi) F = (xi(z11))1<icm;
(vii) G = (Xi(212) 1<icms
(vidi) H = (xi(213))1<i<cm; and

(iz) T= (xi(714))1<i<m-

Lemma 2.36. Tuble 2.9 shows the pairwise inner products of the principal columns A,

B,C,D E F G H,L

Proof. For v € Irr(G)\Bo(G) and z; € C¢ (i € {4,5,6,9,10,11,12,13,14}), by Lemma

2.33, ¢(z;) = 0. In particular this implies that }_ .5 ) x(z;)* = |Cq(z;)| and that for
0.

i # 7 €1{4,5,6,9,10,11,12,13,14}, > . o) X(@:)x(2;) = O

Recall Lemma 2.16 and consider the following invertible matrix:

0 0 /12 1/12  1/36  1/36 1/18 1/9 —1/9
0 0 0 0 /9  1/9 -1/9  —2/9 —1/9
0 0 0 0 —1/18 1/9 1/18 1/9 2/9
0 0 1/4 /4 1/4  —1/4 0 0 0
M= 0 0 0 0 1/2 0 1/2 0 0
-1/3 0 -1/3  1/3  1/3 0 0 0 0
1/3 0 0 /3 1/3 0 0 0 0
0 VB/6 —VB/12 —V3/12 1/4 V3/12 —(3+V3)/12 0 0

=]
o

0 —VvB3/6 VB/12 VB/12 1/4 —V3/12 —(3-V3)/12
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(JJA B C DETF G H I
AJ108 0 0 0 0 0 0 0 0
B| 0O 8 0 0 0 0 0 0 0
C|lo 05 0 00 0 0 0
D|0 0 0 12 0 0 0 0 0
E|0 0 0 0 6 0 0 0 0
F|0 0 0 0 0 9 0 0 0
G| 0O 0 0 0 00 9 0 0
H| 0 0 0 0 00 0 12 0
I/0 0 0 0 0 0 0 0 12

Table 2.9: The pairwise inner products of the principal columns A-I

Set N := (v;(x;))ij to be the 14 x 9 matrix of H-character values where i = 1,...,14 and
Jj=4,5,6,9,10,11,12,13, 14 with z; € C;. We calculate NM to be a matrix with integer
entries. Furthermore, to address the obvious question related to how M is found, M has
been chosen as a matrix of row operations of N in such a way that NM has few entries
and the entries are small integers. The method is somewhat ad hoc and a different choice
of M may potentially work just as well. Now consider the m x 9 matrix L := (x;(x;));;
where {x1,...,Xm} = Bo(G) and again z; € C; for j = 4,5,6,9,10,11,12,13,14. By

Lemma 2.16, LM =: K is a matrix with integer entries.

Now let M; be the j'th column of M. Then LM, equals the j'th column of K, K;

say. View K as a principal column. We calculate the following:

(1) Ky = %(—F+ G);
(i1) Ky = Y2(H —1);

(iii) K3 = (A +3D — 4F — v3H + V/31);
(iv) Ky = 5(A+ 3D +4F + 4G — v/3H + V/31);
(v) K5 = 35(A+4B —2C + 9D + 18E + 12F + 12G + 9H + 9I);

(vi) K¢ = (A +4B+4C — 9D + 3/3H — 3V/3I);
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(vii) K7 = %£(2A —4B +2C + 18E — (9 + 3v/3)H — (9 — 3V3)I);
(viii) Ks = (A — 2B + C);

(iz) Ky =1(~A — B +2Q).

1
9

We use the bi-linearity of the column inner product to calculate the pairwise principal

column inner products (K, K;) as displayed in Table 2.10. Note that we can easily

()[K K, Ky K, Ky K; K Ky K,
Kl 2

Ky | O 2

Kyl 1 -1 3

K, 0 -1 1 4

Ky | O 0 0 3 7

Kg| O 1 -1 -1 0 3

K; | 0 -1 1 1 -1 -1 5

Ksg| O 0 1 1 -2 -1 6
Ky | O o -1 -1 -2 0 1 2 5

Table 2.10: The table of principal column inner products (K;, K;)1<; j<o-

calculate the first row of K since the first entry in each column A-I is 1.

)| K1 Ky Ky Ky K; K¢ K; Kg Ky
1| O 0 0 1 2 0 0 0 0

Table 2.11: The first row of K.

The aim therefore is to find each possibility for K by finding each possibility for the
columns K71, ..., K9 which have integer entries. Each column has length at most 14 and
each entry is an integer with bounded modulus. Thus there are a finite number of possible
candidates for the matrix K. Of course given a candidate matrix K any permutation of
the rows gives another solution. Similarly, given a candidate K, multiplying any row or
rows by —1 gives a further solution. Therefore any strategy for finding candidates for K

must take this into account.
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The necessary calculations were done by hand and then again with the aid of a com-
puter algebra package. The code used is displayed in Chapter ??. The calculations provide
thirteen candidates for K. In each case we calculate KM~ = L = (x;(z;)) which gives

us a candidate for part of the principal 3-block of the character table of G.

Candidate 1

000 1200 0 o- r1o1 1 1 1 1 1 1 1 7
100 0000 0 1 —4-12 0 0 -12 0 0
01 0000 0 -1 4 1 -200-2110 0
010 0000 1 0 3-30 100 0+V3-V3
01-1-101-1-10 -33 0-10 0 0 +V3-V3
001 0000 0 O 2 2 2 2 0-1-10 0

Ko [000 1000 00 L= 1 1 1 1 11 1 -1 —1
000 1100 0 —1 41 -20 0 1 1 0 0
000 0100 —1-1 0 3-301 000 0
000 010-1-10 -33 0 100 0 1 1
000 001-10 0 33 3-1-100 1 1
000 0011 00 333-110 0 -1 -1
000 0001 1 1 0330100 0 0
~000 0000 1 0- 3 30100 0 1 1 |

Observe that the matrix L up to rearrangement and sign changes of the rows is equal

to part of the character table of H.
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Candidates 2 and 3

000 19200 0 0- r1 1 1 1 1 1 1 1 1 7
L0l 0000 0 1 41 -200-21 10 0
00 0000 o0 1 —4-12 0 0-12 0 0
010 0000 1 0 3-30 1 0 0 0+3-V3
01-1-101-1-10 -33 0 -10 0 0 +V3-V3
001 0000 0 O 2 2 2 2 0 -1-10 0

K — 000 1000 0 O I = 11 1 1 -11 1 -1 -1 .
000 1100 0 —1]”’ 41200110 0 |
000 010-1-1-1 0 3-30 00 0 1 1
000 0100 -10 33 01 1 00 0 0
000 0011 00 33 3-110 0 -1 -1
000 001-10 0 333 -1-100 1 1
000 0001 1 0 3-30-11020 0 0
Loo 0 0000 1 1 - | 0 33 o 0o 0 ]
00 0 500 0 0- r1 1 1 1 1 1 1 1 T
Lo o 00 0 o —4-12 0 0-12 0 0
101 0000 0 -1 4 1 -20 0-2110 0
01-1-101-1-10 —33 0-10 0 0 +v3—-V3
010 0000 1 0 3 -30 1 0 0 0 v3-V3
001 0000 0 O 2 2 2 2 0 -1-10 0

K — 000 1000 0 —1 [ = |4 1-20-111-1-
000 1100 0 0 |’ 11110110 0
000 010-1-1-1 0 3-30 0 0 0 1 1
000 0100 —-1-1 0 3-301 00 0 0
000 0011 0 0 33 3-1120 0 -1 -1
000 001-10 0 3 33 -1-100 1 1
000 0001 1 0 3-30-112010 0 0
Lo0 0 0000 1 O - | 3 301000 1 1 |

In both cases observe the third and the fifth columns of L. These entries correspond
(up to sign) to character values on x4 € Cg and x1y € C19. The Brauer character table of
Cq(xg) is given in Table 2.12 (note that rows of the table correspond to the two irreducible
Brauer characters of Cg(x¢) and the columns correspond to the two 3-regular elements of

Cq(xg) of order one and two).

By Lemma 2.14, for any x € Irr(G), there exists algebraic integers (generalized de-
composition numbers) ¢; = d}%, and ¢; = di°; in Q(e?™/P") such that x(wg) = ¢ + co
and x(x19) = ¢ — ¢o. Since all H-characters are integral on xg and x19, x(26), x(211) € Z.

Also, since ¢; and ¢y are algebraic integers, ¢y, co € Z. Thus, if x;(z¢) = 0 then y;(z10) is
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Order

b1
P2

—_ = =
— N

1
—_

Table 2.12: The Brauer character table of Cg(zg).

an even integer. Now we observe the thirteenth row of each candidate for L and see that
in each case we have calculated a character in By(G) which vanishes on C§ and gives +1

on C&. Hence both candidates give a contradiction.

The Remaining Candidates

Fr1 1 1 1 1 1 1 1 1 -
r00 0 1200 0 07
-1-1-1-10 -12 0 0
100 0000 0 O
10 1 000 0 0 0 1 1 1 1 0o -2 1 0 0
010 0000 1 0 3 -30 1 0 0 0 vV3-V3
01-1-101-1-1 0 -3 3 0 —-10 0 0 V3—-V3
001 0000 0 —1 5 2 -11 0 —-1-10 0
000 1000 1 0 4 21 0 —-11 1 0 0
K = , L = 5
000 1100 —1-1 1 4 -21 0 1 1 —1 —1
000 010-1-10 -33 0 1 0 0 0 1 1
000 0100 0 —1 3 0 -3-11 0 0 1 1
000 001-10 0 3 3 3 -1-10 0 1 1
0600 0011 0 O 3 3 3 -11 0 0 —1 —1
000 0001 1 1 0-33 0 1 0 0 0 0
F00 0 0000 0 1- ~30 3 1 0 0 0 0 0O
r1 1 1 1 1 1 1 1 1 -
F00 0 1200 0 07
—4-12 0 0 —-12 0 0
100 0000 0 1
101 0000 0 —1 4 1 -20 0 -21 0 O
010 0000 1 0 3 -30 1 0 0 0 V3-V3
01-1-101-1-1 0 -33 0 -10 0 0 V3-V3
001 0000 0 0O 2 2 2 2 0 -1-10 0
K=]000 110-1-1-1|,L=|1 4 -2 1 —-11 1 0 0 ;
000 1001 1 0 4 —21 0 0 1 1 —1 —1
000 0100 —-10 -33 0 1 1 0 0 0 0
000 0100 0 -1 3 0-3-11 0 0 1 1
000 0011 0 0 3 3 3 -11 0 0 —1 —1
000 001-10 0 3 3 3 -1-10 0 1 1
S000 0000 1 1 - Lo -33 0 0 0 o 1 1
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11 1 1
—12 0 0
—2 1 0
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F1 1 1 1 1 1 1 1 1 7
F00 0 1200 0 0 -
-4-12 0 0 -1 2 0 0
100 0000 0 1
101 0000 0 —1 4 1 -200-21 0
010 0000 1 0 3 =30 1 0 0 0 vV3-V3
01—-1-101-1-1 0 —-33 0 -1 0 0 0 V3—-V3
001 0000 0O O 2 2 2 2 0 —-1—-10 0
000 1001 1 0 4 -2 1 0 0 1 1 —1 —1
K = , L= ;
000 1 10-1-1-1 14 -21 —-11 1 0 0
000 0100 —1-1 0 3 -30 1 0 0 0 O
000 0100 0 O 0o 0 0 0 1 0 0 1 1
000 001—-10 0 3 3 3 -1-10 0 1 1
000 0011 0 O 3 3 3 -11 0 0 —1 —1
000 0000 1 0 3 -30-10 0 0 1 1
“000 0000 0O 1- 50 31 00 0 0 o
ri 1 1 1 1 1 1 1 1 17
~00 0 1200 0 0 -
—4-12 0 0 —-12 0 0
100 0000 O 1
101 0000 o0 —1 4 1 -20 0 -21 0 0
01 -1-101-1-10 -3 3 0 -1 0 0 0 +vV3—-V3
010 0000 1 0 3 -30 1 0 0 0 V3-V3
001 0000 O O 2 2 2 2 0 —-1-10 0
000 1000 1 0O 4 -2 1 0 —-11 1 0 0
K= L=
000 1100 —1-1 14 -21 0 1 1 —1 —1
000 0100 0 O 00 0 0 1 0 0 1 1
000 0 10-1-1-1 0 3-30 0 0 0 1 1
000 0O01—-10 0 3 3 3 -1—-10 0 1 1
000 0011 0 O 3 3 3 -11 0 0 —1 —1
000 0001 1 0 3 -30-11 0 0 0 0
000 0000 O 1- 30 3 1.0 0 0 0 o

In each of the remaining ten cases we observe the second column of L which gives us
(up to sign) character values for 3-central z € C& in the principal 3-block. However, by

Lemma 2.12; x(z) # 0 for all x € By(G). Therefore none of these ten cases occur.

The Proof of Theorem 2.31

The only candidate for L we need to consider is the first one. Therefore Table 2.13
displays part of the principal 3-block of G. Note that characters are displayed up to sign
so Bo(G) = {x1,.--,x14} and ¢; = 1 for each 2 < i < 14. Also we set d; := €;x;(1) so

each d; is an integer which may be positive or negative.
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[ [c7 o ¢g ¢¢ ¢ ¢ G G CT
X1 1 1 1 1 1 1 1 1 1 1
€2X2 | dy | -4 -1 2 0 0 -1 2 0 0
€3xs | ds 4 1 -2 0 0 -2 1 0 0
exa | dg| 3 3 0 1 0 0 0 V3 —V3
exs | ds | -3 3 0 -1 0 0 0 V3 —V3
e | ds | 2 2 2 2 0 -1 -1 0 0
erx7 | dr 1 1 1 1 -1 1 1 -1 -1
€sXs | ds 4 1 -2 0 0 1 1 0 0
€9X9 | do o 3 -3 0 1 0 0 0 0
€10X10 d10 -3 3 0 1 0 0 0 1 1
€11X11 d11 3 3 3 -1 -1 0 0 1 1
€12X12 d12 3 3 3 -1 1 0 0 -1 -1
€13X13 | di3 0 -3 3 0 1 0 0 0 0
€14X14 d14 3 -3 0 -1 0 0 0 1 1

Table 2.13: Part of the principal 3-block of the character table of G' (up to sign, ¢; = £1).

Lemma 2.37. The character degrees satisfy the following congruences.

(1) d¢ = —52 mod 81;
(i1) d7 =1 mod 81;
(i7i) dy; = —51 mod 81;
(1v) dig = —51 mod 81.

Proof. For each i € {6,7,11,12} we restrict ¢;x; to H and calculate the character inner

product (€, ¥12)g which is integral. We calculate:

1 dg + 52
(€6X6a¢12)H:E(8d5—48—16+48+288+72+72): 68+1 .

Thus dg = —52 mod 81. Similarly:

! dr — 1

(erx7,U12)yg = —(8dy —24 — 8+ 24+ 144 — 72 —72) = —— .
|H| a1
1 dyy + 51
(e11x11, Y12)mr = W(Sdn —T72—-24472+432) = 1181 :
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and

1 dis + 51
(ex2x12 V12) i = o (Scdy — T2 — 24+ 72 4+ 432) = T2 122
|H | 81
Hence d7 = 1 mod 81 and dy; = d12 = —51 mod 81. 0

Lemma 2.38. dy; # —51, dyo # —51 and d; # 1.

Proof. Suppose di; = —51 and consider the characters of H
U1+ =1(2,2,0,2,2,2,2,0,2,0,2,2,0,0)

and

¢4 + ¢5 = (6a _2a 07 67 67 6a 07 07 _27 07 07 Oa 07 0)

We calculate the H-character inner products (611X11}H, Yy + 1)) and (Ellel‘Ha Wy + 5)
both of which are integral. Also, since di; < 0, €17 = —1 and so both inner products are
non-positive. Let n = e11x11(z2) for 25 € Cy (notice this is the only character value which

appears in the inner products which we have not calculated). We calculate:

1 T+n
which implies n < —7, and,
1 5—n
which implies n > 5. Therefore we have a contradiction and d;; # 51.
The same calculation assuming dis = —51 gives a similar contradiction and so dyy #

—51.

Suppose d; = 1. Then G' # G. Moreover if p is the representation of G affording x-
then C; < Ker(p) for i =4,5,6,7,11,12. Thus G’ is a proper normal subgroup of G which

contains a Sylow 3-subgroup of G. This contradicts Lemma 2.32. Hence d; # 1. U
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Let a € C4, b € C5 and ¢ € Cg. We find expressions involving the unknown character

G G

degrees d; using Lemma 2.34 to calculate b _, a% and af_ . We calculate:

abe? aac cca”
o af. —al, 1+8+1+27+27 15552
Qobe = o~ — — T T 5 T T = T
’ 6 dg ' dr | dy  diy |G

Since dg = —52 mod 81, either dg < —52 or dg > 0. In either case we have 1/dg > —1/52.
Slmllarly ]_/d7 2 —]./80 Now d11 7é —51 7é d12 so we have 1/d11 2 —1/132 and 1/d12 >
—1/132. Therefore

8 1 27 27 4857

1Sy 2 A A%
Yo T T an T, Z 11440

and so % > %5470. This gives us that |G| < 36630. Now a formula due to Frobenius

(see [41, s10, p28]) says that

{z € G]2*" =1,n € N}| = 0 mod 81.

Therefore, since we have three conjugacy classes of elements of order three and two con-

jugacy classes of elements of order nine, we have
1+ |GJ(1/108 +1/81+1/54 +1/9+1/9) =1+ |G|85/324 = 0 mod 81
and so
|G|(1/108 +1/81 +1/54+1/9+1/9) = |G85/324 = —1 mod 81.

It follows that |G|/81 = —1 mod 81.

Consider |G|/81. This is an integer which is a multiple of 8 and lies between 8 and 452.
It is easy to check that the only such integer is 80 so |G| = 6480. By Lemma 2.38, d; # 1
and since d; = 1 mod 81, d2 > 80%. Also d% > 29% so |G| > d% + d% > 29% + 80? = 7241.

This is our final contradiction in Case 2 and concludes the proof of Theorem 2.31.
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2.2.3 Case 3

In this final case we identify the group Alt(9). We assume that for = € Cy, Cgo(z) =
3 x Alt(6) and C& = C§. Since no group satisfies Hypothesis 2.30, it is clear that this is

equivalent to an assumption that H # G.

Hypothesis 2.39. Let G satisfy Hypothesis A and in addition assume that H is a proper

subgroup of G.

Theorem 2.40. If G satisfies Hypothesis 2.39 then G = Alt(9).

12

We set up some further notation for this section. Fix x € C4 and set C := Cg(x)

3 x Alt(6) and K = Ng((z)). Since x is conjugate in H to its inverse, [K : C] = 2.

Lemma 2.41. There exist subgroups Fy, Fy, P1, Py < C such that, fori € {1,2}, F; =
2x 2, Co(F;) = (x,F;) and 3 x 3 = P, € Syl;(Nc(F;)) where Neo(F;) = 3 x Sym(4).

Furthermore, |P, NCY| = |PLNC§| =4, |[P,NCY| = |P,NCS| =2 and |P, N CE| = 4.

Proof. First we observe that any group Y = Alt(6) has Sylow 2-subgroups which are
dihedral of order eight and any fours group in Y is self-centralizing with normalizer in Y
isomorphic to Sym(4). Moreover, Y has two conjugacy classes of fours groups AY and
BY say where AB € Syl,(Y). Furthermore Y has two conjugacy classes of subgroups of
order three Syls(Ny (A))Y and Syly(Ny(B))Y.

Now we fix two fours groups Fy, F» < C such that Dih(8) = F} F, € Syl,(C) and choose
Py, P, < C such that x € P; € Syly(N¢(F;)). It is clear from the structure of Alt(6) that
Co(F;) = (z, F;) and No(F;) = 3 x Sym(4). Also Py and P, are not conjugate in C. Since
Alt(6) has two conjugacy classes of elements of order three, C' has two conjugacy classes
of subgroups of order nine containing x. Thus P, and P, are representatives of these two
classes. Now by Lemma 2.18 (vi), H also has two conjugacy classes of subgroups of order
nine in J < C containing x and these are non-conjugate in G. It follows that P, and

P, are representatives of these classes and so are non-conjugate in GG. Therefore, using
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Lemma 2.18, we may assume that [P, NCY| = |PLNC§| =4, |[B,NCS| = |P,NCS| =2

and | P, N CE| = 4. 0

2

We fix notation such that P, = {1,z, 2% y,vy? 2, 2%, w,w?} where y,z € C§ and w €

Cc§.
Lemma 2.42. K/(x) = Sym(6).

Proof. Set K := K/(z). Then K has an index two subgroup C' = Alt(6). Consider
T = Cx(C). Since TNC =1, |T| < 2. Suppose |T| = 2. By coprime action and
an isomorphism theorem, J = CH(T) = C,;T = C;(T). Thus C;(T) is a subgroup of
J of order nine. Lemma 2.18 (v) now gives a contradiction. Therefore T = 1 and K is
isomorphic to a subgroup of Aut(Alt(6)) and hence K =2 Sym(6), Mo or PGLy(9). Now
My and PGL2(9) both have one conjugacy class of subgroups of order three (see [10]).

However P, and P, are non-conjugate in K. Thus K = Sym(6). O

By Lemma 2.42, K has Sylow 2-subgroups isomorphic to 2 x Dih(8). Hence we may
fix some further notation by setting E, Fs < K to be the elementary abelian subgroups

of K of order eight such that F; > Fy, Fy > F; and E1FE; € Syl,(K).

Lemma 2.43. Let i € {1,2} then Nk(E;) = 2 x Sym(4) and Z(Nk(Es)) < E; N By

contains an involution in CS.

Proof. Since E; £ C, [E;, z] = (x) and so z does not normalize E. Therefore Ng(E;) =
Nk (E;){x)/{x) < K/(x) which is isomorphic to the normalizer in Sym(6) of an elementary
abelian subgroup of order eight. It follows that Ng(E;) = 2 x Sym(4). Notice that

Let R; € Syls(Nk(E;)) then |R;| = 3 and we must have that R; < Nos()(F;) < O*(C)
so we may assume R; < P;. Recall that P, = {1, 2, 2% y,v% 2, 2%, w, w?} where y, 2 € C¢
and w € C§. Since Ry = P, N O3(C) is inverted in O3(C) = Alt(6), the elements xr and

zr? ((r) = R,) are conjugate. Thus we must have that w € O*(C). Therefore R} c C§.
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Now for y € C§, by Lemma 2.18 (iv), Cq(y) < H has order 332 and commutes with an
involution in C3. Therefore we have that Z(Ng(Ey))# € C§ and since E; < Ng(Es),
[Ey, Z(Nkg(Es))] = 1. Since Ng(E;) = 2 x Sym(4), we see that Ck(E;) = E; and so
Z(Ng(Ey)) < EyN Es. O

By exploiting the 3-subgroups normalizing F} and F3, we are able to determine Ng(F5)
in the following lemma. However, we are not able to fully determine Ng(F}) until we have

control of the 2-structure of G.

Lemma 2.44. (i) Cg(F1)/Fy has a self-centralizing, but not self-normalizing, element

of order three and Cq(Fy)/F; 2 PSLy(7).
(it) Ca(Fy) = Ex(x).

(i1i) Co(Ey) = Bs.

Proof. Let i € {1,2}. By Lemma 2.41, Cq(F;)NC = (F;,x) 2 3x2x2and Ng(F;)NC =
3 x Sym(4). In particular this tells us that Ng(F;)/Cq(F;) = Sym(3) = Aut(F}).
We also see that Cq(F;)/F; has a self-centralizing element of order three. Suppose
Co(F;)/F; = PSLy(7). Since Cq(F;)/F; is normalized by Ng(F;)/Cq(F;) = Sym(3) and
|Out(PSLy(7))| = 2, Ng(F;)/F; has a subgroup isomorphic to 3 x PSLy(7). This forces
an element of order three in G to commute with an element of order seven which is not
possible. Thus Cg(F;)/F; 2 PSLy(7). Since E; < Co(F;) N K and E; £ C, (z) is not

self-normalizing in Cg(F;). This proves part (i).

Now we fix i = 2 and apply the Feit-Thompson Theorem (Theorem 1.54) to Ce(F3)/ Fs.
Set X := O3(Cq(F3))/F;. Then X is acted on by P, and by coprime action, X =
(Cx({r)]1 < ({r) < B). Recall P, = {1,2,2%y,9° 2, 2%, w,w?} where y,z € C§ and
w € C§. Since (x),(y) and (z) act fixed-point-freely on X, X = Cx((w)). Now
|Ce({w))| = 332 and so |X] < 2. However X admits a fixed-point-free automorphism

of order three and so | X| =1 and Oy/(Cg(F2)) = Fs.
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So we have Cq(Fy)/Fy = Alt(5) or Sym(3). Suppose Cq(Fy)/Fy = Alt(5). Since
Ce(F2)/Fy is normalized by Ng(Fy)/Fy and |Out(Alt(5))| = 2, Ng(Fy)/F, contains a
subgroup isomorphic to 3 x Alt(5). Therefore an element of order three in PoFy/Fy = Py
commutes with Cg(F»)/Fy and in particular with an element of order five. However the

only elements of order three in P, which commute with an element of order five are x and

z~!and if [Fox, Cq(Fy)/Fy] = 1 then Fyx € Z(Cg(F)/Fy) = 1 which is a contradiction.
Therefore we may conclude that Cq(Fy)/Fy = Sym(3) and so Cg(F) = Cg(F) =

Ey(x). Tt follows immediately that Cq(Ey) = Es. O

Lemma 2.45. Let s € C§. Then Cq(s)/(s) has a self-centralizing element of order three

in C§' and s is in the centre of a subgroup of G isomorphic to SLy(3).

Proof. 1t is clear from Table 2.1 that s € C3 commutes with some y € Cg. Also C(y) =
J(s) and Cy(s) = (y). Therefore Ccs)(y) = (y,s) and Cg(s)/(s) has a self-centralizing

element of order three (s)y.

We see that s lies at the centre of a subgroup isomorphic to SLy(3) from Lemma 2.20.0]

By Lemma 2.43, there is an involution s € Z(Ng(E,)) such that s € C§ and s €
El N EQ. Set L = CG(S).
Lemma 2.46. (i) Oy(L) = 24" and L/O5(L) = Sym(3).

(i1) If T € Syly(G) then |T| =25 and |Z(T)| = 2 with Z(T)* € CS.

(iid) By < L.
Proof. By Lemma 2.45, L/(s) satisfies Theorem 1.54. Suppose L/(s) = PSLy(7). By
Lemma 2.45, s lies at the centre of a subgroup isomorphic to SLy(3). This implies that L
does not split over (s) and so it follows from calculation of the Schur Multiplier of PSLy(7)

(see [10] for example) that L = SLy(7). However Ey < L is elementary abelian of order 8
and SLy(7) has no such subgroup. Thus L/(s) 2 PSLy(7).
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Let @ := Os (L) then by Theorem 1.11, /(s) is nilpotent which means @ is also
nilpotent. Let R € Syl;(Nk(Es)). Then R centralizes s and so R € Syl;(L). By coprime
action, By = Cp,(R) X [Ea, R] = (s) X [Ea, R]. Suppose Ey £ Q then Q N Ey = (s).
Since @ N Nk (Es,) is normalized by R and Ng(FE;) = 2 x Sym(4), Nx(E2) N Q = (s).
Therefore QNg(E2)/Q = Nk (E2)/(Nk(E2) N Q) = Sym(4). However, by Theorem 1.54,
L/Q = 3, Sym(3) or Alt(5) so this is impossible. Thus Es < Q. Since @ is nilpotent and
Co(Ey) = Ey by Lemma 2.44, @ is a 2-group. Furthermore, Z(Q) < Es. If Z2(Q) = Es
then Q = Fy and L = Ng(F>) = 2 x Sym(4). However this contradicts Lemma 2.45
which says that L contains a subgroup isomorphic to SLy(3). So s € Z(Q) < E, and
Z(Q) is normalized by R. Thus Z(Q) = (s). Furthermore Cp(Q) = (s) which implies

that L/@ is isomorphic to a subgroup of Out(Q).

Suppose L/Q = Alt(5). Then Q/(s) is elementary abelian by Theorem 1.39. Therefore
() is an extraspecial group and Fy < Q. Now 1 # @Q/FE, embeds into Aut(Fsy) = GL3(2)
(as Fy = Cg(FEs)) and is R-invariant. Therefore |Q/Fs| = 2%. Hence @ has order 2° and
contains an elementary abelian subgroup of order 22 which implies that @ = 2fr+4. This

is a contradiction since Out(2}™*) does not contain a subgroup isomorphic to Alt(5). It

is clear that R is not self-normalizing in L and so L/Q = Sym(3) and L = QNg(Es).

Consider Qo := Ng(E»). Then @Qy/E, is R-invariant and is isomorphic to a subgroup
of GL3(2). Therefore |Qo| = 2°. Since Cg(Fs) = E2, Qo is non-abelian. Since Qy/F> has
order four and is acted on fixed-point-freely by R, (QQo/FEs is elementary abelian. Thus
D(Qy) < Es. Since ®(Qp) is R invariant, ®(Qy) = E» or (s).

Suppose @ > Qo then Ng(Qo) > Qo. Thus, if Ey = ®(Qo) then Ey < Np(Qo) > Qo
which is a contradiction. Therefore ®(Qy) = (s) which proves that Q) is extraspecial.
Furthermore, Ey < Qg implies Qp = 211, Now Qo N1 (Qo)/Qo is isomorphic to a subgroup
of Out(2:™) = Sym(3) ¢ Sym(2) and contains a proper normal 2-subgroup Ng(Qo)/Qo
which admits a fixed-point-free action by RQy/Qo. This is a contradiction. Therefore
Q = Qo which is to say that By, < Q and |Q| = 2° with ®(Q) < E,. Furthermore,
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Ey; <L =QNg(E,).

By Lemma 2.45, there exists a subgroup A < L such that A = SLy(3). Moreover,
since R € Syly(L), we may assume R < A. Observe that Qg = O3(A) < @ since
[O2(A), R] = O(A). Therefore Q) = (E3, O3(A)). Consider O3(A) < Ng(0O2(4)) < Q.
Since R acts fixed-point-freely on QQ/Ng(O2(A)) it must be trivial. So O(A) < @ and
Q/O5(A) is elementary abelian. This implies that ®(Q) < Ey N Oz(A) = (s). It is
therefore clear that Q' = Z(Q) = ®(Q) = (s). Hence Q = 2.

Finally, let T € Syl,(L). Then Z(T) < Cr(E2) < Ey < @ and so (s) < Z(7T)

N

Z(Q) = (s). Therefore Z(T') = (s) which implies that Ng(T') < L and so T € Syl,(G).0

We continue to set @ = O2(Cq(s)).
Lemma 2.47. s is not weakly closed in QQ with respect to G.

Proof. Suppose for a contradiction that s is weakly closed in ) with respect to GG. Since
FEy < @, sis also weakly closed in Es with respect to G. Also, by Lemma 2.43, s € E1NE,
so E1 < L. Since s is the unique conjugate of itself in Ey, L < Ng(FE2) < L and so
L = Ng(E,). Therefore Q = Oy(Ng(E»)). Since Ey % Ox(Ng(E»)) = Eo, By % Q.

Let u € Z(Nk(E))) = 2 x Sym(4) and suppose u is conjugate to s. Then Cg(u) has
shape 2/ .Sym(3). It follows that E; < O9(Cg(u)). Since Ey £ @, s # u and because
s € By N Ey < 02(Cg(u)), u is not weakly closed in Oz(Cg(u)). This contradicts our
assumption on s. Therefore u is not conjugate to s. This implies that F; contains at least
three conjugates of s as s is not central in Nk (E;). Moreover F; = E; N Cg(x) and every
element of order two in F; commutes with z € C4 however, by Lemma 2.45, involutions in
C§' commute only with elements of order three in C§'. Therefore FNCS = ). It follows that
E; has exactly three conjugates of s, namely {s, s1,s2}. If (s, 1, s9) has order four then
(s, 81, 82) N F} would have order two and contain one of s, s; or sy which is not possible.
Thus (s, s1, 82) = E1. Therefore Ng(F1)/Cg(E) is isomorphic to a subgroup of Sym(3).

Since s € Ey, Cg(F1) < L and since a Sylow 3-subgroup of L/(s) is self-centralizing,
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Ce(Ey) is a 2-group. Let T € Syl,(L) such that E; < T'. Notice that we necessarily have
that Fy <« T. Thus Np(FE;) = Np(E\Es) > E1E,. Hence Np(FE;) has order at least 2°.

In particular, Cg(E;) has order a multiple of 2% and therefore 2* | |Cq(Fy)].

Suppose 2° | |Cq(Fy)|. Since Ng(Fy)/Cq(F1) = Sym(3), 2° | [Ng(F)|. Therefore, by
Lemma 2.46, we may choose T € Syl,(G) N Syly(Ng(F1)). Now Fy < T which implies
Fi N Z(T) # 1. However this is a contradiction since F; N C{ = @ and by Lemma

2.46, Z(T)#* C C§. Thus Cg(Fy) has Sylow 2-subgroups of order 2* and it follows that

S¥ly(CalEr) N Syly(Ca(F)) # 0.

Recall Lemma 2.44 (i) which together with Theorem 1.54 implies that Cg(F}) has
a nilpotent normal subgroup N such that Cg(F;)/N = Sym(3) or N is a 2-group and
Ca(F1)/N = Alt(5). Suppose Cg(Fy)/N = Sym(3). Then |N/Fi| is an odd multiple of 2.
However N/Fj has a fixed-point-free automorphism and is nilpotent. This contradiction

implies C(F1)/N = Alt(5) and N is a 2-group. Hence N = F.

Choose U € Syl,(Ce(F1))NSyly(Ca(Er)). Then U < L and Ey < Z(U) and so U must
be abelian and contain s. Since Alt(5) has five Sylow 2-subgroups, Cs(F7) has five Sylow
2-subgroups. Since Ng(F1)/Cq(F1) = Sym(3), Sylow 3-subgroups of Ng(F;) have order
nine and act on this set of order five with at least one fixed-point. Thus we may choose
P € Syly(Nngr)(U)). Consider L N P which normalizes (F,s) = Ey and Q = Oz(L).
Thus L N P normalizes QFE; € Syl,(L). However by Lemma 2.46, Z(QFE;) = (s) and
so Ng(QFE,) = NL(QE,) = QE; since L has shape 2'7.Sym(3). Therefore LN P =1
which means that U contains at least nine conjugates of s. Since U < L, [UN Q| > 2°.
Now, s is weakly closed in () so U N @ contains no distinct conjugate of s. Hence every
element in U\@Q must be a conjugate of s. However this forces F; < Q NU and then
E, = (F1,s) < Q. This is our final contradiction and we may conclude that s is not

weakly closed in () with respect to G. O

Lemma 2.48. G = Alt(9).
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Proof. We see from Lemmas 2.46 and 2.47 that G satisfies Theorem 1.48. It follows from

the order of a Sylow 3-subgroup of G that G = Alt(9). O
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Chapter 3

A Certain 3-Local Hypothesis

We recall that a group H is said to have characteristic p (p an odd prime) if Cy(O,(H)) <
O,(H). Moreover a group G has local characteristic p if every p-local subgroup of G has
characteristic p and G has parabolic characteristic p if every p-local subgroup containing
a Sylow p-subgroup of G has characteristic p. An interesting situation which arises within
the ongoing project to understand groups of local characteristic p concerns groups G for
which Cg(2) has characteristic 3 where z is 3-central in G and O3(Cg(z)) = 3. Five
of the sporadic simple groups have this structure as well as some groups of Lie type in
defining characteristic three and some groups of Lie type in defining characteristic two
also. In this chapter we consider groups which satisfy this characteristic three condition

as well as a further non-weak closure hypothesis as follows.

Hypothesis 3.1. Let G be a finite group and let Z be the centre of a Sylow 3-subgroup
of G with Q := O3(Cg(Z)). Suppose that

i) Q=3
(i7) Ce(Q) < Q; and

(1ii) Z # Z* < Q for some x € G.
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We describe many properties which groups satisfying Hypothesis 3.1 have. These will
be used in Chapter 4 to characterize two almost simple groups and also in Chapter 5 to
characterize the sporadic simple group HN. Also, in Section 3.2 we list the nine almost

simple groups satisfying Hypothesis 3.1.

3.1 Groups Satisfying Hypothesis 3.1
Fix the following notation.

(i) x € G\Ng(Z) such that Z* < Q.
(i1) Y = (Z,Z%).
(iii) L:=(Q,Q").
(iv) W= (Cqo(Y), Co=(Y)).
(v) 5 :=(Q,W).
Lemma 3.2. (i) |Z| = 3.
(i) Ca(Z2)/Q is isomorphic to a subgroup of Sp,(3).
(11i) Cog(2)(Q/Z) = Q.
(iv) QN QT is elementary abelian.

Proof. (i) By hypothesis, Z = Z(P) for some P € Syl;(G). Since Q = O3(Cs(2)),
Q) < P. Therefore [Q,Z] = 1 which implies that Z < @ since Cg(Q) < . Thus
Z < Z2(Q) and |Z(Q)| = 3 since @ is extraspecial. Hence Z = Z(Q) has order three.

(77) We have that Cg(Q) < Q and so C(Z)/Q is isomorphic to a subgroup of the outer
automorphism group of ). By Theorem 1.6, Out(Q) ~ Sp,(3).2. Notice that this group

has a unique subgroup of index two which is necessarily isomorphic to Sp,(3). Moreover,
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this index two subgroup is the subgroup of outer automorphisms which centralize Z. Thus

Ce(Z)/Q embeds into Sp,(3).

(#7i) Suppose that p is a prime and g € Cg(Z) is a p-element such that [Q/Z, g] = 1.
Then if p # 3 we may apply coprime action to say that Q/Z = Cq,z(9) = Cq(9)Z/Z =
Cq(g)/Z and so (@, g] = 1 which is a contradiction as C(Q) < Q. Therefore Cey,(2),2(Q/Z)
is a 3-group and the preimage in C(Z) is a normal 3-subgroup of C(Z) and so must be

contained in O3(Cg(Z)) = Q. Therefore Q < Cey(£)(Q/Z) < Q.

(1v) Since (@, Q] = Z # Z* = [Q*, Q*], we immediately see that [Q N Q*, Q N Q*] <
Z N Z* = 1. Therefore Q N Q" is abelian and since () has exponent three, () N Q7 is

elementary abelian. 0
Lemma 3.3. Z < Q*.

Proof. Suppose Z % Q*. Notice that Cg(Y") normalizes @ and Q* and therefore QNQ* <
Co(Y). This implies that Q N Q* = Z* for if we had Q N Q" > Z* then Z = Cp(Y)' <
Q N Q*. Therefore Q*Cy(Y)/Q* = Cy(Y)/Z* which must be non-abelian of exponent
three and order 3* and so Q*Cq(Y)/Q* = Co(Y)/Z* = 372 Since Cg(Z2%)/Q" is
isomorphic to a subgroup of Sp,(3) with no non-trivial normal 3-subgroup, and a Sylow
3-subgroup of order at least 3%, it follows from the maximal subgroups of Sp,(3) (see [10]
for example) that Cq(Z%)/Q" = Sp,(3). Therefore Cx(Z)/Q = Sp,(3) is transitive on
(Q/Z)#. Let P € Syly(Cq(Z)) then 1 # Z(P/Z)NQ/Z and since C(Z)/Q is transitive on
(Q/2)*#, we may assume Y/Z < Z(P/Z). Therefore |Cp(Y)| = 3% and [P : Cp(Y)] = 3.
Therefore there exists a Sylow 3-subgroup of Cg(Z%), R say with [R: Cp(Y)] = 3. In
particular, |Co:(Y)| = |Cp(Y) N Q%] = 3%

Now we have that [Cg:(Y), Q%,Co(Y)] = [Z%,Co(Y)] = L and [Co(Y), Cg=(Y), Q%] <
[QNQ*, Q% =[Z",Q%] = 1 and so by the three subgroup lemma, [Q*, Co(Y), Co=(Y)] =
1. Therefore [Q*, Cq(Y)] is a subgroup of Q* commuting with Cg.(Y"). Since |Cg=(Y)| =
3% and Q) is extraspecial, we have that [Q”, Co(Y)] < Z(Cq=(Y)) and Z(Cg=(Y)) has or-
der nine. However this implies that [Q*/Z%, Co(Y),Co(Y)] < [2(Cg=(Y))/Z*,Co(Y)] =
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1 and so C(Y') acts quadratically on @Q*/Z*. Now by Lemma 1.30, Co(Y)/Ce, v (Q%/Z7)
is elementary abelian. However, by Lemma 3.2, Cc,,v)(Q"/Z%) = Co(Y) N Q" = Z* and
so Cq(Y)/Z® is elementary abelian. However we have already seen that Cp(Y)/Z* = 3112

which is a contradiction. O

Notice in particular that this implies that L < Ng(Y).
Lemma 3.4. (i) W is a 3-group and S = QW is a 3-group with Z(S) = Z.
(it) L/CL(Y) = SLy(3).
(i) W < L.
(iv) CL(Y)/W < Z(L/W).
(v) W =05(L), L/W has four Sylow 3-subgroups and Cr(Y)/W is a 2-group.
(vi) S=QW € Syls(L).

Proof. (i) Since @ is extraspecial and Y < Q with |Y| = 9, |Co(Y)| = 3% Similarly
Y < Q° and so |Cg=(Y)| = 3*. Notice that Co(Y) = Q N Ce(Z®) is normalized by
Ca(Z) N Ca(Z*) so Cy=(Y) normalizes Cq(Y). Thus W and hence S = QW are 3-
groups. Moreover, Z(S) < C(Q) < Q and so Z < Z(5) < 2(Q) = Z.

(ii) Clearly L/CL(Y) embeds into GL(3). Moreover since Q £ C(Y), L/CL(Y) is
generated by two of its Sylow 3-subgroups QCL(Y)/CL(Y) and Q*CL(Y)/CL(Y). These

are distinct since they centralize distinct subgroups of Y. Thus L/CL(Y) = SLy(3).

(i7) Since W < C(Y'), we see that [Q, W] < [Q,Ce(Y)] < QNCq(Y) = Co(Y) < W.

Therefore () normalizes W and similarly, Q* normalizes W. Therefore W < L.

(iv) We see that [CL(Y),Q] < CL(Y)NQ = Co(Y) < W and similarly [CL(Y), Q7] <
W. So [CL(Y), L] < W and therefore C(Y)/W < Z(L/W).

(v) Since L/CL(Y) = SLy(3), Ly := O*(L)CL(Y) is a subgroup of L of index three
and L, /CL(Y) = Qs. Since CL(Y)/W < Z(L/W), it follows that L;/W is nilpotent

81



and is therefore a direct product of its Sylow subgroups. Let W < P and W < R be
subgroups of L; such that P/W is a Sylow 2-subgroup of L;/W and R/W is a Sylow
3-subgroup. Clearly R is a normal 3-subgroup of L and so QR/W € Syls(L/W) and L
has four Sylow 3-subgroups and any two of them generate L. Now P/W is normalized
but not centralized by S/W = QW/W and so (P/W,S/W) has more than one Sylow
3-subgroup. Therefore (P/W,S/W) = L/W has a normal Sylow 2-subgroup P/WW and
moreover, L; = P, C(Y)/W is a 2-group and W = R = O3(L).

(vi) It now follows immediately that W € Syl;(C(Y')) and so QW € Syl;(L). O
Lemma 3.5. W = C(Y), in particular, L/W = SLy(3).

Proof. Let L = L/W and W < P < L such that P € Syl,(L). Then @Q normalizes P
and L = PQ so [N5(Q),Q] < PNQ = 1. Therefore N5(Q) = C5(Q). Since L has

four Sylow 3-subgroups, [P : C5(Q)] = 4. In particular, [P, Q)] # 1. By Lemma 3.4 (iv),

C(Y) < Z(L) and since Cp,(Y) has index two in C5(Q), it follows that C5(Q) is abelian.

However since P/Cp(Y) = Qg, P is non-abelian.

Now, L is generated by any two of its Sylow 3-subgroups. So suppose that Py, < P
such that P, is normalized by @ then it must be centralized by @ else L = (P, Q) <
(P,Q) = L. Therefore we have that any proper Q-invariant subgroup of P is contained in

C5(Q). So suppose [P, Q] < P. Then 1 # [P, Q] < C(Q) which, using coprime action,

Now, ®(P) is also a proper Q-invariant subgroup of P and so we have that ®(P) <

C5(Q). Now by coprime action,

P _ P _
ﬁ = P/@(P)(Q) X [®(F)7Q]-
However
P [PQ@P) P




Therefore 1 = Cppp)(Q) = Cp(Q)/P(P). Thus Cp(Q) = ®(P). The same argument

with P in place of ®(P) gives Cp 5(Q) = P'. Moreover, since Z(P) # P is normalized by

@, we also have that Z(P) < C5(Q) = P and so [P,C5(Q),0Q] < [F, | = 1. Moreover
(@) =1 and

[C5(Q),Q, P] =1 and so by the three subgroup lemma, we have [Q, P, C

ol

o [P,C5(Q)] = 1 which implies that C5(Q) = Z(P).

2

Now, since P/C5(Q) is elementary abelian of order four, we may choose, a,b €
P\C5(Q) such that P = (a,b). Notice that a®> € C5(Q). Since C5(Q) is central in
P, it follows that, C5(Q) = P = {[a,b]). Furthermore, [a,b]2 = [a2,b] = 1. Therefore
|C5(Q)| =2 and so |P| = 8. Thus |L| = 24 and so W = C(Y). O

Lemma 3.6. (i) Y <QNQ".

(i7) Y and W/QNQ* are natural L/W -modules and QNQ* /Y is the trivial L/W -module.

In particular |W| = 3°.
(@i) If Z # 2 <Y then QNQ" = QN Q" and (Q,Q") = (Q,Q") = L
(iv) Z(W) =Y.

(v) W has exponent three.

Proof. (i) Suppose that Y = Q N Q% = Co(Y) N Cge(Y). Then |[W| = 331/3% = 3°
Since W centralizes Y, Co(Y),Co=(Y) < W. Therefore W' < Co(Y) N Co=(Y) =
QNQ® =Y and so W/Y is abelian of order 3*. Furthermore W/Y is generated by
the elementary abelian groups Cp(Y)/Y and Cg«(Y)/Y and so is elementary abelian.
Since W' > Z and W' > Z% we see that Y = W’ = ®(W). Choose an involution
s € L such that Ws € Z(L/W). Since W is non-abelian, Cy(s) # 1 and since Y is a
natural L/W-module, Cy(s) = 1 and so Cyy(s) # 1. By Lemma 1.12, [W/Y,s] # 1
else s acts trivially on W. So W/Y = Cw,y(s) x [W/Y,s] and since [WW/Y, 5] is a non-
trivial L/W-module which Z(L/W) inverts, it has order 32. Therefore |Cy/y (s)] = 32
Now Ws € Z(L/W) so Ws normalizes S/W = QW/W = @Q/(Q N W). Furthermore
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s inverts Z and so normalizes () and therefore also Q N W. Since Co(Y) = QN W is
non-abelian Cgaw)(s) # 1 and so Conwy,v(s) # 1. Similarly Cigerw) v (s) # 1 and
clearly Cionw)/v(s) # Cioeawy,v(s). Thus Cwyy(s) = Cionwy vy (5)Cigerw) v (s). We
may assume that € L as L is transitive on Y. Therefore L/W permutes Cgnw) v ()
and C(g=nw),v (s) and so acts non-trivially on Cy/y(s). Hence by Lemma 1.35, Cy/y (s)
is a natural L/WW-module. This is a contradiction as s clearly centralizes Cy/y (s). Thus

we may conclude that Q N Q* # Y.

(71) Since @ N Q7 is abelian and a subgroup of an extraspecial group, it has order at
most 3% and, by (i), it has order exactly 3%. Therefore |W| = 3131/3% = 3°. Now every
subgroup of () containing Z is normalized by ) and every subgroup of Q)* containing
Z* is normalized by @ and so @ N Q7 is normalized by L = (Q, Q). Therefore (Q N
Q)*)/Y is normalized by L/W and so must be a trivial module. Now L/W also acts
on the elementary abelian group W/(Q N Q%) which is the direct product of the groups
Co(Y)/(QNQ*) and Cy=(Y)/(QNQ"). Since we can assume as before that x € L, L/W

acts non-trivially on W/(Q N Q%) and so this must be a natural L/W-module.

(ii7) Since Y is a natural L/W-module, L is transitive on Y#. Moreover there exists
an element of L which preserves Z and swaps Z% and Z*. This element of course maps

QNQ" to QN Q* but QN Q* is normal in L and so the two groups must be equal.

(1v) Clearly Y < Z(W) so suppose Y < Z(W) then Z(W) has index at most nine
in W. Since Cg(Y) is non-abelian and contained in W, W is non-abelian. Therefore
(W Z(W)] = 9. Notice that Z(W) # Q N Q" otherwise Cy(Y) is abelian. So we have
that (QNQ*)Z(W)/(Q NQ*) is a proper and non-trivial L/W invariant subgroup of the

natural L/W-module, W/(Q N Q"). This is a contradiction. Thus Y = Z(W).

(v) Since @ has exponent three, @ N Q* does also. Choose a € Q\(Q N Q) then
(@ NQ%)a is a non-identity element of the natural L/WW-module, W/Q N Q*. Moreover,
every element in the coset has order dividing three since ) has exponent three. Since

L/W is transitive on the non-identity elements of the natural module W/(Q NQ*), every
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element of W has order dividing three. O

Let Z < Zy < S such that Z,/7Z = Z(S/Z). Since L/W = SLy(3) and W is a 3-group,
we may fix an involution s in L such that W(s)/W = Z(L/W). Set J = [W, s].

Lemma 3.7. (i) Y < Zy < W and Zy is abelian of order 3% but distinct from Q N Q*.
(i7) W' =Y.
(i11) QN Q" =YCw(s) and |Cw(s)| = 3.

(iv) QNJ =2y < J = [W,s| =[S, s] is an elementary abelian subgroup of W of order

3* that is inverted by s.
(v) J=J(S)=JW) and Y < 5" < Zs.
(vi) If J < Sy < S then Zy > Z(Sy) and |Z(Sy)| = 9.

(vii) L/J =3 x SLy(3) and J/Y is a natural L/W -module.

Proof. (i) By Lemma 3.2 (iii), Cs(Z)/Q acts faithfully on Q)/Z. Since S/@ is isomorphic
to a cyclic subgroup of GIL4(3) of order three, we may consider the Jordan blocks of
elements of order three to see that the action of any such cyclic subgroup on )/Z is not
indecomposable. Thus, there exist S/@Q-invariant, proper, non-trivial subgroups, Ny, Ny
of Q/Z such that Q/Z = N;Nsy. Hence fori € {1,2},1 # Cn,(S/Q) < Z(S/Z). Therefore
|Z2/Z| = 9 and so |Zs| > 27. Since [Q/Z,7Z5] = 1, Zy < @ by Lemma 3.2 (i1i). Now
suppose Zy £ W. Then S = Z,W € Syly(L). Since Zy/Z = Z(S/Z), [S, 2] < Z
and so (W, Zs] < Z < Q N Q*. Therefore [W/Q N Q%, Zs] = 1, however this implies
that S/W = ZyW/W acts trivially on the natural L/W-module W/(Q N Q%) which is a
contradiction. So Zy < W N Q. Suppose Q@ NQ* < Zy. Then Z% = [Cy=(Y),QNQ*] < Z
which is a contradiction. Therefore | Z,| = 27 and in particular, Zs # QNQ*. Furthermore
Y 9 QW = S and so Y/Z is central in S/Z. Therefore Y < Z, and since Y is central in

Zy < W, Zy is abelian.
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(17) Now Z = Co(Y) < W'and Z% = Cgp=(Y)' < W’ and so Y < W’. Moreover, we
have just observed that Z5 £ QQ N Q" and so QN Q" and Z; are distinct normal subgroups
of W both of index nine. Thus Y < W' < QN Q"N Zy. It follows from the group orders

that Y = W' = QN Q%N Z».

(ii7) By coprime action on an abelian group, W/Y = Cyyy(s) x [W/Y,s]. By Lemma
3.6 (1), Y and W/(QNQ") are natural L/W-modules. Therefore s inverts Y and W/(Q N

Q7). It follows from coprime action that |Cy (s)| = 3 and that Cy(s) < Q N Q" with
QNQ*=YCw(s).

(7v) We have that Y is inverted by s and so Y = [Y,s] < [W,s] = J. Therefore
(W/Y,s| =Y [W,s]/Y = [W,s]/([W,s]NY) = [W,s]/Y has order nine. This implies that
[W, s] has order 3*. Now s normalizes W so we use coprime action again to see that
W = Cw(s)[W,s]. Notice that this product is split since J = [W, s] has order 3* and
Cw (s) has order three. In particular this implies that s acts fixed-point-freely on J and
so J is abelian and inverted by s. By Lemma 3.6 (v), W has exponent three and so J is

elementary abelian.

Observe that the involution s normalizes S. Now S < L = (@), Q") and so S normalizes
W (s) and therefore [S,s] < SN W(s) = W. So by coprime action, [S,s] = [5,s,s] <
[W,s] = J. Since s normalizes Z and S, we must have that s normalizes Z5. Moreover,
Zy < W and so if Cy,(s) is non-trivial then Cz,(s) = Cy(s) < Q N Q" and then 7, =
YCw(s) = Q NQ*. However by (i), Zo # Q N Q*. Thus s acts fixed-point-freely on Z,
and so Zy < J. Since J £ Q, we have Zy = QN J.

(v) Suppose there was another abelian subgroup of W of order 3%, J, say. Then
|J N Jo| = 3% and J N Jy would be central in W. This contradicts Lemma 3.6 which says

that Z(W) =Y. It follows therefore that J(W) = J.

Clearly 3* is the largest possible order of an abelian subgroup of S (else @ would

contain abelian subgroups of order 3%). So suppose J; is an abelian subgroup of S distinct
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from J. Then J; £ W and J; £ Q. Therefore, S/Z contains three distinct abelian
subgroups Q/Z, J/Z and J;/Z. We must have that S = QJ = QJ;. Hence, (Q/Z)N(J/Z)
and (Q/Z)N(J1/Z) both have order nine and are both central in S/Z. We must have that
Q/ZNJ]Z =Q)ZNJ|Z = Zy/Z. Thus Y < Zy < Jy and so J; < Cs(Y) = W. However
we have seen that J = J(W) is the unique abelian subgroup of order 3*. Thus J = J(9).

In particular, J is a normal subgroup of S of index nine so Y =W’ < 5" < QN J = Zs.

(vi) Suppose J < Sy < S then [Sy| = 3°. Since J £ @, Sp £ @ and so Sy N Q| = 3.
Therefore Z(Q N Sp) has order nine. Since J < Sy, Zo = JNQ < Q N Sy. Hence,
Z(QNSy) < Zy otherwise QN Sy = (Z(QNSy), Z2) would be abelian. Thus Z(QNSy) < J
and so Z(Q N Sp) commutes with Sy = (Q NSy, J) and Z(Q N Sy) = Z(5p) NQ has order
nine. So suppose Z(Sp) has order greater than nine. Then there exists g € Z(S5y)\@ such
that Sp N Q < Cg(g). Therefore S = (Q,g) and [Sy N Q,S] =[S NQ,Q)[SoNQ,g] =2

which implies that So N Q) < Z; which is a contradiction.

(vii) We have that L/W = SLy(3) and L/J has a normal subgroup of order three
W/J. Since SLy(3) has no index two subgroup, W/J is central in L/J (else Cpr,;(W/J)
would have index two). Now J is not a subgroup of @) and so S/J =QJ/J=Q/(QNJ)
and since () has exponent three, so does S/J. Therefore S/J splits over W/.J and so by
Gaschiitz’s Theorem (1.13), L/J splits over W/.J and so L/J = 3 x SLy(3). Finally it is
clear that L/W acts on J/Y = J/(JNQNQ*) = J(QNE")/(QNE*) =W/(QNQE"Y)
which is a natural L/WW-module. O

Lemma 3.8. Suppose u € Cg(Z) is an involution and [Qu,S/Q] = 1. Then either

(1) w inverts Q/Z, |C(u)| = 3% and u inverts S/J; or

(ii) Q is a central product of the two groups Co(u),[Q,u] = 3172, u does not normalize

Y, |Cs(u)| = 3%, |Cy(u)| = 3% and [J,u] = [Y,u] has order 3.

Proof. If Cq/z(u) = 1 then Co(u) = Z and u inverts Q/Z. We have that u centralizes
S/Q = QJ/Q = J/(JNQ) = J/Zy. Since Z < Cgz(u) < Co(u) = Z, we see that
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Cyz,(u) = Cr(u)Za)Zy = Cy(u)/Z and so |Cy(u)] = 3%. We also see that u inverts
Q)% = Q)@QNJ)=QJ/] =S/,

So suppose that Cgz(u) # 1. We have, Q/Z = Cg,z(u)x[Q/Z,u] = (Co(u)/2)(|Q,ulZ/Z).
If Q/Z = Cg)z(u) then [Q,u] = 1 by coprime action which is a contradiction. So Cg/z(u)
and [Q)/Z,u] are both proper non-trivial subgroups of @)/Z. Notice that [Q, Cg(u),u] <
[Z,u] =1 and [Cg(u),u,Q] = [1,Q] = 1. By the Three Subgroup Lemma, [Q,u] com-
mutes with Cg(u). We therefore see that both Cg(u) and [Q, u] are non-abelian else they
would be central in @). It follows immediately that Cg(u) = [Q, u] are extraspecial and

must have exponent three as @ = 3% does. Therefore Cg(u) = [Q,u] = 312

We have that Qu commutes with S/Q so 3 ~ Cs/g(u) = Cs(u)Q/Q = Cs(u)/Co(u)

and so Cs(u) has order 3%.

Suppose that u centralizes Y then u normalizes (@, Q") = L and W {u) = Cpruy(Y).
Hence [L,u] < LN W({u) = W and so v commutes with L/W and in particular with

SIW =QW/W =2 Q/(QNW). Also u centralizes QW/Q = W/(Q N W), therefore

Cw(u)(QNW) _ Cw(u)
Q NnWw CQmw(u)

1%

3~ Cwy(grw)(u) =

and so |Cw (u)/Cone=(u)| = 3 and Cw(u)/Cane-(u) = Cw(u)(Q N Q")/(QNEQY) =
Cwygno=(u). Since W/Q N Q" is a natural L/W-module and u commutes with L/W, we
have that Cyygng=(u) = W/Q N Q*. In particular, Cyy(u) has order 3* and therefore
Cw(u) = Cs(u) = Co(u) =Y. However this implies Y < Co(u) < W < Cg(Y) which is

a contradiction as Cp(u) is extraspecial.

So suppose that u induces a non-trivial automorphism on Y. We can assume without
loss of generality that w inverts Z* and so normalizes L and @ N Q*. We have that
u does not invert Y as u commutes with Z and so (u)L/W = GLy(3). This forces
1 = Cyyw(u) = Cs(u)W/W = Cg(u)/Cw(u) and so Cy (u) = Cs(u) has order 3*. Since
W/QNQ" is a natural L/W-module, we must have 3 ~ Cy/ono=(u) = Cw(u)/Cong=(u).
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Since @ NQ” is abelian, we have Q N Q* = Cong-(u) X [Q N Q*, u| and since u inverts Z7,
Conoe-(u) has order at most 32, However this together with 3 ~ Cy(u)/Cong-(u) implies
Cyw (u) has order at most 3% which is a contradiction. Thus we may conclude that u does

not normalize Y.

We have that S" < Zy so S/Z is abelian and normalized by u so again by coprime
action, S/Zy = Cgyz,(u) % [S/Zy,u] and Cs/z,(u) = Cs(u)Zs/Zy = Cs(u)/Cgz,(u). Now
Zy is abelian so Zy # Cg(u). Therefore Zy = Cyz,(u) X [Z2,u] where Z £ [Zy,u] #
1. If |[Zs,u]| = 9 then [Zy,u] N [Q,u] > Z follows as [@,u] is extraspecial which is a
contradiction. Therefore |[Z;, u|| = |ZN[Q,u]| = 3 and |Cz,(u)| = 9. Hence |Cs/z,(u)| =
9 and so |[S/Zs, u]| = 3. Now [S/Zy,u] = [S,u]Zy/Zs = [S,u]/(Z2N ]S, u]). Suppose Zs <
[S,u) then Q > Z5]Q,u] = [S, u] has order 3%. By coprime action, [S,u] = [S,u,u] < [Q, u]
has order 3% which is a contradiction. Thus Zy £ [S, u] and so Z>N[S, u] has order at most
3? and so [S, u] has order at most 3* and so [S,u] = [@Q,u]. Hence [J,u] < [S,u|NJ =
(@, u]NJ has order at most nine as J is abelian. Since J = J(.S) is abelian and normalized
by u, J = Cy(u) x [J,u] by coprime action and [J,u] # 1 else u centralizes Y which is not
the case. Furthermore Z < Cj(u) and Z < [@,u] N J. Therefore [J,u] < [Q,u] N J and

so |[J,u]| = 3 and |C;(u)| = 27. Finally, since u does not normalize Y, [Y,u] = [J,u]. O
Lemma 3.9. Let N be a 3'-subgroup of G which is normalized by Y. Then [N,Y] = 1.

Proof. By coprime action, N = (Cx(y)|ly € Y#). However for each y € Y#, Cx(y) is a
3'-group commuting with y which is normalized by Y < O3(Cg(y)) and so [Cy(y),Y] <
Cn(y) NO3(Ca(y)) =1 so On(y) < Cg(Y) for each y € Y# and therefore [N, Y] =1. O

3.2 Concluding Remarks on The Hypothesis

We summarize the results of the previous section in the following theorem.
Theorem 3.10. Let G satisfy the Hypothesis 3.1. Then the following hold.
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(1) Z< Q" and soY :=Z7Z* < QNQ".

(i) L:=(Q,Q") < Na(Y);
(it7) W := Cp(Y) = O3(L) has order 3° with L/W = SLy(3).
() Z(W)=W'"=Y and W has exponent three.

(v) S := QW € Syly(L) and there is an involution, s such that Ws € Z(L/W) and
then J := J(S) = J(W) =[S, s] = [W, s] = [J,s] is elementary abelian of order 3*

and inverted by s.
(vi) Zy:=JNQ has order 27 and Zy/Z = Z(S/Z).
(vii) Y < 5" < Zs.
(vidi) If J < Sp < S then |Z(Sp)| = 9.
(iz) Y, W/(QNQ*¥) and J/Y are natural L/W -modules.
(x) L/J =3 x SLy(3).
(21) QNQ* =Y x Cw(s) has order 33.
(xit) If N < G is a 3'-subgroup of G which is normalized by Y then [Y, N] = 1.

(xiii) If w € Cg(Z) is an involution and [Qu,S/Q] = 1 then either u inverts Q/Z,
|Cy(uw)| = 3% and u inverts S/J; or Q is a central product of the two groups
Co(u),[Q,u] = 31, u does not normalize Y, |Cs(u)| = 3%, |Cy(u)| = 3° and
[J,u] = [Y,u] has order 3.

Three simple groups satisfy Hypothesis 3.1 as well as several more almost simple

groups as displayed in Table 3.1.

We note that there is scope for extending the results in this chapter. Observe, in

particular, that in each of the cases shown in Table 3.1 the Sylow 3-subgroup has order
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a G 2)/a
PSL4(3) SL,(3)
PGL4(3) GLy(3)
PSL4(3).2 SLy(3) x 2
PSL4(3).2 SLy(3).2
Q4(2).3 SL4(3)

Aut(Q4(2)) SLy(3) x 2
Fy(2) (@s X Qs) = 3
Aut(Fy(2)) | (Qs x Qg) : Sym(3)

HN 2 Alt(5)
Aut(HN) 2-Sym(5)

Table 3.1: Almost simple groups satisfying Hypothesis 3.1.

3%, It is hoped that future work will prove that the only possibilities for the structure of

Cq(Z) are those that appear in Table 3.1.

91



Chapter 4

Two Extensions of the Simple

Orthogonal Group Q) (2)

The two almost simple groups of shape 2 (2).3 and Qg (2).Sym(3) are both examples of
groups satisfying Hypothesis 3.1. Moreover, despite being extensions of classical groups
defined over a field of order two, they are both groups of parabolic characteristic three.
Recall that a group G is of parabolic characteristic p (p a prime) if any p-local subgroup
of G which contains a Sylow p-subgroup of G is of characteristic p. As part of the
ongoing project to understand the groups of local characteristic p, Parker and Stroth will
characterize the group 2E4(2). This exceptional group of Lie type over GF(2) also has
parabolic characteristic three. Moreover it has a 3-centralizer of shape 3 x Qg (2).3. In
order to 3-locally recognize >Fg(2) and its almost simple extensions, one needs to be able
to 3-locally recognize both Q4 (2).3 and Q4 (2).Sym(3). The hypothesis we consider and

the theorem we prove are as follows.

Hypothesis B. Let G be a finite group and let Z be the centre of a Sylow 3-subgroup
of G with @ := O3(C¢(Z)). Suppose that

(i) Q=3
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(ii) Co(Q) < @; and

(1i1) Z # Z* < Q for some x € G.

Furthermore assume that C(Z)/Q = SLa(3) or Ce(Z)/Q = SLy(3) x 2 and the action
of 0*(Ce(Z)/Q) = SLy(3) on Q/Z has exactly one non-central chief factor.

Theorem B. If G satisfies Hypothesis B then G = Q4 (2).3 or G = QJ(2).Sym(3).

We use the results from Chapter 3 to determine more fully the 3-local structure of a
group G satisfying Hypothesis B. Observe that the hypothesis gives two potential struc-
tures of Cg(Z) and therefore we must consider each possibility at each stage of our
analysis. In both cases we identify five conjugacy classes of subgroups of order three.
We label sets of elements in these classes by 3.4, 3B, 3C, 3D and 3£ and we apply a
theorem due to Prince to recognize that elements in 3.4 have centralizer isomorphic to
either 3 x Qg (2) or 3 x SOq4 (2). In fact, we observe that the 3-local structure of SOg (2)
is very similar to the 3-local structure of SO7(2) and so we require further work involv-
ing the subgroup structure of both groups to determine, from a local perspective, which
isomorphism types appear. In fact when Cg(Z2)/Q = SLy(3) X 2 we see that G contains
subgroups isomorphic to SOg4 (2) which centralize an element of order three and subgroups
isomorphic to SO7(2) which centralize an involution. When Cg(Z)/Q = SL2(3) we are
able to show that G has an index three subgroup relatively easily using a transfer theo-
rem of Griin. We see that the index three subgroup only contains elements in the classes
3A, 3C and 3D and so these are the focus of our attention in this case. However in the
case that Cg(Z)/Q = SLa(3) x 2 we are unable to recognize that G has an index two
subgroup until we have a good understanding of the centralizer of an involution, Cg(t).
Fortunately the structure of the involution centralizer is fairly easy to see partly due to
the relatively large Sylow 3-subgroup. We use our knowledge of the 3-structure and a the-
orem due to Goldschmidt to show that the involution centralizer has a normal subgroup

which is extraspecial of order 2°. In the case when Cg(Z)/Q = SLy(3) x 2 we are able
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to recognize the index two subgroup of G and so we are left only to recognize the simple
subgroup 24 (2). A theorem of Smith [38] which characterizes g (2) by the structure of

an involution centralizer allows us to do this and therefore completes the proof.

4.1 Determining the 3-Local Structure of G

We continue notation and apply the results from Chapter 3. In particular note that
Y :=ZZ7% (some x € G\Ng(Z) such that Z* < Q), L := (Q, Q") < Ng(Y), W := CL(Y),
s is an involution such that Ws € Z(L/W). We have that S := QW and J := [W,s] =
[J,s] = J(W) = J(S) is elementary abelian (and inverted by s) and Z := J N Q) where
Y < Zy and Z,/7 = 2(S/Z).

Furthermore set X := O*(Cg(Z)) then X/Q = SLy(3). Choose an involution ¢ such
that Qt € Z(X/Q) and such that s and ¢t commute. In the case where Cg(Z)/Q =

SLs(3) x 2 we choose w € Cg(Z)\X of order two such that [w,t] = 1 and (¢, s,w) is a

2-group and Q(t,w)/Q = Z(C(Z)/Q). Finally set Ny := [Q, t] and Ny := Cq(t).
Lemma 4.1. (i) S € Syl;(G).
(i) Q = N1Ny where [Ny, No] =1 and fori € {1,2}, 317 2 N, < Ng(2).
(i4i) Forie {1,2}, Y £ N; and |Zy N N;| =9, in particular Z N N; = Z.
Proof. (i) It is clear that Cg(Z) has Sylow 3-subgroups of order 3% and, by hypothesis,

Z is central in a Sylow 3-subgroup of G. We have that |Q| = |W| = 3% and S = QW is a
3-group with @ # W. Thus |S| = 3% and so S € Syl;(Cs(Z)) C Syl;(G).

(7i) By Lemma 3.8, @) is a central product of the two groups N; & Ny = 3?2 and
since Qt € Z(X/Q), N; and Ny are Ng(Z)/Q-invariant and so are normal subgroups of
Na(2).

(731) By Lemma 3.8, t does not normalize Y so Y is not contained in either Nj or

Ns. Since Z* was chosen arbitrarily in ), the only G-conjugate of Z in Ny U Ny is Z
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itself. Since Ny/Z and Ny/Z are S/Q-invariant Cy;,,z(S) is non-trivial for ¢ = 1,2. Thus
ZsN'N; > Z. Since Zy is abelian, N; 7é Zy. Thus |Nz N ZQ‘ =0. ]

Set A := Ny N Zy. In the following Lemma we see that A <1 Cg(Z). Note that elements

in A\Z play an important role in our proof of Theorem B.

Lemma 4.2. (i) If Cs(Z)/Q = SLa(3) x 2 then, without loss of generality, we may
assume that N; = Cg(w), Ny = [Q,w] and Q = [Q,tw]. In particular we may

assume that tw acts fived-point-freely on Q/Z.

(17) We have that Cq(Z) < Ng(A) < Ng(Z). Furthermore Cg(A) < X and [X
Ca(A)] = 3.

(ii7) |Cs(t)| = 3%, J = Cy(t) x [J,t] is normalized by t, C;(t) has order 3% and 3 =
A= V.1 £ 2

(iv) S = Z,.
(v) X(s)/Q = GLy(3).

Proof. (i) We have that (¢, w) = 2 x 2 and so using coprime action and that Cy, /z(t) = 1,
we have Ni/Z = (Cy, /z(w), Cy, z(tw)). Since C, jz(w) and Cl, /z(tw) are preserved by
X, we have (without loss of generality) that 1 = [N;,w] and N; = [Ny, tw]. Similarly
Cnyyz(w) and Chy, z(tw) are preserved by X and w does not centralize Np/Z else w
centralizes (). Therefore tw does not centralize N either. It follows that Ny = [Ny, tw] =

[Na, w]. Therefore Ny = Cp(w) = [Q,t], No = [Q,w] = Cy(t) and Q = [Q, tw].

(71) Since No/Z is a Ci(Z)/Q-module on which t acts trivially (and if applicable w acts
fixed-point-freely), it contains a trivial X-submodule. This trivial submodule has order
three and is necessarily contained in Z(S/Z) = Z,/Z. Since A = N5 N Z5 has order nine,
we have that A/Z is this trivial submodule and so A < Cs(Z). By Lemma 4.1 (4i7), the
only subgroup of A which is conjugate to Z is Z itself. Thus Ng(A) < Ng(Z). However

A < Cg(t) = 317 so Cx(A) has index at least three in X. Let Sy & Qg be a Sylow
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2-subgroup of X then Sy acts trivially on A/Z and therefore acts trivially on A. Thus
Cx(A) has index exactly three in X. If C(Z) = X then we clearly have Cs(A) < X.
Suppose Cg(Z) > X. Then a Sylow 2-subgroup of C(Z) does not centralize A since
A/Z is inverted by Quw. Thus Cg(A) < X and in either case we have [X : Cg(A)] = 3.
(74) This is just Lemma 3.8.
(iv) By Lemma 3.7 (v), we have Y < 5" < Zy. Suppose S’ = Y. Then [Ny, 5] <

N1 NY = Z. Therefore Ny < Z; which contradicts Lemma 4.1 (i77). Thus Y < 8" = Z,.

(v) We have that X/Q = SLy(3) and s inverts Z so s € Ng(Z)\Ce(Z) and normalizes
X. Notice that s does not invert N;/Z which is a natural X/@Q-module else s would
invert N7 which is not possible as NV; is non-abelian. Also s does not centralize N;/Z by

Theorem 1.12. It follows from this action that X (s)/Q = GLy(3). O
By Lemma 4.2 (i), when C¢(Z) > X, we choose the involution w € Cg(Z)\X such
that [Nl,W] =1.

Lemma 4.3. The following hold.

(1)) W=Cg(Y).
(i) If Ca(Z))Q = SLy(3) then L = Ng(Y) and Ne(Y)/Ca(Y) 2 SLy(3).
(iti) If C(Z)/Q 2 SLa(3) x 2 then L{tw) = Ne(Y) and No(Y)/Ce(Y) = GLa(3).

Proof. By Lemma 3.6, |W| = 3° and therefore W € Syl;(Cs(Y)). Since Cq(Y) < Cq(Z2),
we only need to check that C(Y') has odd order to show that Cx(Y) = W. However by
Lemma 4.1 (4i7) and Lemma 4.2 (7), no involution in C¢(Z)/Q centralizes Y and therefore

Ce(Y) is a 3-group. This proves (i).

By Lemma 3.4 and Lemma 3.5, we have that SLy(3) = L/W and further L/W <

I

Ng(Y)/Cq(Y) which is isomorphic to a subgroup of GLy(3). Suppose Ng(Y)/W

GL3(3). Then there exists an involution r € Ng(Y') such that Wr centralizes Z whilst
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inverting Y/Z. Therefore r € Cq(Z). If Cq(Z)/Q = SLy(3) then Qr = @Qt and so
Z*% < N; which is a contradiction. Hence, if Cq(Z)/Q = SLy(3) then L = Ng(Y). If
Ca(Z)/Q = SLs(3) x 2 then we have seen that tw inverts @/Z and so Ng(Y)/Ca(Y) =
L{tw) /W = GLy(3). This proves (ii) and (iii). O

Lemma 4.4. No non-trivial 3'-subgroup of G is normalized by Y .

Proof. By Lemma 3.9 such a group would commute with Y. However Cq(Y) = W by

Lemma 4.3 and W is a 3-group. 0
Lemma 4.5. (i) If Co(Z)/Q = SLy(3) then Ng(S) = S(s,t) has order 3522.

(i1) If Cq(Z)/Q = SLy(3) x 2 then Ng(S) = S{s,t,w) has order 352% (where (s, t,w) =
23), |Cy(tw)| = 3% and |C;(w)| = 3.

Proof. We have that Ng(Z)/Q = GLy(3) or Ng(Z)/Q ~ 2.GLy(3). Therefore |[Ng(S)| =
3922 or |Ng(S)| = 352 respectively. Furthermore s normalizes W and Z and there-
fore normalizes (Q, W) = QW = S. Therefore we have that if Cq(Z)/Q = SLy(3)
then Ng(S) = S(s,t) and if Cg(Z)/Q = SLy(3) x 2 then Qw normalizes S/Q and so
Ng(S) = S(s,t,w) where by choice (s,t,w) is a 2-group. Moreover (s,t,w) is a 2-
subgroup of Ng(J(S)) = Ng(J). Since s inverts J, Cg(J)s is central in Ng(J)/Ca(J).
Hence [s,t],[s,w] € Cg(J) < C(Y) = W. Therefore [s,t] = [s,w] = 1. Furthermore
t is central in (s,?,w) since Qt is central in Ng(Z)/Q. Therefore (s,t,w) is elementary

abelian.

We have seen that tw acts fixed-point-freely on )/Z and centralizes S/Q. So by
Lemma 3.8, we have that |C;(tw)| = 32 and that tw inverts S/J. Also, by Lemma 3.8,

we have that |Cy(w)| = 33. O

We intend to count conjugacy classes of elements of order three in S. For this we
need some notation. Recall that A = Zy N No. Recall also that by Lemma 3.7 (ii7),

3= Cw(s) < QNE° We fix the following elements of order three. Let a € A\Z,
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be No\A, z € Z# d € [Y,t]# and e € Cy (s)*. We define the following sets of elements

of order three in G.

(i) 3A = {a’lg € G} U{(a")|g € G};
(i1) 3B ={b?|g € G} U{(b7")%]g € G};
(iii) 3C ={2%lg € G} U{(z7")%lg € G};
(iv) 3D = {d’|g € G} U{(d")|g € G};

(v) 38 ={e?lg € G} U{(e7")]g € G}.

Clearly each of the sets 34, 3B, 3C, 3D and 3£ is either a conjugacy class in G or a union
of two conjugacy classes. Note that the labeling has been chosen to be consistent with
AtLAS [10] notation such that the classes are ordered by the size of the centralizer in our
target groups. Note that the classes which play the greatest role in our proof are 3.4, 3C

and 3D. We will observe that these classes lie in a proper normal subgroup of G.

Lemma 4.6. 3A # 3C # 3D.

Proof. By Lemma 4.1 (iii), NN Z% = Z and NoNZ% = Z. Since a € A\Z C N,\Z and
d e [Y,t]|\Z C N1\ Z, it is clear that 3.A # 3C # 3D. O

Lemma 4.7. Z¥ C 3AU3CU3D and |Z, N 3C| = 14. Furthermore, No(Z) N Ng(J) =
Ng(S), Cg(ZQ) = CG'(J) =J and Ng(Zg) = Ng(S)

Proof. We have that 34 # 3C # 3D. Since a,d € J and s inverts J, [{a/@9}| =
[{d'?*)}| = 6. Therefore |Z,N (3. AU3D)| > 12. Moreover, since Y is not normalized by ¢
but Zy is, Zo = YY' =Y[Y,t]. Thus ZoN3C CY UY" and |Z, N 3C| = 14. Furthermore,
Ng(Z5) normalizes Y UY" and thus Y NY*' = Z. So Ng(Z3) < Ng(Z).

Observe that Z = Z(S) and J = J(5), therefore Ng(S) < Ng(Z) N Ng(J). However
Ne(Z) N Ng(J) normalizes JQ = S. Therefore Ng(S) = Ng(Z) N Ng(S). Since J is
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abelian, J < Cg(J) < Cg(Zy) < Co(Y) = W and since Z(W) =Y, J = Cs(J) =
Ce(Z3). In particular his implies that Ng(Z2) < Ng(Z) N Ng(J) = Ng(9). O

Lemma 4.8. There are four subgroups lying strictly between J and S namely W, W,
Cs(A) = Cs(Ny N Zy) and Cs([Y,t]) = Cs(Ny N Zy). Every element of order three in S

lies in the set Q UW UW?!. Moreover Cs(A) and Cs([Y,t]) are not conjugate in G.

Proof. Since J = J(S) < S, S/J has order 9 and is either cyclic or has four proper non-
trivial subgroups. We have seen that Y = Z(W) is not normalized by ¢. Thus W' # W
and WNW*' = J. In particular S/J is not cyclic. Now let P; = Cs([Y,t]) and P, = Cs(A).
Then P, O JNy and P, O JN; and |JN;| = |JN,| = 3° so it follows that P, = JN, and
P, = JN;. By Lemma 3.7, |Z(P;)| = 9 and so Z(P;) = N; N Z; for each i € {1,2}.
Thus we have found the four proper subgroups of S strictly containing J. Suppose for
some g € G, P} = P,. Then Z(P,)Y = Z(P,). Since for i € {1,2}, Z°N N; = Z (by
Lemma 4.1 (i77)) and Z(P;) < N;, we have that Z9 = Z. Therefore g € Ng(Z). However
N1, Ny < Ng(Z) so we cannot have (N N Z3)9 = Ny N Zs.

We have that |QNW| = |Co(Y)| = 3* and similarly [QNW?!| = 3%, Also, WNW'NQ =
JNQ = Z, has order 3% so the set Q U W UW? has order (3% x 3) — (3* x 3) + 3% = 513.
By hypothesis, @) = 3%:’4 has exponent three and by Lemma 3.6 (v), W also has exponent
three. Observe that P, = (P, N Q)J. Now let g € J\Q and h € (P, N Q)\J then every
element in P;\(Q U J) can be written as a product of such a g and h. Suppose (hg)® = 1.
Then we calculate using the identity hlg, h][g, h,h] = [g, h]h and using that g € J so

commutes with all commutators in S' = Z, < J.
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1 = hghghg
= h’glg, hlghg
= h’¢*[g, hlhg
= h%g%h[g, h][g, h, hlg
= h’g*hglg, hllg, h, h]
= [h,gllg, hllg, h, R]

= |[g,h,h].

Now S = Q(g) and so S" = Q’'[Q, g]. Notice that Q@ = (P, N Q)N; = ZyN;(h) and so it

follows from a commutator relation that

Q. 9] = [Z2Nikh), 9] < {[Za, g™ ") ([Ni 9] N[, 9]) = ([Ni, 9] ") ([, 9]) < (NinZ2)([h, g])-

Thus we have that Zy < ([h, g])(N;NZs) which is centralized by h as h € P; = Cs(N;NZ3).
However Co(Z,) = Zy and h ¢ Z, which gives us a contradiction. Thus every such element
gh has order at least nine. This accounts for 108 = 3° — (3% x 2) + 3% = |P\(Q U J)|
elements and 513 + 108 + 108 = 3% = |S|. Thus there are exactly 513 — 1 = 512 elements

in S of order three and every such element lies in Q U W U W?. O

We begin to gather some information about the conjugacy classes of elements of order
three. In particular, in the following lemma we determine the order of a Sylow 3-subgroup
of the centralizer of elements in 3B and 3€. Note that we will see later that G has a simple
normal subgroup which does not contain these classes. Recall that b € Ny\ A with b € 38

and that e € Cyy(s)# with e € 3€.

Lemma 4.9. The following hold.

(i) Cq(b) € Syl3(Cg(b)), in particular, 3B ¢ {3A,3C,3D}.
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(it) Cgle) € Syly(Cale)), in particular, 3E ¢ {3.A,3C,3D}.
(i7i) Nx((e)) = Cx(e) = Cgl(e) and |Q N3E| > 144.

Proof. (i) We have that b € No\A and by Lemma 4.1, Ny N Z% = Z. Therefore (Z,b) N
3C = Z#. As Q is extraspecial, Cg(b) has order 3* and (Z,b) = Z(Cq(b)). Therefore
Na(Cq(b)) < Ng(Z). Notice that [A,b] # 1 else Ny = A(b) is abelian. Recall that
A< Ng(Z) and A < S" = Z; so A is contained in the derived subgroup of every Sylow 3-
subgroup of Ng(Z). Suppose that Sy € Syl;(Ne(Z)) such that Cp(b) < Cg,(b) has order
3°. Then A < S| < Cs,(b) which is a contradiction. Thus Cg(b) is a Sylow 3-subgroup
of Cg(b). By Lemma 4.8, since a € A = NyN Zy and d € [Y,t] = [J,t] < Ny N Zs, both
a and d commute with 3-subgroups of order 3°. Thus 34 # 3B # 3D. Clearly b is not

conjugate to Z which commutes with a 3-group of order 3. Thus 3C # 3B.

(77) Recall e € Cy(s) and Y = Z(W) and so [Y, e] = 1. Notice that e ¢ J as J = [J, 5]
is inverted by s. Suppose |C(e)] = 3%. Then (€)C;(e) would be an elementary abelian
subgroup of W of order at least 3* which contradicts that J = J(W). Thus C;(e) =Y.
In particular, [A, e] # 1. Notice that Z* is an arbitrary conjugate of Z in @} and lies in
Cs(A). Thus every conjugate of Z in @ lies in Cs(A). Therefore e cannot be conjugate
into Z and so Ng(Cg(e)) < Ng(Z). Now we argue as before by supposing Cg,(e) > Cp(e)
for some Sy € Syl3(Ng(Z)) then Cg,(e) must have order 3° and then it would contain

Sy > A which is a contradiction. Thus Cg(e) is a Sylow 3-subgroup of Cg(e).

(7i1) We have that e ¢ Nj else [e, A] = 1 and we also have e ¢ N, else e commutes
with Zy N Ny which contradicts that Cj(e) = Y. Therefore Ze is not preserved by an
involution in X/(@). Hence Nx(e) = Cx(e) = Cg(e). In particular this implies that @

contains 3923 /3% = 72 subgroups conjugate to (€). Thus |Q N 3E| > 144. O

We now consider Ng(J)/J. Given our target groups we would expect Ng(J)/J to be
isomorphic to SOJ (3) or GOJ (3). We could in fact recognize this in our abstract group

G by considering a quadratic form on J in which conjugates of z are singular. However
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we require only the order of N¢(J)/J which we calculate in the following lemma.

Lemma 4.10. J# C 34U 3C U 3D with |J N3C| = 32.

In particular, if Co(Z)/Q = SLy(3), then |[Ng(J)| = 3°2% and if Cq(Z)/Q = SLy(3) x
2, then |[Ng(J)| = 3527,

Proof. By Lemma 3.7, J/Y is a natural L/W-module. Since Y < Zy < J, there are four
L-conjugates of Z5 in J which intersect at Y and every element of J lies in at least one
such conjugate. By Lemma 4.7, Zf C 3AU3CU3D and hence J# C 3AU3CU3D. Also
by Lemma 4.7, | Zy N 3C| = 14. Therefore the four L-conjugates of Z, allow us to see that
84646+ 6+ 6 = 32 elements of J# are in 3C and the remaining 12 + 12 + 12 + 12 = 48
elements are in 3.4 U 3D. By Lemma 4.6, these remaining elements are not conjugate to
z. Thus |J N 3C| = 32. By Lemma 1.15, elements in J are conjugate if and only if they
are conjugate in Ng(J). Hence [Ng(J) : Ng(J) N Ca(Z)] = 32.

Now by Lemma 4.7, N¢(Z)NNg(J) = Ng(S). Moreover, by Lemma 4.5, if C(Z2)/Q =
SLy(3) then |Ng(9)| = 3%22 and if Cg(Z)/Q = SLy(3) x 2 then |Ng(S)| = 3%23. Hence
we have |Ng(J)| = 352% or |[Ng(J)| = 3%27 respectively. O

Lemma 4.11. If C5(Z)/Q =2 SLy(3), then z is not conjugate to 2% in Cg(a).

Proof. Consider (Ng(Z) N Ng({a)))/Ca(A). As A = (Z,a) has order nine, (Ng(Z) N
Ng({(a)))/Ca(A) is elementary abelian of order at most four and is non-trivial since
Cg(A)s inverts A. Suppose that z is conjugate to 2% in Cg(a). Then 1 # (Ng(Z) N
Cg(a))/Cq(A) < (Ng(Z) N Ng({a)))/Cq(A) which is therefore elementary abelian of or-
der four. Therefore |(Ce(Z) N Ng({a)))/Ca(A)| = 2. This is a contradiction since by
Lemma 4.2 (ii), [Ca(Z) : Ca(A)] =3 and so [Ca(Z) N Ng({a)) : Cq(A)] =1 or 3. O

In the proof of the following lemma we will be gathering the required hypotheses
and then applying a theorem due to Prince (Theorem 1.42). Recall that a € A\Z and
A Cg(Z )
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Lemma 4.12. We have that Ne(J) N Cg(a) € Na(Z) and the following hold.

(i) If Ca(Z)/Q = SLa(3) then Cg({a)) = 3 x Q4 (2) and Ng({a)) is isomorphic to the

diagonal subgroup of index two in Sym(3) x SO (2).

(17) If Ce(Z)/Q = SLa(3) x2 then either Ca({a)) = 3xSOq¢ (2) and Ng({a)) = Sym(3) x
SOg (2) or Cg({a)) =2 3 x SO7(2) and Ng({a)) = Sym(3) x SO;(2).

In either case |J N3A| =24 and 3A # 3D.

Proof. Let C, = Cg(a) and C, = C,/(a). By Lemma 4.6, (a) is not conjugate to Z so
is not central in a Sylow 3-subgroup. By Lemma 4.8, Cs(A) = Cs(N2 N Z5) has order
3%. Hence Cg(a) € Syly(C,). Observe that (a)z N 3C = {z} by Lemma 4.1 (i7i). We
hence see that if ¢ € C, and g centralizes Z then g centralizes (a,z) = A. Therefore

Ce.(2) = Ca(A).

Now Cg(A) < X = Ce(A)Q so we calculate using an isomorphism theorem that

SLy(3) 2 X/Q = Ca(A)Q/Q = Ce(A)/ColA).

Furthermore Cg(A) = N;(a) and so

377 = N = N /(NN (a) = Ni(a)/{a) = Co(A)/{a).

So we have that Cz—(z) = Cg(A) has shape 3,72.SLy(3). Suppose J normalizes a 3'-
subgroup N of C,. Then Y normalizes N and so N is trivial by Lemma 4.4. Therefore J
(which is an elementary abelian subgroup of C#—(%) of order 27) normalizes no non-trivial

3'-subgroup of C,.

Suppose N¢,(J) < Ng(Z). We have [Ng(J) © Nngz)(J)] = 16 as J contains 16
conjugates of Z and therefore [Ng(J) : N¢,(J)] is a multiple of 16. Moreover [Ng(J) :

Ne¢, (J)] is a multiple of 3 since (a) is not central in a Sylow 3-subgroup of G. Thus
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[Ng(J) : Ng,(J)] = 48 and so J# C 3AU3C. Therefore there exists h € Ng(J) such
that a" = d. Moreover, by Sylow’s Theorem, we may choose h such that Cs(a)" = Cg(d).
However this contradicts Lemma 4.8. Thus N, (J) £ Ng(Z). In particular this implies
that C, # N¢,(2).

Consider the cosets (a)z and (a)2?. Since 3CNA = Z#, it follows that (a)z is conjugate
to (a)z? in C, if and only if z is conjugate to 2% in C,. If C5(Z) = X then by Lemma
4.11, {a)z is not conjugate to (a)z? in C,. Therefore Z is not conjugate to its inverse in
C,. Now we may apply Theorem 1.42 to say either C, has a normal subgroup of index
three or C, = Qg (2). Suppose that C, has a normal subgroup of index three, a € K, such
that [C, : K] = 3. Then Cg(a) is a Sylow 3-subgroup of K and JNK = JNCg(a) = Z,.
In particular N¢, (J) < Ne, (J N K) = N¢,(Z2) < Ng(Z) by Lemma 4.7 which we have

seen is not the case. Thus C, = Qg (2).

Now suppose Cg(Z) > X then consider the element sw. By Lemma 4.2, A < N, =
[N2, w]. We may hence assume that w inverts a. Clearly s also inverts a and so [sw, a] = 1.
Therefore sw € C, and s inverts Z whilst w centralizes Z. Hence Z is conjugate to its
inverse in C,. Again we apply Theorem 1.42 to C,. Since C, # NCfa(Z), we see that
C, 22805 (2) or C, = SO04(2).

In either case of C¢(Z) we calculate, using Lemma 4.10, that [Ng(J) : Neg@)(J)] = 24
and therefore by Lemma 1.15, |J N 3A| = 24 and by Lemma 4.10, 3.4 # 3D. Moreover,
using [10] for example we see that in any case the Schur Multiplier of C, has order two.

Therefore C, splits over (a).

Finally, in the case when Cg(Z)/Q = SLy(3) we suppose for a contradiction that
Ne((a)) = Sym(3) x €4 (2). Then an involutions, u say inverts a whilst normalizing
A and therefore v normalizes Z. If u inverts Z then u inverts A which contradicts our
assumed structure of Ng({(a)). Therefore [Z,u] = 1 and so Qt = Qu which implies that
[a,u] = 1 which is a contradiction. The structure of Ng(({a)) now follows since 25 (2) has

automorphism group SOg (2) ~ € (2) : 2. In the case when C, is isomorphic to SOj (2)
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or SO7(2), we observe that both groups are isomorphic to their automorphism groups and

so we have Ng((a)) = Sym(3) x SOg (2) or Sym(3) x SO7(2). O

Recall that d € [Y,¢]# = [J,{]* C N;\Z.
Lemma 4.13. If C5(Z)/Q = SLy(3) x 2 then Cg(d)/(d) = Sym(9) or Ce(d) < Na(J).

Proof. Assume that Cg(Z)/Q = SLy(3) x 2 and set Cy := Cg(d) and Cy := Cy/{(d). By
Lemma 4.8, Cs(d) = Cs([Y,t]) = Cs(Ny N Z3) has order 3°. Hence Cs(d) € Syly(Cy).
Now d € N} = 3_1:“2 and N;1/Z is a natural X/Q-module. Therefore no element of order
two in X centralizes d and Cx(d) = Cs(d). However [Ny,w] = 1 and so Ce,z)(d) =
Cq(Ny N Zy) = Cs(d){w) has order 3°2. The only conjugate of z in (d)z is z itself.

This implies that the preimage of any element in Cz(%) centralizes z and d. Hence

Ce;(Z) = Ca({d, z)) which has order 3'2. The Sylow 3-subgroup of C((d, z)) is Cs(d).
Notice that Cs(d) < Z2 N Ny = A and so C’S(d)/ < A. Consider the centre of Cs(d). We

have Z(Cg(d)) > Z. Suppose this containment were proper. Then C’S(d)" < Z(Cg(d)).
Hence [Cs(d)',Cs(d)] < (d) N Cs(d) < (d) N A = 1. Therefore Cs(d)" commutes with
(Cs(d),Cs(A)) = S which implies that Cs(d)’ = Z. However this means that S/Z has two
distinct abelian subgroups of index three, Q/Z and Cg(d)/Z. Therefore Q/ZNCs(d)/Z <
Z(S/Z) has order at least 3% which contradicts that Z,/Z = Z(S/Z) has order nine. Hence

2(Cs(d) = 7.

Now we have that m has order 3*2 and a Sylow 3-subgroup with centre of
order three. We have further that J <1 Cg({d, 2)) so suppose that [@, Cs(d)] = 1. Then
[w,Cs(d)] = 1. This is a contradiction since |C;(w)| = 3% by Lemma 4.5. Therefore we
may apply Lemma 1.46 to say that Cz-(Z) = Csym(9)((1,2,3)(4,5,6)(7,8,9)).

If J normalizes a 3'-subgroup N of Cy. Then Y normalizes N and so N is trivial
by Lemma 4.4. Therefore J normalizes no non-trivial 3'-subgroup of C,. We may now
apply Theorem 1.47 to say that either C; < N@(j>7 in which case Cy < Ng(J), or

Oy = Sym(9). O
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Lemma 4.14. FEvery element of order three in Cs(a) is in the set 3.A U 3C U 3D.

Proof. By Lemma 4.8, every element of order three in S lies in the set QUW UW?. Since
Cw(a) = Cwi(a) = J, every element of order three in Cs(a) is in QUJ. Now Cg(a) = AN,
and Z; = S’ < Cg(a). By Lemma 4.7, Ng(Z3) = Ng(S). We have that A < X and so
Cola) = Cg(A) < X and since §" = Zy 4 X, Cg(A) contains four proper subgroups
of order 27 properly containing A, namely {Z5 = [S, S]?|g € X}. Every element Cg(a)
therefore lies in a subgroup conjugate to Z5. By Lemma 4.7, Zf C 3AU3CU3D and

hence Cg(a)# C 3AU3C U 3D.

By Lemma 4.10, J# C 34U 3C U 3D. Hence every element of order three in Cg(a) is

also in the set. O

Recall that b € N2\ A and e € Cy(s) < @ NQ*. Recall also that we have defined the
sets b € 3B and e € 3€.

Lemma 4.15. For any P € Syl;(G), P'NS < Cg(a).

Proof. Set X := 3AU3CU3D. By Lemma 4.9, 3BN3X = () and 3N3X = (). In particular
neither b nor e are conjugate into Cs(a) by Lemma 4.14. By Lemma 4.9, |Q N3&| > 144.
Since Cq(b) € Syl3(Ce (b)), there are at least 9 conjugates of (b) in No. Thus we have

counted 144 + 18 = 162 distinct elements in Q\Cp(a). Hence Q N X C Cy(a).

Notice that Cg(Y) N X C Z, since Co(Y A) = Co(Zs) = Zy. Also, Ng(Y)/Ca(Y) is
transitive on subgroups of order three of the natural module, W/(Q N Q") (by Lemma 3.6
(i1)). Therefore W = (Co(Y)N¢()) and so W N X C (ZéVG(Y)> = J. It follows of course
that W'NX C J.

By Lemma 4.7, every element of order three in Zy = 5" is in X'. So let P € Syl;(G)
then PPN S CSNAX C(Cy(A),J) = Cs(a). O
Lemma 4.16. If C5(Z)/Q = SLy(3), then G has a normal subgroup of index three G
and GN S = Cs(a).
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Proof. Assume that Cg(Z)/Q = SLo(3). By Lemma 4.5, Ng(S) = S(s,t). Recall that
s centralizes S/J < L/J and so s centralizes S/Cg(A). Also S = Cq(t)Cs(A) and
so S/Cs(A) = Cy(t)/(Co(t) N Cs(A)) = Cq(t)/A is also centralized by ¢. Therefore
S(s,t)/Cs(A) is abelian and so Ng(S) < Cs(A).

We may now apply Theorem 1.21 which says that S NG = (S N Ng(S), SN P |
P € Syl;(G)). So by Lemma 4.15, SN P < Cg(a) for every P € Syl;(G) and we have
just seen that S N Ng(S) < Cs(a) = Cs(A). Therefore SN G < Cs(a). So G has a
proper derived subgroup with index a multiple of three. We let G= O3(G). Notice that

Cs(a) < G since Ng({a)) has no normal 3-subgroup and so Cs(a) < O3(Ng({a))) < G.
Thus GN S = Cs(a). O

Of course it follows now that when Cg(Z)/Q = SL2(3) every element of order three

in G lies in 34 U 3C U 3D. We use notation such that for any H < G, H=HNQG.

Lemma 4.17. If C5(Z)/Q = SLy(3) x 2 then Ce(a) = 3 x SO (2) and Ca(d) < Na(J).

Proof. Assume that Cg(Z)/Q = SLy(3) x 2. By Lemma 4.13, Cg(d)/{d) = Sym(9) or
Cea(d) < Ng(J). So suppose that Cg(d) = 3 x Sym(9). Observe that every element of
order three in Sym(9) is conjugate into the Thompson subgroup of a Sylow 3-subgroup
of Sym(9) which is elementary abelian of order 27. Recall that d € Ny and b € Ny and
[N1,No] = 1 and so b € Cg(d). This implies that there exists h € Cg(d) such that
(d,b)* < J. However by Lemma 4.9, Cq(b) has non-abelian Sylow 3-subgroups of order
3* and so b" is not in J# C 34U 3C U 3D which is a contradiction. Hence, by Lemma

4.13, Ca(d) < Na(J).

Now recall that by Lemma 4.12 (ii), Cg({a)) = 3 x SOq4 (2) or 3 x SO7(2). So suppose
that Cg(a) = 3 x SO7(2). By Lemma 1.43, there exist three subgroups of J of order nine,
Ji, Ja, J3 say with a € J; and Cg(J;) = 3 x 3 x Sym(6) for each 1 < 7 < 3. Notice that
no conjugate of z or d commutes with an element of order five and so we have Ji# C 3A.

By Lemma 4.12, |J N 3A| = 24. Since |J; U Jo U J3| = 21, there exist 18 elements of
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J N 3A which, together with a generate J; for some 1 < i < 3. The remaining conjugates
of a in J are therefore in A which implies that A < Cg(a) N Ng(J). By Lemma 4.2 (ii),
Ng(A) < Ng(Z) so we have that Cg(a) N Ng(J) < Ng(Z). However this contradicts
Lemma 4.12. Thus Cg(a) = 3 x SOq4 (2). O

Lemma 4.18. Suppose Co(Z)/Q = SLa(3) x 2. Then Cg(w)/{w) = SO¢ (2) or SO7(2).

Proof. Assume that Cg(Z)/Q = SLy(3) x 2. Since Ng({(a)) = Sym(3) x SOq (2) we may
choose an element of order two w’ say such that w’ inverts a and w’ € Cg(O3*(Cg(a)))
where 0%(Cg(a)) = SOg (2). Hence Cg(w') has a subgroup isomorphic to SOg (2). No-
tice that [Ny N O3(Cg(a))] > 9 and since N; is extraspecial, Z < N; N 03(Cg(a)).
Therefore w’ € Cg(Z) however Qu' # Qt since w' inverts a. Since w commutes with
Ny N O3(Cg(a)) > Z, we also have Qu' # Quwt as wt acts fixed-point-freely on Q/Z by
Lemma 4.2 (7). Hence Qu’ = Qw and so w’ is conjugate to w. Therefore Ci(w) also has

a subgroup isomorphic to SOg (2).

Recall that N; = C(w). Since Ny is extraspecial, we have that Ne,w)(N1) < Ne(Z).

By coprime action and an isomorphism theorem, we have

2 x SL2(3) = Cey(zy/q(w) = Cog(2)(w)Q/Q = Cog(z)(w) /Co(w)

and so Cey(z)(w) ~ 3572.(2 x SLy(3)). Therefore Ceyu)(Z)/{(w) ~ 3172.SLy(3). Suppose
N is a 3'-subgroup of C(w) that is normalized by C;(w). By Lemma 4.5 (i7), Cj(w) has
order 27 and by coprime action, N = (Cx(g)|g € (N1 N Zy)#) since NN Zy < Cy(w). Let
g € (N1NZ2)\Z then g € 3D and Cn(g) is normalized by C;(w). By Lemma 4.17, C(g) <
Ng(J). Therefore Cy(g) normalizes J N Cg(w) = Cy(w). Hence [Cn(g), Cy(w)] = 1. So
N = Cy(Z). However the only 3-subgroup of C¢, () (Z) which is normalized by C;(w) is
(w). Thus Cg(w)/{w) satisfies Theorem 1.42 and so Cg(w)/(w) = SOq4 (2) or SO7(2). O
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4.2 The Structure of the Centralizer of ¢

We now have sufficient information concerning the 3-local structure of G to determine an

involution centralizer. We set H := Cg(t), P := Cs(t), R := C;(t) and H := H/(t).
Lemma 4.19. (i) If Cq(Z)/Q = SLy(3) then Cy(Z) ~ 3172.SLy(3).

(i1) If Ca(Z)/Q = SLy(3) x 2 then Cy(Z) ~ 312, (SLy(3) x 2).

(iii) Z(P) = Z, P e Syly(H).

(iv) Ox(C(A)) = 02(Cy(Z)) = Qs commutes with Co(t).

(v) Cu(R) = (R,1).

Proof. By Lemma 4.2 (i), |P| = |Cs(t)| = 3*. We apply coprime action and an isomor-

phism theorem to see that

Cog2y/q(t) = Cogz)(t)Q/Q = Coyz)(t)/Colt).

Since Co(t) = No = 37 and Ceyz)/0(t) = SLa(3) or SLa(3) x 2, we have Cy(Z) =
Cegz)(t) ~ 3172.SLy(3) or 317%.(SLa(3) x 2). Recall that b € Co(t)\A = Co(t)\J
therefore b € P\R and by Lemma 4.9, Cq(b) = Cg(b) € Syl;(Ce(b)). Hence Z(P) <
Cp(b) < QN P = Cy(t). This implies that Z(P) = Z and so Ny(P) < Ny(Z). Suppose
Py € Syl;(H) and P < Py. Then P < Np,(P). Therefore Np,(P) < Ce(Z) and Np,(P)
has order at least 3°. Thus |Q N Npg,(P)| > 3% This is a contradiction since |Cq(t)| = 27.

Hence P € Syl;(H). This proves (i) — (4it).

Consider Cy(Cq(t)). We have that Ce(Cq(t)) < Cg(A) and by Lemma 4.2 (i),
Ce(A) < X. Furthermore, it follows from above that Cx(t)/Cq(t) = SLa(3). Now let T
be a Sylow 2-subgroup of H N X then T' = Qg. It follows also from Lemma 4.2 (ii) that
[T, A] = 1. Suppose that [Co(t),T] # 1. Then by coprime action, Cq(t) = A[Cq(t),T].
Observe that [Cq(t), A, T] = [Z,T] = 1 and [A, T, Cg(t)] = 1. Thus by the three subgroup
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lemma, [Cq(t), T, A] = 1 which implies that A commutes with A[Cq(t), T] = Cp(t) = 3112
which is a contradiction. Hence, [T, Cq(t)] = 1. Since P is non-abelian and Cy(Cg(t)) <

X, we have that Cy(Cq(t)) = Z x T. In particular, T is normal in Cy(Z).

Now, observe that [O2(Cr(Z)), Co(t)] < O2(Cu(Z))NCq(t) = 1. Hence O2(Cu(Z)) <
Cu(Cg(t)). This implies that T = O9(Cy(Z)). Moreover, since [T, A] = 1 and T €
Syly(Cr(A)), T = O9(Cy(A)). This proves (iv).

Finally, since P is non-abelian, R € Syl;(Cy(R)) and so Cy(R) has a normal 3-
complement, M say, by Burnside’s Theorem (1.19). Clearly M < Cy(Z) and is normal-
ized by P. Thus [M,Cq(t)] < M NCq(t) = 1. Hence M < Cy(Cq(t)) and so M = (t)

and therefore Cy(R) = (R, t) which completes the proof. O
Lemma 4.20. Suppose that Cq(Z) # X. Then t is not conjugate to w in G.

Proof. Assume that Cs(Z) # X. By Lemma 4.19, P € Syl;(Cg(t)) and Z(P) = Z.
Furthermore, Ci(Z)NCq(t) ~ (317% x Qg).(3 x 2) which in particular contains an element
of order four which squares to t. Suppose t is conjugate to w in G. By Lemmas 4.2 and 4.5,
Cs(w) > N1Cj(w) and |N;Cy(w)| = 3* so, since Cg () has Sylow 3-subgroups of order
31, Cs(w) = N1Cj(w) € Syly(Cq(w)) and clearly Z < Z(Cs(w)). Thus Cq(Z) N Cg(w)
must contain an element of order four which squares to w. However this is clearly not the

case. Thus w is not conjugate to ¢ in G. 0

Recall that Y is a natural Ng(Y')/W-module and so Ng(Y)/W is transitive on Y#.
Fix x1, w9, x3 in L such that Y = Z U Z** U Z*2> U Z** and set xy := 1 so that Z*° = Z.

We will now find an appropriate conjugate of ¢ in each Cq(Z%) N H.

Lemma 4.21. For each i € {1,2,3} there exists t; € O*(Cq(Z*)) such that [t;,t] = 1

and t is conjugate to t; in Ng(J).

Proof. Recall that t does not normalize Y and so for each ¢ € {1,2,3}, Z% £ R = C,(t).

Therefore, |A% N R| = 3 and so there exists some 1 # o' € A% N R. Since @’ € A%\ Z*%,
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a' € 3A. Thus by Lemma 4.12 and Lemma 4.17, Cg(a’) = 3 x 5 (2) or 3 x SO4 (2). By
Lemma 1.45, we have further that Ci,s)(a’) ~ 3*.Sym(4) or 3*.(Sym(4) x 2) respectively.
In either case, we observe that a Sylow 3-subgroup of Cy,)(a’) is transitive on the
set of Sylow 2-subgroups of Cy,(s)(a’). It follows from Lemma 4.2 that |Cg(A)| = 3°
and of course Cs(A) normalizes J. Therefore, Cgz; (A%) normalizes J and Cge: (A™) €
Syly(Cng iy (a')). Now t*i € O*(Ci(Z*)) and so t** centralizes o’ and normalizes .J which
means that t* € Cy,)(a’). Thus, there exists g € Cgs; (A™) such that (t*9,t) is a
2-group. Set t; := t%9 then t; € O*(Cq(Z*)). If (t;,t) is non-abelian then it must be
dihedral of order eight. In particular, J(t,t;)/J is contained in a subgroup of Cn, s (a’)/J
which is isomorphic to Sym(4). However, since |C(t)| = 3%, t ¢ O*(Ng(J)). Therefore
t,t; ¢ O*(Cng()(@')) so the image of both Jt and Jt; in Sym(4) is a transposition. This
contradicts that (t,¢;) = Dih(8) and so [t,t;] = 1. Finally, x; € Ng(Y) < Ng(J) and

g € 8% < Ng(J). Therefore ¢ is conjugate to t; in Ng(J). O

We set ¢, := t and continue notation from Lemma 4.21 by fixing an involution ¢; in

O*(Ce(Z*)) N H for each i € {0,1,2,3}.

Lemma 4.22. For {i,j} C {1,2,3}, [J.t;] < R and [J,t;] # [J,t;]. Moreover, either

[ti,t;] = 1 or the following hold.

(i) (t;,t;) = Dih(8); and
(i1) (ti,t;) acts transitively on subgroups of [J,t;][J,t;] of order three.

Proof. By Lemma 4.2 (iii), [J, to] = [Y,to] < Q has order three and [Y,ty]# C 3D. Let
{i,j} € {0,1,2,3} and suppose that [J, ;] = [J,;]. Since Qt; is central in Ce(Z)™ /Q™,
we have that [J,¢;] < (Q%,t;) N J < Q" N J. Therefore [J.t;] =[J,t;] < Q" NQ" NJ =
QNQ*NJ =Y (by Lemma 3.6). However Y# C 3C whereas [J, t;]# C 3D and by Lemma
4.6, 3C # 3D. Hence [J,t;] # [J,t;]. Now for ¢ € {1,2,3}, [t;, o] = 1, and so ¢, normalizes
[J.t;]. If to inverts [J,t;] then [J,tg] = [J,t;] which we have just seen is not the case.

Therefore [J,t;,t] = 1 and so [J,t;] < R.
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Now let {i,5} C {1,2,3} and suppose [t;,t;] # 1. Then D := (t;,t;) is a non-abelian
dihedral group and D < HNNg(J). Set V = [J, t;][J, t;] then |V| = 9 and V is normalized
by D since [V,t;] < [J,t;] < V. Suppose J N D # 1. Then D N J must be inverted by
t; and ¢; which implies that [J,t;] N [J,¢;] # 1 which is a contradiction. So suppose that
3| |D]. Then for some n € Z, g := (t;t;)" has order three and (R, g) € Syl;(H). Therefore
Cr(9) = Z((R, g)) is conjugate to Z by Lemma 4.19. Now 1 # Cg(t;) N Cgr(t;) < Cr(g)
and so we must have that Cg(t;) N Cgr(t;) = Cr(g) = Z" for some h € Ng(J). In
particular, 2 x 2 2 (¢, ;) < Cq(Z"). Recall that (t,w) is a fours subgroup of C¢(Z) and
so (t,t;) must be conjugate to (t,w) in Ng(J). We also have that ¢ is conjugate to ¢; in
Ne(J) (where J < Cg(Z,)). Since t is not conjugate to w (by Lemma 4.20), we must
have that ¢ is conjugate to tw by an element of Ng(J). However this is a contradiction

since by Lemma 4.5 (i1), |C(tw)| = 3% < 3% = |C(¢)|. Thus 31 |D|.

Since D < Ng(J) and Ng(J) is a {2,3}-group by Lemma 4.10, we have that D is a
2-group. In particular, we may apply coprime action to see that V = Cy (D) x [V, D].
Suppose that Cy (t;) = Cv(t;). Then Cy (D) # 1 which implies that [V, ], [V, t;] < [V, D].
However this forces [J,t;] = [J,t;] which is a contradiction. Therefore, Cy (¢;) # Cy(t;)

and so V = Cv(tz)CV(tj)

Now let r € Z(D) be an involution. Then r € (t;t;). Suppose r centralizes V. Then
r centralizes C';(t;) N C;(t;) which has order at least 3% and has trivial intersection with
V (as Cy(t;) # Cy(t;)). So r commutes with .J. However by Lemma 4.7, Cq(J) = J.
Thus r acts non-trivially on V' which implies that D is isomorphic to a subgroup of
Aut(V) = GLy(3). Therefore we must have that D = Dih(8) and so D necessarily acts

transitively on the subgroups of V' of order three. U
Lemma 4.23. For {i,j} C {0,1,2,3}, [t;,t;] = 1. In particular, [R,t;,t;] = 1.

Proof. Let {i,j} C {0,1,2,3} and suppose that [t;,¢;] # 1. Then {7,5} C {1,2,3} and
D = (t;,t;) = Dih(8) acts transitively on the subgroups of V' := [J, ][/, t;] of order

three. Since ¢; is conjugate to ¢t and [J,¢;]# C 3D, we have V# C 3D. Now t;¢; has order
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four and by coprime action, R = [R,t;t;] x Cg(tit;). Since D acts transitively on the
subgroups of V# of order three, V < [R, t;t;] and since 1 # Cg(t;) N Cr(t;) < Cr(tit;), it
follows that |Cr(t;t;)| = 3 and |[R, t;t;]| =9 so V = [R, t;t;]. Now suppose t;t; normalizes
Z. Then either Z = Cg(t;t;) or Z < [R,t;t;] = V. Since V# C 3D, we must have that
Z = Cg(tit;). However 1 # Cg(t;) N Cgr(t;) < Cr(tit;) and so t; centralizes Z which
implies that ¢; centralizes ZZ% =Y. However, this contradicts Lemma 4.3 (i) which
says that Ce(Y') is a 3-group. Thus ¢;t; does not normalize Z and so R contains at least
four conjugates of Z, namely Z, Z% 7%  Z'' which implies that |R N 3C| > 8. Moreover,
since A < R, A% < R and since Z' # 7' Al # A, However 1 # A" N A% therefore
since |[A N 3A| = 6, we see that |RN3A| > 64 — (2% 6) = 12. However we now have a
contradiction since V# C 3D, which implies that |[RN3D| > 8 and 12+8+8 > 26 = |R¥|.

We can therefore conclude that [t;,¢;] = 1.
In particular, we have that [R, ¢;] is normalized by ¢; and so [R, t;,t;] < [R, t;]N[R, t;] =
1. 0
Lemma 4.24. (i) For {i,j} C {0,1,2,3}, Z% #£ Z%.
(ii) For {i,j} C {0,1,2,3} there exists a;; € 3A such that A% N A% = (a;;) and for
{kvl} - {07 17 273} <a’ij> = <ajk> Zf and OTlly Zf {Zaj} = {k7l}
(i1) |[RN3D| =6, |[RN3C| =8 and |[RN3A| = 12.

(itv) P contains at least four conjugacy classes of elements of order three.

Proof. Recall that t € O*(Cg(Z)) does not normalize Y and so t; € O*(Cg(Z%)) does
not normalize Y* =Y = ZZ%. However t; centralizes Z* and so does not normalize Z.

Therefore Z' # Z for each i € {1,2,3}.

Let {i,j} C {1,2,3}. Since [J,t;] < R, [J,t;] = [R,t;]. Now we have [R,tt;] =
[R, tj][R7 ti]tj = [R, tj][R, tz] as [R, ti,tj] = 1. Since [R, tl] = [J, tl] 7é [J, t]] = [R, tj],

[R, t;t;] has order nine. Since ¢;t; is an involution and coprime action gives R = Cr(t;t;) X
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[R, t;t;], we must have |Cg(t;t;)| = 3. Moreover if {7, j, k} = {1,2,3} then ¢; and ¢; com-
mute with [R, ¢;] so we have Cg(t;t;) = [R, tx]. We also have that [R, t;t;] = [R, ][R, t;] =
Cr(tx). Recall that ¢ is conjugate to ¢t by an element of Ng(J) and so [R,tgx] = [J, tg]
is conjugate to [J,¢]. Therefore Cr(t;t;)* = [R,t]* C 3D. In particular, ¢;t; does not
centralize Z. Also since t; does not centralize Z we have that Z £ [R, t;t;] = Cr(t;) and

so t;t; does not invert Z. Therefore Z'% # Z and so Z' # Z% for every i # j € {1,2,3}.

We conclude that Z' # Z% for every i # j € {0,1,2,3} which proves (7). Also this
gives us that |RN3C| > 8. Since (R, t;] # [R, t;] for {4, j} C {1,2,3}, we have [RN3D| > 6.
Thus |[RN3A| < 12.

Recall that A < R and so A% < R for each i € {0,1,2,3}. Now let {i,j},{k, I} C
{0,1,2,3}. Since |R| = 33, we must have |[A% N A%| > 3 and since Z% # Z', we
have A% N A% = (a;;) for some a;; € 3A. We count conjugates of a in R. Firstly, A
contains 6 and A" contains a further 4. Now A can contain only a further 2 and so
ANA"2 £ AN A2, The same argument gives that A’ intersects each distinct conjugate

at a distinct subgroup of order three. This proves (ii).

Furthermore we get that |R N 3A| = 12 and so [RN3D| =6 and |R N 3C| = 8 which

proves (7i7).
Finally, for (iv) we apply Lemmas 4.6, 4.9 and 4.12 to see that the sets 3.4, 38, 3C
and 3D are pairwise distinct. 0

Set D; := [R,t;] and define

o O :={8,0;6; € DI, 8; € D¥ {i,j} C {1,2,3}}; and
® Qg = {5152(53‘(51 € D#, 1 g { < 3}

Lemma 4.25. (i) R(ty,ts,t3) = Sym(3) x Sym(3) x Sym(3).
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(11) R = D1DyDs, |(t1,ta,t3)| = 8 and titots inverts R.
(i13) || =6, |Qa] = 12 and |Q3] = 8.

(iv) Ng(R) acts transitively on Qy C 3D, Qs C 3A and Q3 C 3C and irreducibly on R.
(v) |[Ng(R)| =23 if Co(Z) = X and |[Ng(R)| = 253" otherwise.

Proof. For i € {1,2,3}, we have seen that |Cg(t;)| = 9. Moreover if {i,5,k} = {1,2,3}
then ¢; commutes with [R,t;][R,t;] by Lemma 4.23 and so Cg(t;) = [R,t,|[R,t]. By
coprime action, R = [R,t;] x Cg(t;) and so, R = [R,t;][R,t;][R,tx] = D1DsDs and
furthermore R = Cr(t;)Cr(t;)Cr(tx). Since each t; inverts D; and centralizes D; Dy, it is
clear that tytot3 inverts R. This implies that (tq,ts,t3) does not have order 2 or 4 and so
must have order 8. Hence [],,5(D;,t;) = Sym(3) x Sym(3) x Sym(3). This proves (i)
and (i1).

Part (4i7) now follows immediately from R = Dy D5 Ds.

Recall that b € P\ R and Cg(b) commutes with (R,b) = P. Thus Cg(b) = Z(P) = Z.
This implies that (b) permutes the three subgroups D, Dy, Dj transitively. We may
assume b : D — Dy — D3 (else we may swap b for b?). So we choose d; € D# and then
set dy = dlf € Dy and ds = dg € Ds. Therefore dg = d;. Now consider the following
Ny (R)-invariant partition of R* = Q; U Q, U Q3. Since t; inverts D; and centralizes
Dy and D3 and since s inverts R, it is clear that (b, t1, s) acts transitively on s and Q3
and that b centralizes d;dyds € Q3. Thus it follows from (ii7) and Lemma 4.24 (4ii) that
2y C 3A and Q3 C 3C. We also clearly have ©; C 3D. In particular it is clear that

Ng(R) acts irreducibly on R. This proves (iv).

Notice that Cy(Z)NNg(R) < Cy(Z)NNy(P) since P = RNy and Ny < Cy(Z). Also
Cu(Z)NNy(P) < Cy(Z)N Ny (R) since R is the unique abelian subgroup of order 27 in
P (otherwise |Z(P)| = 9). Since Cy(Z) ~ 3172.SLy(3) or Cy(Z) ~ 312.(SLy(3) x 2), we
have |Cy(Z) N Ng(R)| = |Ca(Z) N Ny (P)| = 3'2 or 3*2% respectively. Since Ny (R) acts
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transitively on {23 C 3C, we have that [Ny (R) : Ng(R) N Cg(Z)] = 8. Thus |[Ng(R)| =

2434 or 2°3* respectively. O
Lemma 4.26. Let V < R with [R: V] =3. Then V N3A # (.

Proof. Since R = D1DyD3 = Q7 U Qs U Q3 U {1} we calculate the possible subgroups of
R of order nine to be the following.

(Z> <617 5J> for {Z7j} - {17 2, 3}

(i3) (6,05, 80%) for {i, j, )} = {1,2,3}.

(idi) (6;,8:0;0%) for {i,j,k} = {1,2,3}.

Therefore every subgroup of order nine contains an element in 2, C 3.A. O

Set E; := O9(Cy(A")) for i € {0,1,2,3}, Then E; = O2(Cy(Z%)) = Qs by Lemma

4.19. Set F := <E0,E1,E2,E3> and K := NH(E)

Lemma 4.27. (i) for {i,j} € {0,1,2,3}, [E;, R] = E; and E;E; = O3(Cy(ai;)) where
a;; € AN AY (as in Lemma 4.24 (ii) ).

(i) E=2i*% and Ny(R) < K.
(1ii) If N is any 3'-subgroup of H normalized by R then N < E.
(iv) Ng(R)NE = (t).

Proof. By Lemma 4.19 (iii), [Ey, Co(t)] = 1. Since P = Co(t)R and (Ey, P) ~ 3172.SLy(3),
we see that [Ep, P] # 1 and so [Ey, R] # 1. It follows that [Ey, R] = Ey. Hence

[Eo, R]' = [E;, R] = E; for each i € {0,1,2,3}. So suppose for some i # j, Os(Cy(A)") =

E; = E; = 05(Cg(A)%). Then E; commutes with A% A%. By Lemma 4.24 (i7), A% £ A%.

So if i # j then A% A% = R which implies that [E;, R] = 1 which is a contradiction. Thus

for i # j, E; # Ej.
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By Lemma 4.24 (i7), (A% N A%)# = (a;;)# C 3A for i # j. Since E; & E; = Qg and
E; # E;, by Lemma 1.44 (i), [E;, E;] = 1 and E;E; = Oy(H N Cg(ay;)') = 241, Since
{i,j} € {0,1,2,3} were arbitrary, we have E := EgEFyE3 = 2% Furthermore E is
normalized by R and since Ng(R) acts on 3, Ny(R) acts on the set {Ey, E1, Ea, Es}.
Hence Ny (R) normalizes E = EyEy EoE5. This proves (i) and (7).

Let N be a 3'-subgroup of H normalized by R. It follows from Lemma 4.24 (i7) that
A = ZU{ap1)U{ap2)U{aps). Hence, by coprime action, N = (Cy(z), Cn(ao1), Cn(ao2), Cn(ap3)).
Now Cn(z) is a 3'-subgroup of Cpy(z) normalized by R and so Cy(z) < E. Fix
i € {1,2,3} and set M := Cy(ap;). Then M is normalized by R. By coprime action,
M = Cy(R)[M, R]. By Lemma 4.19 (v), Cy(R) < (t). Now [M, R] < Cg(ag) = Q4 (2)
and so by Lemma 1.44, [M, R] < O2(H NCg(ay;)') = EgE;. Thus M < E. Of course this

argument holds for each i € {1,2,3} and so this proves that N < E. This proves (7ii).

Finally observe that [Ng(R), R] < ENR =1 and so Ng(R) = Cg(R) = (t) by Lemma
4.19 (v) which proves (iv). O

Recall that K = Ny(E). We now determine the order and structure of K.

Lemma 4.28. We have that K = ENg(R) and Cx(E) < E. Moreover, if Cq(Z) = X,
then |K| = 29233% whereas if Co(Z) > X, then | K| = 29213%.

Proof. Consider Ck(FE). If Cx(F) is a 3'-group, then by Lemma 4.27 (iii), Cx(F) < E.
Suppose Cx(E)N P # 1. Since Cp(E) Q P, Z = Z(P) < Cp(E). This is a contradiction
since [Z, E] # 1. Hence Cx(E) < E and so K/FE is isomorphic to a subgroup of GOy (2)

by Lemma 1.6. Moreover, Lemma 4.27 (7ii) also gives us that O3 (K) = E.

Let N be a subgroup of K such that ¥ < N < K and N/E is a minimal normal
subgroup of K/E. Then NN P # 1. Since NNP <P, Z <N and so NN R # 1. Since
Ny(R) < K acts irreducibly on R, R < N. Suppose PE/E € Syl;(N/E). If N is a direct
product of two or more isomorphic simple groups then P is a direct product of two or

more of its subgroups which implies that P is abelian. Hence N/E is simple. Using [10]
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we see that the only simple subgroups of GO (2) with Sylow 3-subgroups of order 3 are
Alt(9), Q4 (2) and SO7(2). However in each case N/FE has just three conjugacy classes
of elements of order three which implies H has at most three classes of elements of order
three. However this contradicts Lemma 4.24 (iv). So we have RE/E € Syl;(N/E). Since
N/E is a minimal normal subgroup of K/E, N/E is a direct product of isomorphic simple
groups and so is either simple or a direct product of three isomorphic simple groups. Thus,
analysis of the maximal subgroups of GOg (2) (again using [10]) ensures that N = ER.
Therefore by Lemma 1.1 (Frattini argument), we have K = ENg(R) = ENg(R) since
Ng(R) < K. The order of K follows from Lemma 4.25 (v) and since Ng(R) N E = (t)
by Lemma 4.27 (iv). O

Recall that H = H/(t) and consider the following sets of elements of order two in
E - EoElEQEg.

o Il = {pi | pi € Ey,p; = 1,0 <1 < 3};
o Iy :={pip; | pi € Ei,pj € Ej,p; =p; =t,{i,5} € {0,1,2,3}};
L H3 = {pngpk |p1 € Ei,])j € Ej;pk € Ekup? :p? :pi = tv {Lj? k} C {07 17273}}7

o 11, := {Pipapaps | pi € Ei,p? = 1,0 <i < 3}

Note that |II;| = 12, |IIy| = 54, |II3| = 108, |II4] = 81, that II; and II3 consist of the
images in E of elements of order four in £ whilst II, and Il consist of the images in F

of non-central elements of order two in E. Notice also that F# =II; UIl, UIl3 UIly.

Observe that the sets 11y, Iy, IT3, 14 are Ny (R)-invariant since the set { Fy, F1, Fs, F3}

is Ny (R)-invariant.

Recall from Lemma 4.25 (i) that (t1,t2,t3) is elementary abelian of order eight. Define
2-groups T% and T such that T% = E{t1,t,t3) < T € Syl,(K). It follows from the non-

trivial action of (t1,ts,t3) on R that E N (t;,t,t3) = 1 and so |T#| = 2!2. By Lemma
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4.28, if Cq(Z)/Q = SLy(3), then |K| = 29243* and so T = T*. Otherwise | K| = 292°3%
and T > T+

Recall that for i € {1,2,3}, D; = [R,t;] and D¥ C 3D.

Lemma 4.29. Fori € {1,2,3}, D; acts fived-point-freely on E, K acts irreducibly on E,
|1Z(T)| =2 and Z(T) = (t).

Proof. By Lemma 4.25 (iv), Ny (R) acts transitively on Q3 C 3C. Therefore Ng(R) < K
acts transitively on the set {Ey, F1, F2, E5}. Moreover [Ey, R] = Ey by Lemma 4.27 (7)
and so R acts transitively on E]#. Thus K acts transitively on II;. In particular, for
Do € Fo#, Ck (po) has Sylow 3-subgroups of order 3°. By Lemma 4.19 (iv), [Cq(t), Eo) = 1
and so Cy(t) € Syl;(Ck(po))-

Similarly, we have that Ny (R) acts transitively on Q5 C 34 and for {i, 5} € {0,1,2,3},
E,E; = O5(Cg(ai;)) (Lemma 4.27 (7)). Therefore Ny(R) < K acts transitively on the set
{E;E;|{i,5} € {0,1,2,3}}. So consider p;p; € II,. We have that [E;, R] = E; = Cg(A%)
and [Ej, R] = E; = Cg(A%) however A" and A% both normalize E;E;. Therefore R =
At Al acts transitively on E;E; N1l and so K acts transitively on Ily. Since the orbit,
{(pip;)®} has length a multiple of 27 and K > P € Syl,(H), it is clear from Lemma 4.27
that (a;;) € Syls(Ck(pip))).

Recall that b € Cp(t)\A C P\R and since Z(P) = Z, Cr(b) = Z. Hence b per-
mutes the set {Z, Z"2 Z'} and therefore b permutes {E, Fy, Es}. Pick p; € Ej\(¢)
then m € II; and commutes with (b). Since R preserves each E;, Cr(Dip;pr) =
Cr(pip;) N Cr(Djpr) = (ai;) N {aj) = 1 by Lemma 4.24 (7). Therefore Sylow 3-
subgroups of Ck(pip;p) are conjugate to (b). Since R preserves each E;, we see that
{pipipi} = EE;E, N 1;. Since K is transitive on {Ey, Ey, By, F3} it is clear that
{Pipjp}" = 1.

Now consider C(D;). For By € Ey, Cr(pg) = Cq(t) N R = A. Since AN3D =)

(Lemmas 4.6 and 4.12), py commutes with no conjugate of D;. We have calculated that
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for pip; € Iy, (aij) € Syls(Ck(pip;)). Furthermore, for p;p;pr € s, Ck(Pip;pr) has
Sylow 3-subgroups of order three which we have seen are conjugate to (b) (b € 3B # 3D
by Lemma 4.9). Thus p;p;pr, commutes with no conjugate of D;. So suppose Cz(D;) # 1.

Then there exists some pop1p2p3 € 114 commuting with D;. However R preserves each set

E# and so Cr(pop1p2p3) = Cr(Pop1) N Cr(P2p3) = (ac) N (az3) = 1. Thus Cx(D,) = 1.

Now we again observe that p;p!p?” commutes with b and b € Cq(t). By Lemma 4.19
(iv), we have that [Ey, Cg(t)] = 1 and so [Ep,b] = 1. Therefore for any p, € Ep\(t),
[pop1pip?”,b] = 1 and so 81 ¢ ]{pom—pll’szKH and K is not transitive on II4. As before,
since R preserves each E;, Cr(pop1p2ps) = Cr(pop1) NCr(paps) = (ap1) N{azs) = 1. Hence
{Pop1p2ps™ }| is a multiple of 27 which is strictly less than 81 and so there are either two

or three K orbits on I1,.

Observe that no involution in II; U Iy U Il5 lies in the centre of a Sylow 2-subgroup
of K since each orbit has even order and so an involution in IT, must be 2-central in K.
Choose such an involution Goqigags € Z(T)# then |{Goq1q2q3 Y| is an odd multiple of 27

and so {01 2q3} | = 27.

We have that @q1q2qz € Z(T)* and tityts € T. We claim that (Goqiqagz) = Z(T).

Suppose not then we have Goq1q2q3 # Popipzps € Z(T)*. Since tityts inverts R (Lemma

4.25 (i1)), it preserves the set {Ey, F1, Ey, E3}. Therefore [popipaps, tilats] = 1 implies

(Do, titats] = [P1, titats] = [Pz, titals] = [Ps, titats] = 1.

Since Goq1G2q3 # Popibaps, for some 0 < i < 3, P; # G and so E; = (p;, §;) and furthermore,
[E, titaots] = 1. We have seen that D; acts fixed-point-freely on E and therefore on F;.
Hence E; = [E;, D1] and so we have [Ej, titots, Di] = [E;, Dy, titsts] = 1. Now, by the
three subgroup lemma, 1 = [Dy, f1tyt3, B;] = [D1, E;] = E; (since ttyts inverts D;) which
is a contradiction. Thus (Goqiq2q3) = Z(T) N E and so there is only one K-orbit of 2-

central involutions in £. Hence II, consists of two K-orbits; one of length 27 containing
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2-central involutions and the other of length 54.

Suppose {t) < F < E where F' <t K. Then F is a union of K orbits on E. However
no union of K orbits has order 2" unless F = E. Hence K acts irreducibly on E. Also
since Ck(F) < E (by Lemma 4.28), we have that Z(T) < E and so Z(T) = Z(E) = (t)
as F is extraspecial. Since K/E acts faithfully on F, Z(T) < E and so |Z(T)| =2. O

The following lemma will allow us to apply the strongly 2-closed arguments in Lemma

1.26.

Lemma 4.30. Let g € TH\E then |Cz(g)| = 2*.

Proof. Let g € TH\E and let & € (t;,ts,t3) such that Eg = Ex. Then for {i,j k} =
{1,2,3}, we have that = equals Et;, Et;jt; or Et;t;t; and so, in any case, inverts D;
(see Lemma 4.25). By Lemma 4.29, C(D;) = 1 and so by Lemma 1.33, |Cx(z)| < 2%

However |Cgz(z)| = 2* by Lemma 1.31 and so |Cx(z)| = 2%. O
Lemma 4.31. We have T' € Syl,(G).

Proof. We show that E is characteristic in 7. By Lemma 4.19 (v), Cy(R) = (t)R.
Therefore T'/ E acts faithfully on RE/E and so is isomorphic to a subgroup of GL3(3). In
particular the largest elementary abelian 2-subgroup of T/ F has order 23. So suppose « is
an automorphism of T and F # E* < T. Then E* Q T, E“E/E is elementary abelian of
order at most 2% and £ N E has order at least 2° and is central in EE. If T = T* then
we have that EE* < T*. So suppose that T* < T. Then we have that T/ E is non-abelian

and so Z(T/E) < T*/E. Since EE®/E < T, 1+ EE®/ENZ(T/E) < EE*/ENT!/E.

Thus in either case we have that 1 ## EE*/ENT*/E and so EE*NT* > E. By Lemma
4.30, |C5(EE* N TH)| < 2*. However EE® N T* centralizes E N E* which has order at
least 2°. This is a contradiction. Therefore E is characteristic in T. So let S € Syl,(H)
and suppose T' < S. Then T' < Ng(T') and Ng(7T') normalizes E. Therefore T' < Ng(T') <
Ng(FE) = K. This is a contradiction as T € Syl,(K). Therefore T' € Syl,(H). Now since

Z(T), the same argument proves that T' € Syl,(G). O
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Recall that when C(Z)/Q = SLy(3) x 2 we have chosen an involution w as in Lemma
4.2. Furthermore, recall that in Lemma 4.18 we proved that if C(Z)/Q = SLa(3) x 2,
then either Cg(w)/{w) = SO4 (2) or Cg(w)/{w) = SO7(2). We are now able to be more

precise.
Lemma 4.32. If Cq(Z)/Q = SLy(3) x 2, then Cq(w)/{w) = SO7(2).

Proof. By Lemma 4.5 (i1), |C;(w)| = 3% and by Lemma 4.19 (v), Cy(R) = R{t). There-
fore [R,w] # 1 and |Cy(w) N R| = 9. Hence we may apply Lemma 4.26 to give us
that C;(w) N R contains an element in 3A4. Let ' € Cj(w) N RN 3A. Then by
Lemma 4.25, a € Qy and by Lemma 4.27 (i), Cp(a’) = 247 It therefore follows that

t € [Ca(d),Ca(a)] = Qg (2) and by Lemma 1.44, t is 2-central in [Cg(a’), Ca(a’)].

~Y

By Lemma 4.20, w is not G-conjugate to ¢. Suppose that w € [Cg(a’), Ca(a’)] =
Qg (2). Then, since w commutes with C;(w) = 33, we apply Lemma 1.44 again to see
that w is 2-central in [Cg(a’), Cg(a’)]. However this would force w to be conjugate to ¢

which is a contradiction.

Thus w ¢ [Ca(a’),Ca(a’)] = Qg (2) and so by Lemma 1.45 (it), Ce(a’) N Ca(w) =
3 x (2 x Sym(6)). Thus Cg(w)/(w) contains an element of order three with centralizer
3 x Sym(6). We again apply Lemma 1.45 (i7) to see that Cg(w)/(w) 2 SOq4 (2). We can
therefore conclude that Cq(w)/(w) = SO7(2). O

Recall that X = O?(C;(Z)) and so in the case that Cq(Z)/Q = SLy(3) x 2, Cq(Z) >
X.
Lemma 4.33. Suppose C(Z)/Q = SLy(3) x 2. Then w ¢ O*(G) and Coz()(Z) = X.

Proof. Recall that w normalizes J and centralizes ¢ and therefore normalizes C(t) =
R. Hence w € Ny(R) < K. We have that Cg(w)/(w) = SO7(2). We assume for a
contradiction that w € O?(G) and so by Theorem 1.22, we may suppose that there exists

g € G such that w? € T* and Cr(w?) € Syly(Cq(w?)) which has order 21°.
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Suppose first that w? € E. Since w is an involution, w9 € I1, UTl,. So w9 lies in a K-
orbit of length either 54 or 27. Hence |C7(w9)| > 2 which implies that |C7p(w?)| > 2.
Therefore w9 ¢ E. So we have w? € TH\E. Since |Cp(w9)| = 2 |Cr(w?)| > 25.
Therefore |C(Ew?)| > 25. This contradicts Lemma 4.30 (7). Thus w ¢ O?*(G). It is now
clear that Cox(y(Z) = X. O

We may now apply all previous results when Cq(Z) = X to O%*(G). Recall that when
Cq(Z) = X, Lemma 4.16 proves that G has an index three subgroup G. Recall that for

any subgroup B < G, we define B=Bna.
Lemma 4.34. If Co(Z) = X then K = H and H/E = Sym(3) x Sym(3) x Sym(3).

Proof. Assume K < H. Then E 4 H. Set F := (E¥) > E. By Lemma 4.16, G has
an index three normal subgroup G and SN G = Cs(A). Therefore PN G = R and so
H < H. Clearly F' < H. By Lemma 4.27 (iii), E is the unique largest 3'-subgroup of
H normalized by R and so RN F # 1. Since Ny (R) acts irreducibly on R, this implies
R < F. Suppose KN F = ER. Then by Lemma 4.27, Ng(R) = (t) and Ny(R) < K and
so Np(R) = R(t) = Cr(R). Therefore, by Theorem 1.19, F' has a normal 3-complement
which implies £ < H which is a contradiction. So K N F' > ER and it follows that F is
not a Sylow 2-subgroup of F'. Thus TN F > E. Recall that T = T* = E(ty, 5, t3) where

(t1,t2,t3) is elementary abelian and so Q(T'NF) =T NF.

Set N := Oy (F). If N is a 3'-subgroup of F' then by Lemma 4.27 (ii7), N < E which
implies N = 1. So suppose RN N # 1. Then [RNN,E] < NN E = 1. However no

element of order three in R acts trivially on E. Thus N = Oy (F) = 1.

By Lemma 4.31, T € Syl,(H) and using Lemma 4.30 we see that if § € T\E then
|C%(9)| = 2*. Therefore we may apply 1.26 (since 8 = m(E) > m(T/E) + m(Cx(39)) =
3+4 where m indicates the 2-rank) to H to say that E is strongly closed in T’ with respect
to H. Hence E is strongly closed in F N'T with respect to F.

Now we observe that by a Frattini argument, H = Ny(R)F and so F = <EH> =
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<ENH(R)F> _ <EF> Flnally we may apply Theorem 1.27 to F <E > to get that

E = 0y(F)QTNF). However Q(TNF) £ E and so Q(T N F) £ E. This contradiction

proves that K = H.

Since GN S = Cs(a), HN P = Cp(a) = R. Therefore H = ER(ty, 5, t3). By Lemma
4.25 (i), R{ty, ts,t3) = Sym(3) x Sym(3) x Sym(3). Thus H/E = Sym(3) x Sym(3) x
Sym(3). O

Lemma 4.35. If Cq(Z)/Q = SLy(3), then G =2 QF(2).3. If Cq(Z)/Q = SLy(3) x 2 then
G = Qg (2).Sym(3).

Proof. Assume C(Z)/Q = SLy(3) and we will first prove that G = Qf (2). Set N :=
Oy(G) and suppose N # 1. Then 3 | |N| since Y normalizes no non-trivial 3'-subgroup of
G by Lemma 4.4. Therefore 1 2 SNN < S so Z(S)N N # 1 and therefore Z < N. Now
we have that Z normalizes F and so [Z, E] < NN E = 1. However Z does not centralize
E. Thus N = 1. This implies that t ¢ Z*(G) else t € Z(G) which is not the case. Now
set M := O2(G) and consider HN M. Since Oy(G) =1and T € Syl,(G), 1 ATNM QT
and so 1 # Z(T)N M. By Lemma 4.29 Z(T) = (t) andsot € M. If ENM = (t)
then [E, R] < EN M = (t) which implies that R acts trivially on E/(t) and therefore
[E, R] = 1 which is a contradiction. Thus £ N M > (t). Since K acts irreducibly on E,
we have, £ < M. Recall that T' = E(ty,ts,t3) is a Sylow 2-subgroup of G and therefore a
Sylow 2-subgroup of G. Recall also that each t; is G-conjugate to t and so t; € M. Hence
T<Mandsowehaveé:M.

We now apply Theorem 1.49 to G to say that G = QF(2). Since Out(Q4 (2)) = Sym(3),

G = O (2).3 is uniquely defined.

Now assume that Cg(Z)/Q =2 SLy(3) x 2. Then we have that O?(G) = Qg (2).3. Thus
G = QF (2).Sym(3). O

This completes the proof of Theorem B.
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Chapter 5

A 3-Local Characterization of the
Harada—Norton Sporadic Simple

Group

In [21] in 1975, Harada introduced a new simple group. He proved that a group with an
involution whose centralizer is a double cover of the automorphism group of the Higman—
Sims sporadic simple group is simple of order 2'4.3%.55.7.11.19. In 1976, in his PhD thesis,
Norton proved such a group exists and thus we have the Harada—Norton sporadic simple
group, HN. The simple group was not proved to be unique until 1992. In [37], Segev proves
that there is a unique group G (up to isomorphism) with two involutions v and ¢ such
that Cg(u) ~ (2HS) : 2 and Cg(t) ~ 2178, (Alt(5) 1 2) with Cq(Oa(Ca(t))) < O2(Ca(t)).
We can therefore define the group HN by the structure of two involution centralizers in

this way.

In this chapter, we characterize HN by the structure of the centralizer of a 3-central
element of order three. The hypothesis we consider and the theorem we prove are as

follows.

Hypothesis C. Let G be a group and let Z be the centre of a Sylow 3-subgroup of G
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with @ := O3(C¢(Z)). Suppose that

(i) Q=3
(i) Ca(Q) <@
(1ii) Z # Z* < @Q for some = € G; and

() Ca(Z)/Q =2 2 Alt(5).

Theorem C. If G satisfies Hypothesis C then G = HN.

In Section 5.1, we determine the structure of certain 3-local subgroups of G. We
identify a subgroup X < Cg(Z) such that X/Q = SLy(3). This solvable group X is
isomorphic to the centralizer of a 3-central element of order three in PSL4(3) and so the
analysis is very similar to that required in a somewhat similar recognition of PSL4(3) [4].
Moreover, 3-local arguments will often consider a subgroup of Cg(Z) generated by two
distinct Sylow 3-subgroups and of course X is such a subgroup. The action of X on @)
allows us to see the fusion of elements of order three in (). In particular, it allows us
to identify a distinct conjugacy class of elements of order three. In 3-local recognition
results, it is often necessary to determine Cg(x) for each element x of order three in G.
In this case, we have just one further centralizer to determine which is isomorphic to
3 x Alt(9). Thus we need an identification of Alt(9) from its 3-local subgroups. Observe
that in Alt(9), the centralizer of a 3-central element of order three is just a 3-group. This
makes identification of Alt(9) difficult. In Chapter 2, we describe some character and
modular character theoretic methods which allow us to overcome this difficulty. These

character theoretic results together with some local arguments give a necessary recognition

of Alt(9).

In Section 5.2, we determine the structure of C(t) where ¢ is a 2-central involution.
This requires a great deal of 2-local analysis, in particular, we must take full advantage of

our knowledge of the 2-local subgroups in Alt(9) and use a theorem due to Goldschmidt
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about 2-subgroups with a strongly closed abelian subgroup. The determination of C¢(t)
seems to be much more difficult than similar recognition results (in Chapter 4 for example).
A reason for this may be that the 3-rank of C(t)/O2(Cq(t)) is just two whilst the 2-rank

is four. An easier example may have greater 3-rank and lesser 2-rank.

One conjugacy class of involution centralizer is not enough to recognize HN and so in
Section 5.3 we prove that G also has an involution centralizer which has shape (2'HS) : 2
by making use of a theorem of Aschbacher. The results of Sections 5.2 and 5.3 allow us

to apply the uniqueness theorem by Segev to prove that G' = HN.

It is hoped that the methods used in this chapter can soon be extended to recognize

the almost simple group Aut(HN) in a similar way.

5.1 Determining the 3-Local Structure of GG

We begin by recalling Theorem 3.10 from Chapter 3 which concerns groups which satisfy
a more general hypothesis than Hypothesis C. Of course the conclusions of Theorem 3.10
hold under Hypothesis C. For the rest of this chapter we work under Hypothesis C however
we continue the notation from Theorem 3.10. In particular we fix a distinct conjugate
of Zin Q, Z* and set Y := ZZ* L = (Q,Q%), W := Cp(Y), S := QW, J := J(95)
and Z, := J N Q. We continue to fix an involution s € L such that Ws € Z(L/W).
Furthermore we now choose an involution ¢ such that Qt € Z(Cs(Z)/Q) and since s
normalizes C(Z), we are able to choose ¢ such that s and ¢t commute. We also fix an

element of order three, z, such that Z = (z).
Lemma 5.1. (i) S € Syl3(G) and Z = Z(95).
(i1) Ca(2)/Q acts irreducibly on Q/Z.

(i17) Co(t) = Z = Cq(f) for every element of order five f € Ca(Z).
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(iv) There exists a group X such that S < X < Cg(Z) with X/Q = 2:Alt(4) = SLy(3)

and such that X/Q has no central chief factors on Q/Z.
(v) Ca(Y) =W and L(t) = Ng(Y) with L{t)/W = GLy(3).

Proof. (i) Tt is clear that C(Z) has Sylow 3-subgroups of order 3% and, by hypothesis,
Z is central in a Sylow 3-subgroup of G. Also |Q| = |W| = 3° and S = QW is a 3-group
with @ # W. Thus |S| = 3% and so S € Syl;(Ce(Z)) C Syly(G) with Z(S) = Z.

(74) This is because 2-Alt(5) has no non-trivial modules of dimension less than four

over GF(3). We can see this, for example, from the fact that 51 |GL3(3)].

(¢47) By Theorem 3.10 (ziii), either Co(t) = Z and [Q,t]/Z = Q/Z or Cy(t) =
[@Q,t] = 312 However [Q,t]/Z is a non-trivial C(Z)/Q-module and so must equal
Q/Z. Therefore Cg(t) = Z. Now, for f € Cg(Z) of order five, by coprime action,

Q/Z = Coiz(f) x [Q/Z, f]. Since f acts fixed-point-freely on [Q/Z, f], [Q/Z, f]* has
order a multiple of five. Therefore Q)/Z = [Q/Z, f] and so Cq(f) = Z.

(1v) Observe (using [1, 33.15, p170] for example) that a group of shape 2-Alt(5) is
uniquely defined and has Sylow 2-subgroups isomorphic to () with normalizer isomorphic
to SL2(3). Thus we may fix S < X < Cg(Z) such that X/Q = SLy(3). There can be no
central chief factor of X on Q)/Z because Qt € Z(X/Q) inverts Q/Z.

(v) Since Y # Z = Z(S), we have that W € Syl;(Cs(Y)). Suppose that Ce(Y)
contains an involution. Since Sylow 2-subgroups of Cg(Z) are quaternion of order 8, we
have that [Y,Qt] = 1 which is a contradiction since Qt inverts QQ/Z. Suppose Cg(Y)
contains an element of order five. Then we again have a contradiction since any element
of order five in C¢(Z)/Q acts fixed-point-freely on @Q/Z. Thus Cg(Y) is a 3-group and
so Cg(Y) = W. Now Ng(Y)/W is isomorphic to a subgroup of GLy(3) and SLg(3) =
L/W < Ng(Y)/W so Ng(Y)/W = SLy(3) or GL2(3). Observe that ¢ centralizes Z whilst
inverting Y/Z. Therefore Wt ¢ L/W and so Ng(Y)/W = GLy(3) and Ng(Y) = L(t). O
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For the rest of this section we fix a subgroup X of C(Z) such that S < X < Cq(Z2)
and X/Q = SLy(3).

Lemma 5.2. @ = (ZQX/Q> and S/Q acts quadratically on Q/Z.

Proof. First observe that since X /@ = SLy(3) and there is no central chief factor of X/Q
on Q/Z, any proper X/Q-submodule of ()/Z is necessarily a natural X/@Q-module. Let
Z <V <@ such that V/Z is an X/Q-submodule and is therefore a natural module. Thus

S/Q acts non-trivially on V/Z. In particular this means V' # Z,. So Zs is not contained

in any proper X-invariant subgroup of Q). Thus Q) = (ZQX / Q).

By Theorem 3.10 (v), J = J(S) is abelian. Moreover ) < S and so @) normalizes J.
Thus (@, J] < J and so [Q, ], J] = 1 as J is abelian. Now J £ @ (as @ has no abelian
subgroups of order 3*) and so S/Q = JQ/Q and therefore [Q/Z, JQ/Q,JQ/Q]=1. O

We have thus satisfied the conditions of Lemma 1.36 and so we have the following
results.
Lemma 5.3. (i) Q/Z is a direct product of natural X -modules.

(1) There are exactly four X -invariant subgroups N1, No, N3, Ny < Q) properly contain-
ing Z such that for i # j, Ny N; = Z.

(i4i) N; N Zy has order nine for each i and S" = Zy = (N; N Za|1 < i < 4).
(iv) For somei € {1,2,3,4}, Y < N; and N; is abelian.
(v) Forie{1,2,3,4}, X is transitive on N;\Z.

Proof. Part (i) follows immediately from Lemma 1.36 which says that @/Z is a direct
product of natural X/@Q-modules. Let N; and Ny be the corresponding subgroups of Q.
View Ny /Z and Ny/Z as vector spaces over GF(3). Since N;/Z and Ny/Z are isomorphic

as X-modules, we may apply Lemma 1.34 to see that there are exactly four X-invariant
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subgroups of Q/Z. Let N3 and N, be the corresponding normal subgroups of (). Then
N3/Z and Ny/Z are natural X-modules and for i # j, N; N N; = Z. This proves (ii).

By Theorem 3.10 (vi), Zy/Z = Z(S/Z) and Y < Zy = JN Q. Now for each i €
{1,2,3,4}, Cn,/z(S) # 1 and so Z, N N; has order at least nine. In fact the order must be
exactly nine for were it greater then for some ¢, N; = Z5 and then NV;N\N; would have order
at least nine for each j # . Now for each ¢ # j, N;NN; = Z and so N;NZy # N;NZy and
S0 Zy = (N; N Z3|1 < i < 4). In particular we must have (without loss of generality) that
Ny NJ =Y. By Lemma 3.10, Y < 5" < Z,. Suppose S’ =Y. Then for any 2 < i < 4
Y £ N; and so [N;, S] < N;NY = Z. Therefore N; < Z, which is a contradiction. Thus

Y < 8" = Z, which proves (ii7).

We have already that (without loss of generality) Ny N Z; = Y. Suppose that N; is
non-abelian. Then Cp(N;) = Ny = 31++2. Since Ny £ W, S = WN; and so we have that
S" < [W, Ni]W'N] < (WNN)YZ =Y (using Theorem 3.10 (iv)) which is a contradiction

since S” = Z,. This proves (iv).

Finally, since each N;/Z is a natural X/@Q-module, X is transitive on the non-identity
elements of N;/Z. So let Z # Zn € N;/Z. Then (Z,n) < Q however |Cg(n)| = 3*.
Therefore n lies in a (Q-orbit of length three in Zn. Hence every element in Zn is conjugate

in X. Thus X is transitive on N;\Z which completes the proof. [l
For the rest of this section we continue the notation from Lemma 5.3 with Ny, N, N3, Ny
chosen such that Y < N; and satisfying the notation set in the following lemma also.

Lemma 5.4. Without loss of generality we may assume that N1 = Ny is elementary

abelian and N3 = Ny is extraspecial with [N3, Ny = 1.

Proof. By Lemma 5.3, N; is abelian. So suppose N; is non-abelian for some i € {2,3,4}.
Then Cg(N;) & N; = 31" is X-invariant and we may assume Cg(N;) = N, for some

i # 7 €{2,3,4}. Now it follows that either N; is abelian for every i = 1,2, 3,4 or without
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loss of generality N7 = Ny and N3 =2 N, is non-abelian. So we assume for a contradiction

that Ny, N3 and N, are all abelian.

Since N;/Z is isomorphic as a GF(3)X/@Q-module to No/Z, for any m € N;\Z there
is an n € No\Z such that Zn is the image of Zm under a module isomorphism. It then
follows (without loss of generality) that Znm is an element of N3/Z and Zn?m is an
element of Ny/Z. In particular z; := nm € N3 and x5 := n’m € N,. Let g € X have

order four then Qg? = Qt inverts Q/Z and so
Zn? = Zn? and Zm? = Zm?>. (5.1)

Alsoif Z # Za € N;/Z and g and h are elements of order four in X such that Q(g) # Q(h)
then N;/Z = (Za?, Za") and so N; = Z{a?,a").

So consider [z1,23]. We calculate the following using commutator relations and using

that all commutators are in Z and therefore central.

[z1,23] = [nm, (n*)"mI]
= [n,m[m, m?][n, (n*)*][m, (n?)°]
= [n,m9[m, (n2)*] (since N, and Ny are abelian)
= [n,m?][m, n??
= (Jn,m9)[m, n]?)9 (since commutators are central in X)
S

= [n9, m?][m9,n?? (by Equation 5.1)

= [(n®)?, m][m9, m][(n?)?, n][m?,n] (since Ny and N, are abelian)
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Land so [xq, 23] = 1. This holds for any element of order four in

Thus [z, 23] = [z1, 23]~
X. Thus mn € N3 commutes with Ny = Z{(n?m)9, (n?m)") where g and h are elements
of order four as above. Furthermore this argument works for any element of N3\Z and

so [N3, N;] = 1. However this contradicts our assumption that N3 and N, are abelian. [J

Lemma 5.5. Fori € {3,4}, elements in N;\Z are not conjugate into Z. In particular,

there are 12 elements of order three in Zs which are not G-conjugate into Z.

Proof. Let {i,j} = {3,4} and let a € (N; N Z3)\Z. By Lemma 5.3 (v), every element in
N;\Z is conjugate to a. Suppose that a € Z%. Then we may again apply Lemmas 3.10
and 5.1 with (a) in place of Z* to see that |Cg((a, Z))| = 3°. Moreover Cs(a) > (N;, J)
and (N;,J) has order 3° so Cg({a,Z)) = (N;,J). Furthermore S = QCs({(a,Z)) and
Q) < S < X so we may also apply Lemma 5.3 (iv) to say that for some k € {1,2,3,4},
a € Nj, and Ny is abelian. By Lemma 5.4, k € {1,2}. Therefore a € N; N Ny and i # k.
This implies that a € Z which is a contradiction. Thus a is not conjugate into Z and

therefore no element in NV;\ Z is conjugate into Z.

Furthermore, by Lemma 5.3 (iii), we see that Z, contains twelve elements of order

three which are not conjugate into Z. These are contained in N3N Zy and NyN Z,. [
Lemma 5.6. (i) Let i € {1,2,3,4} and set S; := Cg(Zy N N;) then |S;| = 3° and
|Z(5:)] = 9.

(ZZ) Si = Z(Sl) = ZQ N N1 = Y, Sé = Z(SQ) = ZQ ﬂN27 Sé = Z(S4> = Z2 N N4 and
Szll = Z(Sg) == ZQ N Ng.

In particular S; # S; for each i # j.

Proof. By Lemma 5.3, |Zy N N;| = 9 for each i € {1,2,3,4} and by Lemma 3.10, Z < J
and J is elementary abelian of order 81. Therefore J < ;. Hence S; > (J, Cg(Z2 N N;)).
Since Co(Zy N N;) has order 3* and is non-abelian, |[(J,Cqo(Zy N N;))| = 35, Moreover
since |S| = 3% and Z(S) = Z has order three, it follows that S; = (J,Cq(Zy N N;)) has
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order 3°. Now by Theorem 3.10 (viii), for each i € {1,2,3,4}, |Z(S;)| = 9 and therefore
Z(S;) = N;N Zs.

Now for i € {1,2,3,4}, we have that Z < S.. If S| = Z then Q/Z and S;/Z are two
distinct abelian subgroups of S/Z of index three. This implies that S/Z has centre of order
at least 3°. However by Theorem 3.10 (vi), Zo/Z = Z(S/Z) has order nine. Thus S/ > Z.
Now for i = 1, by Lemma 5.3, Y < NyNZ; and so Z(5;) = N;NZ; = Y. Furthermore, for
i € {1,2}, N; is abelian and so N; < S;. Therefore S; < S’ N N; = Zy N N; since N; < S;.
For {i,7} = {3,4}, [N;, N;| = 1 and so N; < S;. Therefore S} < S"NN; = Z, N N; since
N; < S;. 0

Continue notation such that S; = Cs(N; N Z5).

Lemma 5.7. Fvery element of order three in S lies in the set QU S1 U Sy and the cube

of every element of order nine in S is in Z.

Proof. By hypothesis, () has exponent three and by Theorem 3.10 (v), so does J. So let
g € S such that ¢ ¢ QU J. Then g = ¢b for some ¢ € Q\J and some b € J\Q. We
calculate using the equality c[b, c][b, ¢, c] = [b, ¢|c and using that b € J so commutes with

all commutators in S’ = Z, < J.

cbebeb = c*blb, c]bcb
= b?[b, cJcb
= bc[b, b, c, c]b
= *b*ch|b, b, ¢, c]
= [¢,b][b, c][b, c, ]

= [b,c ]

Since ¢ € Q\J = Q\Za, Z3{c) is a proper subgroup of () properly containing Zs. As
Z5 N N; has order nine for each i € {1,2,3,4}, ZoN; has order 81. Thus Zy(c) = ZyN; for
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some ¢ € {1,2,3,4}.
If Zy(c) = ZoN; = Cg(Y') then ¢b € W and W has exponent three.

Suppose Zy(c) = Z3Ny. Then Sy = Cg(Zy N Ny) = J{c) and Sy = Zy N N; therefore
[b,c] € Zy N Ny is central in Zy(c) = ZyN,y. Therefore [b,¢,c] = 1 and so ¢b has order

three.

Now suppose Zy{(c) = Z3N3 (and a similar argument holds if Zy(c) = ZyN,). Then
Sy = Cs(Zy N Ny) = J{c) and [b,c] € S} = Zy N N3. Suppose cbcbeb = [b,¢,c] = 1. Then
[b, ¢] commutes with J(c) =Sy and so [b,c] € S, N Z(S,) = Z. Thus Sy = J{c) = Zy(b, c)
and so [Sy, S4] = ([Z2, ], [Za,b], [c,b]). However [Zy,c] < Z, [Z3,b] = 1 and [c,b] € Z
which is a contradiction since [Sy,Sy] = N3N Zy; > Z. Thus [b,¢,¢] # 1 and ¢b has
order nine (no element can have order 27 since ) has exponent three). Furthermore,
(cb)® = [b,c,c] € [ZaN Ny, ] <[Q, Q] = Z and so the cube of every such element of order

nine is in Z. U
Lemma 5.8. For each i € {3,4}, if a € Z(S;)\Z then Z(S;/{a)) = Z(S;)/{a).

Proof. Let {i,j} = {3,4} then by Lemma 5.6, we have that S; = Z(S;) and S} = Z(S5;).
So let a € Z(S;)\Z and suppose Z(5;/(a)) > Z(5;)/(a). Let V < S; such that a € V
and Z(S;/{a)) = V/{a) then |V| > 33. Therefore S;/V is abelian and so S! < V.
Therefore [S!, S;] < (a). However S; normalizes Z(S;) = S, and so [5],S;] < (a) N S] =
(ayNZ(S;) = 1since Z(5;)NZ(S;) < N;NN; = Z. However this implies that S} < Z(95;)
and so N; N Zy < N; N Zy which is a contradiction. Therefore Z(S;/(a)) = Z(S;)/(a). O

We fix an element of order three a in () such that a € (N3 N Z3)\Z and therefore
a ¢ Z% by Lemma 5.5. Let 34 := {af|g € G} and 3B := {29|g € G}. We show in the

rest of this section that these are the only conjugacy classes of elements of order three in

G.

Lemma 5.9. |Cs(a)| = 3°, [a°NQ| = [a®D)NQ| = 120 and |2°NQ| = [z*¢INQ|+2 =

122. In particular, Q% C 3AU 3B.
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Proof. We have chosen a € N3N Z, and so by Lemma 5.6, Cs(a) = Cs((Z,a)) = Cs(N3N
Z5) = S3 which has order 3°. Now let ¢ € Q\Z and consider [C:(Z) : Cey(z)(q))-
By Lemma 5.1 (7i7), an element of order five acts fixed-point-freely on @)/Z so we have
that 5 | [Ca(Z) : Coyz)(q)]. Suppose 2 | |Ceyzy(q)]- Then there exists an involution
to € Ceyz)(q) and necessarily Qty = Qt (since Cq(Z) has Sylow 2-subgroups which
are quaternion of order eight). However this implies that ¢ € Cq(ty) = Cgo(t) = Z (by
Lemma 5.1 (ii7)) which is a contradiction. So 8 | [Ca(Z) : Ceyz)(q)]. Furthermore g is
not 3-central in Cq(Z) and so 3 | [Ca(Z) : Coyz)(q)]. Therefore [Ca(Z) : Coyz2)(q)] is a
multiple of 120. Now there exists z* € @\ Z which lies in a Cg(Z)-orbit in @ of length at
least 120 and also there exists a € () which is not conjugate to z and lies in a C(Z)-orbit

in @ of length at least 120. Since a is not conjugate to z*, these orbits are distinct. Thus

a% N Q| = aP N Q| =120 and |2€ N Q| = 22D N Q|+ 2 = 122. O
Lemma 5.10. (i) |Cy(t)] = 3% and t inverts S/J.
(i1) |Ng(S) N Cq(Z)| = 3%22 and |[Ng(S)| = 3523,
(iit) There exists an element of order four e € Ng(S) N Cq(Z) such that €* =t and e
does not normalize Y .
Proof. Using Theorem 3.10 (xii4), |C5(t)| = 32 and ¢ inverts S/J. This proves (7).

Now, Cx(Z)/Q = 2-Alt(5) and the normalizer of a Sylow 3-subgroup in 2-Alt(5) has
order 223 with a cyclic Sylow 2-subgroup. Thus |Ng(S) N Cq(Z)| = 352% and since s
inverts Z, |Ng(S) N Ng(Z)| = 3°23. Furthermore, we may choose an element of order
four e € Ce(Z) that squares to t and normalizes S. Suppose e normalizes Y. Then e? = ¢

centralizes Y which is impossible. This completes the proof of (ii) and (ii). O

Lemma 5.11. (i) J#* C 3AU3B.
(ii) N C 3B and Cy (s)# C 3A.

(i1i) Ewvery element of order three in S is in the set 3.A U 3B.

135



(iv) For every q € Q there exists P € Syl;(Ca(Z)) such that g € J(P).
(v) No non-trivial 3'-subgroup of G is normalized by Y .

Proof. (i) We have that J/Y is a natural L/W-module and so there are four L-images
of Z, in J intersecting at Y. By Lemma 5.9, Q# C 3A U 3B. Therefore Zf C 3AU3B

which implies that J# C 34U 3B.

(1) We have that for i € {1,2,3,4}, by Lemma 5.3 (v), X is transitive on NV;\Z and
so either N;\Z C 34 or N;\Z C 3B. By Lemma 5.10 (4i7), there exists e € Ng(S) such
that Y¢ # Y. Therefore Y¢ = N; N Z; for some i € {2,3,4}. We have that N;\Z C 34
for 2 = 3,4 and so Y° = Ny N Zy. Thus N2# C 3B. Now there are five conjugates
of X in Cg(Z) and therefore five images of Ny and of Ny in Cg(Z) (since if N; was
normal in two distinct conjugates of X then N; would be normal in Cg(Z)). For each
i € {1,2}, N;\Z contains 24 conjugates of z. Since Q\Z contains 120 conjugates of Z,
there exists i € {1,2} and g € Cg(Z) such that Y < N/ < X9 and NY # N;. Now
consider Cg(Y') which is normalized by s (as s normalizes () and Y'). By Theorem 3.10
(zi), 3 = Cw(s) < Q@ N Q" Therefore |Ce,vy(s)] = 3. Now there are four proper
subgroups of Cq(Y) properly containing Y. These include @ N Q*, Zs, Ny and NY. We
have that s normalizes at least two subgroups: Z, = S’ # Q N Q*. Suppose that s
normalizes N7 and N7. If s inverts Ny then Ny < [W;s]NQ = JNQ = Zy which is a
contradiction (as |[N; N Z3| = 9). Therefore Ny = YCw(s) = Q@ N Q" and by the same
argument N/ = Q N Q* which is a contradiction since NY # Nj. Therefore at least one
of Ny and N/ is not normalized by s. We assume that Ny # N; (and the same argument
works if N7* # NY). Now consider |Cq(Y) N 3A|. Since @Q/N; is a natural X/@Q-module,
there are four X-conjugates of Cg(Y') in @ intersecting at V7. Each must contain exactly
120/4=30 conjugates of a. Thus |Cy(Y) N 3A| = 30. Clearly NyN3A =N N3A=10
and |Zs N 3A| = 12 by Lemma 5.5. Therefore we have |@Q N Q* N3A| = 18. In particular

this implies Cyy(s)# C 3A.
(7i1) By Lemma 5.7, every element of order three in S lies in Q U Cs(N; N Z3) U
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Cs(Ny U Zy) and the cube of every element of order nine is in Z. Since Ny N Zy =Y,
Cs(Ny N Zy) = W and since N’ C 38 and Cg(Z) is transitive on Q N 3B\Z, Ny N Z, is
conjugate in C(Z) to Na N Zy. Therefore Sy = Cs(No N Zy) is conjugate to W. Now, by
Lemma 3.10 (iz), W/(QNQ*) is a natural L/W-module and so there are four L-conjugates
of Co(Y) in W and this accounts for every element of W. Since C(Y)# C Q% C 3.AU3B,

W# C 3AU 3B and therefore every element of order three in S is in 3.4 U 3B.

(iv) Since 2%,a € Zy < J(S) = J and every element in Q\Z is Cg(Z)-conjugate to
one of these, every element in () lies in the Thompson subgroup of a Sylow 3-subgroup of

Cel2).

(v) By Theorem 3.10 (zii), any 3'-subgroup of G normalized by Y commutes with Y.
However C(Y) = W is a 3-group. O

Lemma 5.12. Ng(Z3) = Ng(S) = No(J) N Ng(Z) and Cq(Zy) = J = Ca(J).

Proof. We clearly have, Ng(S) < Ng(Z(S)) N Ng(J(S)) = Na(Z) N Ne(J). However
Na(Z) N Ng(J) normalizes Q = O3(Ng(Z)) and J and therefore normalizes S = QJ
and so we have Ng(S) = Ng(Z) N Ng(J). By Lemma 5.3, |[Zo N N;| = 9 for each
i€ {1,2,3,4}. Also by Lemma 5.3, Zy = (N; N Z|1 < ¢ < 4) and no element of N3\Z
or N,\Z is conjugate to z by Lemma 5.5. Lemma 5.11 (i) says that NJ' C 38 and so
ZyN3B = (NyNZy)#* U(NoNZoy)#. Therefore Ng(Z,) preserves this set and therefore also
preserves the set (N7 N Z3) N (NyN Zy) = Z. Hence Ng(Z3) < Ng(Z). Since J is abelian,
J < Cq(J) < Ca(Zy) < Ce(Y) = W and since Z(W) =Y (by Theorem 3.10 (iv)),
J = Cq(Zy) = Cg(J). Therefore Ng(Z3) < Ng(J) and so Ng(Z3) < Ng(Z) N Ng(J).
Clearly Ng(S) < Ng([S,S]) = Ng(Z3) which gives us that Ng(Zs) = Ng(Z) N Ng(J)

therefore completing the proof. O
Lemma 5.13. Ng(Z)/Q = 4 Alt(5) = 4 % SLy(5).

Proof. We have chosen an involution s € Ng(Z)\Cq(Z) such that Ws € Z(Ng(Y)/W).

Observe that Cg(Z) has ten Sylow 3-subgroups and s normalizes one of these, namely
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S. Clearly, s must normalize at least one further Sylow 3-subgroup of Cg(Z). Let
S # R € Syl;(Ci(Z)) be normalized by s. We have that s inverts J and centralizes S/ J,
therefore 9 = |Cg/s(s)| = |Cs(s)J/J| = |Cs(s)/C(s)] = |Cs(s)|. Notice that s inverts
S/Q =QJ/Q = J/(QNJ) and so Cs(s) < @ and therefore |Cy(s)| = 9. By coprime
action, we have Q/Z = Cg,z(s) x [Q/Z,s] and Z,/Z < [Q/Z,s]. Since Cg(s) = Cq/z(s)
has order nine, Zy/Z = [Q/Z,s]. Suppose that [R/Q,s] = 1. Then R/Q normalizes
Q/Z,s| = Zy/Z. Therefore Zy < (S, R) which contradicts Lemma 5.12 which says that
N¢(Z5) = Ne(S) # R. Thus s must invert R/Q.

Now we have that Ng(Z)/Cq(Z) acts on Cu(Z)/Q = 2-Alt(5) so suppose this action
is non-trivial. Then (Ce(Z2)/Q,Qs) ~ 2:Sym(5). There are two isomorphism types of
group with shape 2:Sym(5). One of these has no involutions outside its 2-residue which
is clearly not the case in (Cg(Z2)/Q,Qs) since @s is such an involution. The other has
one class of involutions outside its 2-residue and these commute with a Sylow 3-subgroup.
However we have seen that Qs commutes with no Sylow 3-subgroup of C¢(Z)/Q. Hence
(Ca(2)/Q,Qs) ~ 2Sym(5). Thus (Ce(Z2)/Q,Qs) has centre of order four. By Theo-
rem 3.2.2 in [17, p64], since Ng(Z)/Q acts irreducibly on Q/Z, Z(Ng(Z)/Q) is cyclic.
Therefore (Cu(Z)/Q, Qs) = Na(Z)/Q ~ 4 Alt(5). O

Lemma 5.14. Let A € Syl,(Cg(Z)) such that t € A and suppose that f € A such that
f2=t. Then Z € Syl;(Ca(f)) N Syl;(Ca(A)).

Proof. We have that Co(A) = Cq(f) = Z since f* =t and Cg(t) = Z. By coprime

action,

4= Coyzy/o(f) = Conz)(f)Q/Q = Ceyz)(f)/Colf)

and

22 Cou2)/Q(A) = Cog2)(A)Q/Q = Cogz)(A)/Co(A).

Therefore Z € Syl;(Cq(Z)NCq(f)) and Z € Syl;(Ca(Z)NCq(A)). Thus Z € Syly(Ca(f))N
Syl;(Ca(A)). O
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Lemma 5.15. [Ng(J) : Cn,)(a)] =48, [Ng(J) : Cny)(Z)] = 32 and |Ng(J)| = 3°27.

Proof. By Theorem 3.10 (iz), J/Y is a natural L/W-module and so J contains four L-
conjugates of Zy with pairwise intersection Y. By Lemma 5.3, Zy = (N; N Z|1 < i < 4).
Since the conjugates of z lie in Ny U Zy and Ny U Zy, |Zo N 3B| = 8 +6 = 14 and so
|JN3B| = 8+ (4% 6) = 32. Therefore, by Lemma 1.15, [Ng(J) : Cny(2)] = 32.
Now by Lemma 5.10, |Cn,s)(2)] = 3°2? and so [Ng(J)| = 3527, Since J# C 3AU 3B,
|J N3A| =48 and so [Ng(J) : Cng)(a)] = 48. O

Recall that L < Ng(Y) and L/J = 3 x SLy(3) using Theorem 3.10. Recall also that a
group H is said to be 3-soluble of length one H/Os (H) has a normal Sylow 3-subgroup

which is to say that H = Oz 33/(H).

Lemma 5.16. We have that Oy(L/J) < Oo(Ng(J)/J) =2 21 and Ng(J)/J is 3-soluble

of length one.

Proof. Set K := Ng(J) and K = K/J. Then K has order 3?27 and S € Syl,(K).
Consider O3(K). Recall using Theorem 3.10 that W = Os(L). Therefore O3(K) < W. If
O3(K) =W then K < Ng(W) < Ng(Y) (as Z2(W) =Y) and it follows from Lemma 5.1
(v), |[Na(Y)| < |Na(J)| so we have that O3(K) = J.

By Burnside’s p®¢®-Theorem [17, 4.3.3, p131], K is solvable. Let N be a subgroup of
K such that J < N and N = Oy(K). Then N # 1 since K is solvable and O3(K) = 1.
Recall that s inverts J and so 5 € Z(K), in particular, 5 € N. Moreover N is the
Fitting subgroup of K, F(K), and so by [28, 6.5.8] Cz(N) < N. If any element in S
centralizes N/®(N) then by Theorem 1.12, such an element centralizes N and so is the
identity. Therefore S acts faithfully on N/®(N) and so by calculating the order of a
Sylow 3-subgroup in GL,(2) for n = 1,2, 3 we see that |[N/®(N)| > 2*. Moreover, since
3 is central in K, we have that S acts faithfully on N /{3, ®(N)) and so |[N| > 2°. We use

Lemma 5.10 (4i7) to find e € Ng(S) such that e* = ¢ and e does not normalize Y. Since ¢
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inverts S, by Lemma 5.10 (i), () N N = 1. Thus |N| < 2° and so we have that |N| = 2°

and furthermore that K = N.S(€) and so K is 3-soluble of length one.

By Theorem 3.10(z), W/J < L/J = 3 x SLy(3). It is clear that Qg = Oy(L) < N.
Since e normalizes S but not Y, we have that Qg = O(L¢) < N and Oy(L) # Oy(L°).
Thus by setting A = O(L) and B = Oy(L¢) we may apply Lemma 1.37 to see that

N = 217 which completes the proof. O

Note that we may also use Lemma 1.37 to see that Oy(Ng(J)/J) is unique up to
conjugation in GL4(3). It therefore follows that Ng(J)/J is isomorphic to a subgroup of
Nawy(GO; (3)) ~ GO; (3).2.

Lemma 5.17. Cs(s) = (aj,as) = 3 X 3 where ay,as € 3A and there exist (o, qg)-
invariant subgroups Qs = X; < Cq(s) N Cq(ay) for i € {1,2} such that s € X; and

(X1, Xo] = 1.

Proof. Consider D := C, () = Cny)(s)J/J = Cngyys(s) = Ng(J)/J. This is
a group of order 2732 in which Oy(D) = 2! Let P := Cs(s) then by Lemma 5.16,
D = Oo(D)Np(P). By Lemma 5.11 (i7), Cyy (s)* C 3A so let {a;) := Cy(s) < P. Recall
that using Lemma 5.10 (4i7) there is an element of order four e € C(Z) which normalizes
S but not Y and so W # W¢ = Cg(Y*?) < S. Moreover by Lemma 5.17, Ng(S) has
abelian Sylow 2-subgroups and so we may assume that [e, s] = 1 and so e € D. Therefore,
af =: ag € Cye(s) and P = (o, ). By Lemma 3.10(z), W/J < L/J = 3 x SLy(3).
Therefore L/J = Cp,s(s) = Cr(s)J/J = Cr(s) = 3 x SLy(3) and Cw (s) <1 Cr(s) implies
that oy is central in Cp(s). It follows that Qs = X; := O2(CL(s)) < O2(Ck(s)). In the
same way, o is central in Cre(s) and Qs = Xg 1= O3(CLe(s)) < O2(Ck(s)). Now we

simply apply Lemma 1.7 to see that [X7, X5] = 1. O
Lemma 5.18. Cg(a) & Ng(J).

Proof. By Lemma 5.11 (i) and (iv), there exists b € @ N Q% N 3.A and there exists

R € Syl;(Cg(Z)) such that b € J(R). The same lemma applied to Cg(Z%) says that

140



there exists P € Syl;(Cq(Z7)) such that b € J(P). f QNQ* < J(R) then Y < J(R) <
Ce(Y) = W. Hence J(R) = J(W) = J (see Theorem 3.10 (v)) however Q N Q* & J
(by Theorem 3.10 (z1) since 1 # Cw(s) < @ N Q" but J is inverted by s). Therefore
Cr(b) = J(R)(Q N Q%) and similarly Cp(b) = J(P)(Q N Q").

Suppose J(P) = J(R). Then J(R) is normalized by (@, Q") = L. However O3(L) =
W (see Theorem 3.10) and so b € J(R) = J(W) = J which is a contradiction and so
J(P) # J(R). This implies that Cg(b) has two distinct Sylow 3-subgroups with distinct

Thompson subgroups. Since a is conjugate to b, it follows that Cg(a) £ Ng(J). O
Lemma 5.19. Cy(a)\J € 3A.

Proof. Recall that a € N3\Z and [a, N4] = 1 where N,\Z C 3.A. Furthermore, Q)/Ny is a
natural X/@Q-module and so X is transitive on the four proper subgroups of @) properly
containing N, of which Cg(a) is one of these. Thus Cg(a)\ N4 contains (120 —24)/4 = 24

conjugates of a and so |Cg(a) N3A| =24 + 24 = 48. Thus Cg(a)\J = Cg(a)\Z> € 3A.0

In the following lemma we demonstrate the necessary hypotheses to allow us to apply
Theorem A to Cg(a)/(a) to see that it is isomorphic to Alt(9). Note that we aim to
find a group of shape 3% : Sym(4). In fact there are two isomorphism types of groups
with this shape and only one appears as a subgroup of Alt(9). In Chapter 2 we refer to
such a group as a 3-local subgroup of Alt(9)-type. Recall Lemma 2.2 which allows us to

recognize groups of this isomorphism type.

Lemma 5.20. Cg(a) = 3 x Alt(9) and Ng({a)) is isomorphic to the diagonal subgroup
of index two in Sym(3) x Sym(9).

Proof. Let C, := Cg(a), S, := Cs(a) € Syl;(C,) and C, := C,/{a). Set H, := Ng(J)N

Cg(a).

We gather the required hypotheses to apply Lemma 2.2 to H,. Observe first that by
Lemma 5.15, [Ng(J) : H,] = 48 and |Ng(J)| = 3%°27. Therefore [H, : J] = 24 and so

|H,| = 3*2? has the required order.
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By Lemma 5.9, |QN3A| = 120 and C(Z) is transitive on the set. Therefore Ng(Z) is
also transitive on the set and so we have that [C(Z) : Cez)(a)] = [Na(Z) : Cnyz)(a)] =

120. Hence |Cey(z)(a)] = 3° = [S,] and |Cy,(z)(a)] = 3°2.

Now J < H, and J is elementary abelian of order 27. Consider Z(S,). Since a €
N3 N Z,, we may apply Lemma 5.8 to say that Z(S,) = Z(S,) = Z which has order
three. Now the coset (a)z contains exactly one conjugate of z and so if h € H, and h

centralizes (a)z = Z then h centralizes (z,a). However Cs(2) N C, = S, and so we have

that Cp(Z) = S..

Finally, |[Ng(Z) N C,| = 3°2 and so Ng(Z) N C, > Ca(Z) N C, and so there exists
an involution u € C, that inverts Z. Therefore u normalizes S, and normalizes J and
so u € H,. Recall that Js inverts J and so (Js, Ju) is an elementary abelian subgroup
of order four and by coprime action, J = C;(u)C;(us). Since Jus centralizes Z, Jus is
conjugate to Jt by an element of Q < Ng(J). Therefore |C;(us)| = |Cy(t)] = 3* (by
Lemma 5.10 (7). Hence |Cy(u)| > 32, Thus we see that u € H, normalizes S, and
C+(W) # 1 as required. So by Lemma 2.2, H, is isomorphic to a 3-local subgroup of
Alt(9)-type.

Before we may apply Theorem A we must show that for every g of order three in S,
O3 (Cs(g)) = 1. 1If g € J then this is clear since by Lemma 5.11 (v), J normalizes no
non-trivial 3’-subgroup of G. So we consider elements of order three in S,\.J. Since H, has
one class of elements of order three outside J (see Table 2.1 for example), we may choose
g € Cg(a). Furthermore, by Lemma 5.19, there exists h € Cg(a)\J such that h € 3B
so we may assume that g € (a,h). Let M < C, such that a € M and M = O (Cz(9))
and then set N := Og(M). Then N is a 3'-subgroup of C, with M = N{a) and N is
normalized by Cg(h) N Cg(a). By Lemma 5.9, Cg(Z) is transitive on (Q N 3B)\Z and
since h € 3B, (h,z) is Cg(Z)-conjugate to Y. By Lemma 5.11 (v), Y normalizes no
non-trivial 3’-subgroup of G. Therefore (h, z) < Cg(h) N Cq(a) normalizes no non-trivial

3'-subgroup of G. Thus N =1 and so O3 (Cg(g)) = 1.
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Finally, we may apply Theorem A to say that either C, = H, or C, = Alt(9). However
Lemma 5.18 says that Cg(a) £ Ng(J) and so we conclude that C, = Alt(9). Using [1,
33.15, p170], for example, we see that the Schur Multiplier of C, has order two. Therefore

C, splits over (a) and so C, = 3 x Alt(9).

To see the structure of the normalizer we need only observe that an involution s
inverts J and therefore inverts Z whilst acting non-trivially on O3(Cg(a)). Therefore

since Aut(Alt(9)) = Sym(9), the result follows. O
Lemma 5.21. Fori € {1,2}, (a) = Cg(0?*(Cq(a))).

Proof. Set R := 0*(Cg(a)) = Alt(9), then Cq(R)NNg({a)) = (a). Therefore R has a self-
normalizing Sylow 3-subgroup. By Burnside’s normal p-complement Theorem (Theorem
1.19), R has a normal 3-complement to (a), N say. Since Y < Cg(a) and Cg(a) clearly

normalizes N, we have that ¥ normalizes N and so by Lemma 5.11 (v), N = 1. O

5.2 The Structure of the Centralizer of ¢

We now have sufficient information concerning the 3-local structure of G' to determine
the centralizer of t. We set H := Cg(t), P := Cy(t) and H := H/(t). We will show that
H ~ 217 (Alt(5) 1 2) and so we must first show that H has an extraspecial subgroup of
order 2°. We then show that H has a subgroup, K, of the required shape and then finally
we apply a theorem of Goldschmidt to prove that K = H. Along the way we gather

several results which will be useful in Section 5.3.

Lemma 5.22. Cg(Z) N H = 3 x 2Alt(5) and Ng(Z) N H = 3 : 4 Alt(5). Furthermore,
|[PN3A|=|PN3B| =4, Cy(P) = P(t) and P € Syl;(H).

Proof. By coprime action and an isomorphism theorem, we have that

2A16(5) = Cog(2)/q(t) = Cogz)()Q/Q = Cep2)(t)/Co(t)
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and

4Alt(5) = Cnyzy/0(t) = Cng2)(1)Q/Q = Ceyiz)(t)/Colt).

Since Cq(t) = Z, we have that Ce,z)(t) ~ 3.2°Alt(5) and Ng(Z) N H = 3.4 Alt(5).
By Lemma 5.10, |P| = 9 and since J is elementary abelian, P splits over Z. Thus
Cca(2)(t) splits over Z by Gaschiitz’s Theorem (1.13) and so Ce,(2)(t) = 3 x 2'Alt(5) and

Ne(Z)N H 2 3: 4Alt(5).

Notice that Y < PY < J. Since L/W = SL,(3) and J/Y is a natural L/W-module,
there exists [ € L such that PY = Z,. By Lemma 5.12, Ng(Z») < Ng(Z). Thus
Ng(ZL) < Ng(Z') and Z' < Y. Since t normalizes PY = Zi, t normalizes Z' # Z. Since
t inverts Y/Z, t inverts Z'. By Lemma 5.3, the four proper subgroups of Z, containing 7
are {N; N Zsli € {1,2,3,4}}. Since P < Z} and Z' £ P, we have |P N (N; N Zy)!| = 3 for
each i € {1,2,3,4}. Since for i = 1,2, N;\Z C 3B and for i = 3,4, N;\Z C 3A, we see
that [P N3A| = |PN3B| = 4.

It is clear from the structure of Ce,(z)(t) = H N Cg(Z) that Cy(P) = P(t). So
suppose P < R € Syl;(H). Then P < Ng(P) so let x € Ng(P)\P. We have that P

has two subgroups conjugate to Z and two subgroups conjugate to (a). Therefore  must

centralize P N3A and PN 3B and so x € Cg(Z). However P € Syl,(Cs(Z) N H) which

is a contradiction. Hence P € Syl;(H). O

We fix notation such that P = {1, z1, 22, 29, 23, a1, a?, as, a3} where z; = z, PN 3B =
{21,722, 29,25} and PN 3A = {ay,a?, as, a}.
Lemma 5.23. Let {i,j} = {1,2} then PN O*(Cs(a;)) = (a;). Furthermore Ny (P) has
order 3*2% and is transitive on 3AN P and 3B N P with Ny (P)/{P,t) = Dih(8).

Proof. By Lemma 5.22, Cy(P) = (P,t) and |[PN3A| = |PN3B| = 4. Observe that every
element of order three in Alt(9) = O3(Cg(a;)) is conjugate to its inverse. Therefore an
element in O*(Cg(a;)) inverts PNO3*(Cg(a;)). Thus PN O?*(Ce(a;)) = {(a;) otherwise we

would have an element of 34 conjugate to an element in 38. Moreover, an element in
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Ce(a;) permutes (z1) and (z5). Furthermore, by Lemma 5.22 Ny (Z) = 3 : 4 Alt(5) and so
an element of order four inverts Z whilst centralizing P/Z. Hence an element in Ny (Z)
permutes a; and ag. We have that s inverts P and by Lemma 1.16, Ny (P) controls fusion

in P and so we have that Ny (P) is transitive on 3.AN P and 38N P.

Finally, since Cy(Z) = 3 x 2:Alt(5), |Ng(P) N Cq(Z)| = 3?22 Thus, by the orbit-
stabilizer theorem, | Ny (P)| = 3*2% and so Ny (P)/Cy(P) = Ny (P)/(P,t) has order eight
and is isomorphic to a subgroup of GLy(3) and is therefore isomorphic to Zs, Dg or Qs.

Since Ny (P) is not transitive on P#, we have that Ny (P)/Cy(P) = Dih(8). O

Lemma 5.24. Let {i,j} = {1,2} then a; € PNO?*(Cq(a;)) has cycle type 3% in Alt(9) =

03(Cq(a;)). Furthermore, t is a 2-central involution in Cg(a;).

Proof. We have that Cg(a;) = 3 x Alt(9) and so |P N O*(Cg(a;))| = 3. Consider rep-
resentatives for the three conjugacy classes of elements of order three in Alt(9). If the
image of P N 0*(Cg(a;)) in Alt(9) is conjugate to ((1,2,3)) then P commutes with a
subgroup isomorphic to 3 x 3 x Alt(6). However z € P and Cg(2) has no such subgroup.
So suppose the image of PN O?*(Cq(b)) in Alt(9) is conjugate to {(1,2,3)(4,5,6)(7,8,9)).
Then Cg(P) is a 3-group which is a contradiction since [P,t] = 1. So we must have
that the image in Alt(9) of P N O*(Cg(a;)) is conjugate to ((1,2,3)(4,5,6)). Therefore
PN O3(Cgla;)) commutes with a 2-central involution of O3(Cg(a;)) which proves that ¢

is 2-central. O

Let {7,5} = {1,2}. We fix the following notation by first fixing an injective homomor-
phism from Ng((a;)) into Alt(12) such that O3(Cg(a;)) maps onto Alt({1,..,9}) and a;
maps to (10, 11, 12). Note that Cg(P) has Sylow 2-subgroups of order two and so we can

make a fixed choice of 2-central representative for ¢ in Cg(a;).
Notation 5.25. e a; — (10,11,12).
e a; — (1,3,5)(2,4,6).
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£ (1,2)(3,4)(5,6)(7,8).

Qi = ((1,2)(3,4)(5,6)(7,8), (1,3)(2,4)(5,8)(6,7), (1,5)(3,8)(2,6)(7,4), (1,2)(3,4), (3,4)(5,6)).

ris (1,3)(2,4).

Wheni=1, Q1 > E — ((1,2)(3,4)(5,6)(7,8), (1,3)(2,4)(5,8)(6,7), (1,5)(3,8)(2, 6)(7,4)).

When it =2, Q2 > u > (1,2)(3,4) and Qa > F — ((1,2)(3,4), (3,4)(5,6)).

We observe the following by calculating directly in the image of Ng((a;)) in Alt(12).

Lemma 5.26. (i) Cg(a;) ~ 3 x (217 1 Sym(3)) and Q; = O2(Cy(a;)) = 28+ with
ri € Ch(a;)\Q;.

(i1) 2 x2x 2= FE < Cy(ay) and there exists GL3(2) = C < Cg(ay) such that ay € C

and C is a complement to Ccy(a)(E) in Neg(a)(E).
(i13) If (t) <V < Q; such that V < Cy(a;) then V is elementary abelian.
(iv) Coyan)(Qi) = Onpy(tan)(Qi) = (L, as).
(v) Conan(B) = Onga(E) = (B, ar).
(vi) Ceogan([E, Pl) = Cnga)([E, P]) € Neg(a)(E) and has (a1) as a Sylow 3-subgroup.

(vii) Any involution which inverts P = (a1, as) is conjugate to t in G, in particular, t is

conjugate to s in G.
(viit) If Q; < T € Syly(Ng({a;))) then Q; is characteristic in T .

Proof. These can all be checked by direct calculation in the permutation group. However
we add the following remarks. Firstly (ii7) is a calculation within Cy(a;)/(a;) and so can

be checked in a parabolic subgroup of GL4(2) = Alt(8).

Secondly we calculate the image of [E, P] to be a fours subgroup of E (since by coprime

action, F = [E, P] x Cg(P) = [E, P] x (t)). Therefore (vi) amounts to calculating the
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centralizer of a fours subgroup (consisting of involutions of cycle type 2%) in Alt(9) and
Sym(9).

Thirdly, to prove (vii) we observe that any involution in Ng({a;)) that inverts P is con-
jugate in Ng({a1)) to an involution of shape (1,3)(2,4)(7,8)(10,11). Such an involution
centralizes an element of order three of cycle type 3* (the elements (1,2,7)(3,4,8)(5,6,9)
in this example). Now an element of order three in Alt(9) with cycle type 32 is the cube
of an element of order nine. By Lemma 5.7, any element of order nine in G has cube
in 3B and the only involutions to commute with elements in 38 are conjugate to t (as
Ce(Z)/Q = 2°Alt(5)). Therefore we may assume that an involution which inverts P is

conjugate in G to t.

Finally, to verify (viii) we check that a Sylow 2-subgroup of Ng({(a;)) is isomorphic
to a Sylow 2-subgroup of Sym(9). Therefore we simply check that a Sylow 2-subgroup of

Sym(9) has a unique normal extraspecial subgroup of order 2°. 0

Lemma 5.27. Let ¢ € {1,2}. If M is any 3'-subgroup of Cy(a;) that is normalized
by P then M < Q;. If M is any 3'-subgroup of Cy(z;) that is normalized by P then
M € {1,(t), A;, B;} where A; = B; = Qg are distinct Sylow 2-subgroups of Cy(z;) with
(A, B) = O3(Cy(z)).

Proof. We have that Cy(a;) ~ 3 x 247 : Sym(3). Furthermore, 2! 2 Q; = O5(Cy(a;))
and so if M is a 3'-subgroup of Cy(a;) that is normalized by P then M@ is also. Therefore
MQ; < Q; and so M < Q.

We have that Cy(z;) = 3 x 2°Alt(5). Let M be a 3'-subgroup of Cy(z;) that is
normalized by P. If t ¢ M then 2 1 |M]| since Cy(z;) has Sylow 2-subgroups isomorphic
to Qs. Therefore |[M| =5 or |[M| = 1. A Sylow 5-subgroup of C(z;) is not normalized
by P and so M = 1. So assume (t) < M. Then we must have MP = 3 x SLy(3). Since
P normalizes precisely two Sylow 2-subgroups of C(z;) we define A; and B; to be these

two distinct 2-groups. 0
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We continue the notation for the P-invariant subgroups from the previous lemma.

The subgroups {A;, B;} and Q); play key roles in this section.

Lemma 5.28. Let {i,j} = {1,2}. The following hold.

(1) Ng(P)NCyla;) acts transitively on the set {(z1), (za) }.
(17) Ng(P)N Ch(z) acts transitively on the set {(a1), (as)}.
(1ii) Ng(P)N Ng({a;)) acts transitively on the set {Ay, By, Ay, Bo}.
(iv) Nu(P)NCh(z) acts transitively on the set {A;, B;} and preserves {A;} and {B;}.

Proof. By Lemma 5.23, Ny (P)/(P,t) = Dih(8) and Ny (P) is transitive on 3.AN P and
3B N P which both have order four. It is therefore clear that Ny(P) N Cy(a;) acts
transitively on {(z1), (z9)} and Ny (P) N Cy(z;) acts transitively on {(a1), (as)}. This

proves (i) and (7).

Now by Lemma 5.27, Ny(P) acts on the set {Ay, By, As, Bo}. Recall that s € H
inverts P. In particular, s acts on the set {A;, B;}. If s normalizes A; and Bj, then
(s, A1) and (s, B;) are two distinct Sylow 2-subgroups of Ny (Z) = 3 : 4 Alt(5). However
this is a contradiction since 4 = Oy(Ng(Z)) < (s, A1) N (s, By) = (t,s) = 2 x 2. Hence
s € Ng(P)NNg({a;)) permutes {A;, By} and by the same argument s permutes { Ay, By }.

Thus Ng(P) N Ng({a;)) acts transitively on {A;, By, Ao, Bo}. This proves (iii).

Finally, we have that Ny ((z;)) = 3 : 4 Alt(5) and so there is an element of order four,
[ say, in Ny((z;)) that inverts z; whilst centralizing z; and A; and B;. So f € Cy(z;) =
3 x 2°Alt(5). If f normalizes A; and B; then since A;, B; € Syl,(Cy(z;)), we have that
f € A;nN B; = (t). This contradiction proves that f permutes the set {A;, B;} and so

(f,P) = Ng(P) N Ch(z) acts transitively on {A;, B;} and normalizes A; and B,. O

Recall from Notation 5.25 that u € @ and r; € Cg(a;) are involutions. Set 24 =

{u9|g € G} and 2B = {t%|g € G}.
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Lemma 5.29. Cg(a;) has two classes of involution which are not conjugate in G. In

particular, r; € 2A # 2B.

Proof. We have that every involution in Cg(a;) lies in O3(Cg(a;)) = Alt(9) and Alt(9)
has two classes of involution with representatives (1,2)(3,4) and (1,2)(3,4)(5,6)(7,8).
We have seen that t € Cg(a;) is 2-central in Cg(a;) and Cg(t) has a Sylow 3-subgroup
of order nine which intersects non-trivially with both 3.4 and 3B. So let v € O3(Cg(a;))
be an involution which is not conjugate to t in Ci(a;). Then the image of v in Alt(9) is
a double transposition which necessarily commutes with a 3-cycle. Hence, v commutes
with a subgroup of Cg(a;) of order nine, R say, and Cg(R) = 3 x 3 x Alt(6). This implies
that R contains no conjugate of Z since no conjugate of Z commutes with a subgroup
isomorphic to Alt(6). Thus v is not G-conjugate to t. In particular, it is now clear from

the images of u and r; that neither are not conjugate to ¢t and so u,r; € 24 # 2B. O

The following lemma is a key step in determining the structure of H since it proves

that H contains a subgroup which is extraspecial of order 2°.

Lemma 5.30. Let {i,j} = {1,2} then Q;NQ; = (t) and Cx(Q;) = Q;(a;). In particular
(t) is the centre of a Sylow 2-subgroup of G and Q1Qa = 2™ with Co(Q1Q2) = (t).

Proof. Let {i,j} = {1,2}. Since Cyx(P) = P(t) and Q1 N Qs < Cy({(a1,as)) = Cu(P), we
have Q1 N Q2 = (t). Now observe that P normalizes ;. By Lemma 5.26, C¢,,(a,)(Qi) =
Cny((a))(Qi) = (t,a;). Therefore C(Q;) has a normal 3-complement, N say, by Burn-
side’s normal p-complement Theorem (Theorem 1.19). Furthermore Cy(a;) = (t). By

coprime action we have,

N = (Cn(21),Cn(22), On(a1), Cn(az)) = (Cn(21), Cn(22), Cn(ay))

since Cn(a;) = (t). Suppose first that N = (t). Then Cq(Q;) = (t,a;) and so Ng(Q;) <
Ng({a;)). By Lemma 5.26, @); is characteristic in a Sylow 2-subgroup of Ng({a;)) and
so Ng({(a;)) contains a Sylow 2-subgroup of H. Let T € Syl,(Ng(Q;)) then |T| = 27.
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By Sylow’s Theorem, since A; < H, there exists g € H such that A < T < Ng((a;)).
Therefore |A{ N Cg(a;)] = 4 or 8 and of course A N Cg(a;) commutes with a; € 3A.
However, by Lemma 5.14, since A{ N Cg(a;) has order 4 or 8, Cg(A{ N Cg(ay)) has a

Sylow 3-subgroup Z¢ which is a contradiction. Thus N > (t).

Suppose Cn(z1) > (t). Then by Lemma 5.27, we may assume, without loss of gen-
erality, that A; = Cn(z1). By Lemma 5.28 (iiz), Ny(P) N Ny ({a;)) acts transitively on
{A1, B, A, Bo}. Clearly Ng(P) N Ny ({a;)) normalizes @; and therefore (A;, By) < N
which is a contradiction since (A;, By) = 2'Alt(5) and N is a 3’-group. Thus Cn(z1) = (t)

and by the same argument Cy(22) = (t). So we have that (t) < N = Cn(a;) < Q.

Hence (t) < N < @);. Suppose for a contradiction that N < @);. Then N <1 Cy(a;) and
since a; acts fixed-point-freely on N/(t), |[N| = 23. By Lemma 5.26 (iii), N is elementary
abelian. Now by Lemma 5.26 (vii), s is conjugate to ¢ in G. Recall Lemma 5.17. This,
together with the fact that P = (a1, as) € Syly(H), implies that for & € {1,2} there exists
a P-invariant subgroup Qs = X < Cg(ax) with [X;, X5] = 1. Now by Lemma 5.27,
X, < Q; and X; < Q;. We have that X; and N are both P-invariant and furthermore
we have that X, = ()5 where as NV is elementary abelian. Therefore | X; N N| =2 and so
Q; = NX;. Similarly, Q; = O3(C¢(Q;))X;. Therefore X; commutes with @; which is a

contradiction.

Hence we have that N = Q; and so [Q1, Q] = 1 which implies that Q;Q, = 2!, Now

let Q1Q2 < T € Syly(G) then Z(T) < Cr(Q1Q2) < Cr(Q1) NCr(Q2) < Q2N Q1 = (f).
Hence Z(T') = C(Q1Q2) = (t). O

Set Q19 := Q1Q9 = 2_1:“8 and recall that in Notation 5.25 we defined £ < Cg(a;) such
that ¢ € E < Cy(ay) is elementary abelian of order eight. We now consider C(E) and
Ng(E).

Lemma 5.31. We havet € E < Cy(ay), Co(E)/E has a nilpotent normal 3-complement

on which ay acts fized-point-freely. Furthermore, Ng(E)/Cq(E) = GL3(2) where the
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extension is split and Cy(ay) contains a complement of Ci(E) in Ng(E) which contains

a9.

Proof. By Lemma 5.26 (v), Ccy(a)(E) = Cnpa)(E) = (E,a1) and so by Burnside’s
normal p-complement Theorem (Theorem 1.19), Cg(E) has a normal 3-complement, M
say and Cy(ay) = E which implies that a; acts fixed-point-freely on M/E. A theorem
of Thompson says that M/FE is nilpotent and therefore M is nilpotent. Also by Lemma

5.26 (i7), there exists a complement to Ci(FE) in Cy(ay) containing as. O

Lemma 5.32. Without loss of generality we may assume that Oy (Cg(E)) = (E, Qa, A1, As)

and (Q12, A;) is a 2-group for i € {1,2} that is normalized by P.

Proof. Let N := O3(Cg(E)). Since P normalizes N, we may apply coprime action again
to see that

N = <CN(21), CN(ZQ), CN(G1)7 CN(a2)>.

By Lemma 5.27, we see that IV is generated by 2-groups and since N is nilpotent, by

Lemma 5.31, N is a 2-group.

Since F < @7 and by Lemma 5.30, [Q1,Q2] = 1, we have that Q2 < N and so
N/E # 1. Since Q1 N Q2 = (t), Q2 N E = (t). In particular, N does not split over E.
Let g € Ng(E) N Cg(ar) be an element of order seven then ¢ acts fixed-point-freely on
E. If [N/E,g] =1 then N = Cy(g) x E which is a contradiction. Thus [N/E, g] # 1 and
so |[N/E| > 23. Since a; acts fixed-point-freely on N/FE and preserves [N/E, g], we have
[N/E, g]| > 2°.

If 2; and 2, act fixed-point-freely on N/E then N = Q,FE and so |[N/E| = 2* which
we have seen is not the case. Therefore at least one of Cn/g(21) and Cy/g(22) is non-
trivial. Since £ < Cy(a;) we may apply Lemma 5.28 (i) which says that Ng(P)NCg(a)
acts transitively on the set {(z1), (22)}. Therefore Cy/g(21) and Cy/g(z2) are both non-

trivial. So we may assume, without loss of generality, that A; < N and A; < N and so
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N = (E,Qs, A1, Ag). Finally, since ()1 normalizes E and so normalizes N, we see that

(@12, A1) and (Q12, A) are both 2-groups which are clearly normalized by P. O

We continue the notation from this lemma for the rest of this chapter such that A; and
Ay commute with E. Set K := Ng(Q12) < H. We show in the rest of this section that

K=H.
Lemma 5.33. (i) Ny(P) < K.

(ZZ) CQ12 (Al) # CQ12 (A2>

(1ii) For i€ {1,2}, Cu(z) < K.
Proof. (i) First observe that Ny (P) acts on the set {a1, as, a?, a3} = PN3.A and therefore
it preserves Q12 = O2(Cr(a1))O2(Cr(az)) so Ny(P) < K.

(#7) Suppose that Cp,,(A1) = Cg,,(Az). By Lemma 5.28 (iv), Ng(P) N Cg(z1) acts
transitively on the set {A;, By} whilst preserving Ay and Bs. Therefore there exists
g € Ny(P)NCy(z1) < K such that A = Ay whilst A = By. Therefore

CQ12(A1) = CQ12(A2> = CQ12(A2>9 = CQ12 (A1>g = CQ12 (Bl>

Therefore E < Cg,,(A1) = Cg,,((A1, By)). This is a contradiction.

(7i1) By Lemma 5.32, T := (Q12, A1) is a 2-group which is normalized by P. We

consider Nr(Q12) < K. Since T is normalized by P, we apply coprime action to see that

NT(QH) = <CNT(Q12)(T> ’ re P#>'

Since Q12 is normalized by Ny (P) which is transitive on {A;, By, Ay, Bo} (by Lemma 5.28
(iv)), it is clear that A; £ Q1a. Thus Np(Q12) > Q12. Now we use Lemma 5.27 to see
that for j € {1,2}, Cn,(01)(a;) = @; and to see that for some i € {1,2}, Cn,(Qu)(2i) €

{A;, B;}. However we again apply Lemma 5.28 (iv) to see that since one of A; or B; is
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in K and Ny(P) < K is transitive on {A;, By, As, Bo}, (A1, By, Ag, Bs) < K. We can

therefore conclude that Cy(z1) < K and Cy(z) < K. O

Lemma 5.34. (i) Suppose that v € K such that Q12v is an involution which inverts
Qu22 for some i € {1,2}. Then |Cq(v)| = 2*. In particular, if Qi2v inverts a

Sylow 3-subgroup of K/Qa then |Cg(v)| = 24,

(17) Suppose that v € K such that Qi2v is an involution which inverts Qi2a; for some

i € {1,2}. Then |Cq;(v)| < 2°.

Proof. Observe that Q15 is elementary abelian and Q57 has order two and inverts Qo7
which has order three. Therefore we may use Lemma 1.33. In case (i), [Cg;(2)| = 1 so
we have that |Cg(v)| < 2* however by Lemma 1.31, [Cg(v)| > 2* so we get equality.

In case (ii), |Cg(a;)| = 2*. Therefore |Cg(v)] < 2°. O

Lemma 5.35. Ng(P)Q12/Q12 = 3% : Dih(8), Cx(a;) < K fori € {1,2} and a minimal

normal subgroup of K/Q1o is neither a 3-group nor a 3'-group.

Proof. Recall from Lemma 5.33 that Ny (P) < K. Clearly Ng(P)NQ12 < Cy(P)NQ12 =
(t) (see Lemma 5.22). Thus Ng(P)N Q12 = (t). So Ng(P)Q12/Q12 = Nk(P)/(Nk(P)N
@Q12) = 3% : Dih(8) by Lemma 5.23. Notice also that Cy(a;) = QiNey () (P) and so
Cu(a;) < K.

Let M > @12 be a normal subgroup of K such that M /@i, is a minimal normal
subgroup of K/Q2. Suppose M is a 3'-group. Then, since M is normalized by P, we

may apply coprime action to say that

M = <CM(CL1), CM<(12), CM(Zl), CM<ZQ)>

By Lemma 5.27, Q; < Cy(a;) < Q; for j = 1 and j = 2. Therefore we may assume
Chr(z;) > (t) for some i € {1,2}. Now Cj(z;) is normalized by P so must equal A; or

B; by Lemma 5.27. However by Lemma 5.28 (ii7), Ny(P) acts transitively on the set
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{Ay1, By, Ag, Bo}. Therefore M > (A;, B;) = Alt(5) and so M is not a 3'-group which is
a contradiction. So suppose instead that M/Q1s is a 3-group. Then we must have M =
Q12P. Now by Lemma 1.1 (Frattini argument), K = Q12 Ng(P). Therefore K/Q2 =
Ng(P)/(Ng(P)NQy2) = 3?2 : Dih(8) and |K| = 293223, However this contradicts Lemma
5.33 which says that Cy(z;) < K and 5 | |Cg(z1)|. Hence M/Q13 is not a 3-group. O

Lemma 5.36. K/Qq2 = Alt(5) 12 and there exist subgroups My, My < K such that for
{Z,j} = {1, 2}, 2 € Mz and Aj < Mz with Mi/QlQ = Alt(5) and [Ml,MQ] g Q12.

Proof. We continue notation from the previous result by setting (1o < M < K such
that M /@12 is a minimal normal subgroup of K/Q;. By Lemma 5.35, M/Qq is a
direct product of non-abelian isomorphic simple groups and properly contains P/Qq2. By
Lemma 5.30, C5(Q12) < Q12 and so M/Q12 is isomorphic to a subgroup of Aut(Qqa) =
GOg (2) (Lemma 1.6). Suppose that M/Q1s is simple. Then we check (using [10] for
example) every simple subgroup of GOF (2) to see that the only simple groups with an
elementary abelian Sylow 3-subgroup of order nine are Alt(6), Alt(7) and Alt(8). Note
that Cr/g,,(M/Q12) < Ck/g(PQi2/Q12) = Cr(P)Q12/Q12 = P{t)Q12/Q12 < M/Q12
by coprime action. Thus K /@1, is isomorphic to a subgroup of the automorphism group
of Alt(6), Alt(7) or Alt(8). Note that Ny(Z)Q12/Qr2 = Nu(Z)/Ng,,(Z) = Nu(Z)/(t) =

Sym(3) x Alt(5) which is not the case in any such group. Thus M /@12 is not simple.

So we must have that M /@15 is a direct product of two non-cyclic isomorphic simple
groups. Let M = M;Ms where Q12 < M; N My and M;/Q12 = Ms/Q12 is simple and
[My, M| < Qq2. Let 3= R € Syls(M;) then by coprime action, Ms/Q12 = Cap,/q,,(R) =
Cr,(R)Q12/Q12 = Cir, (R)/Co,,(R). Observe that Ck(a;)/Coy,(ai) = Ckl(a;)/Q: = 3 X
Sym(3), so we have without loss of generality that z; € M; and 2z, € M, and furthermore
we have that M;/Qr2 =2 My/Q12 = Alt(5). Moreover we have that My/Q12 = Cr/g,,(%1)
and so A; < M,. Finally we apply a Frattini argument to see now that K = M Ng(P)
and it therefore follows that K/Q2 = Alt(5) ¢ 2. O
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Let T' € Syl,(K). In the following lemma we prove that T is in fact a Sylow 2-subgroup
of G.

Lemma 5.37. Cg (T NO*(K)) < 2* and T € Syly(G).

Proof. We show that ()5 is a characteristic subgroup of T" to conclude that T € Syl,(H)
and since (t) = Z(T') by Lemma 5.30, we can from there conclude that 7" € Syl,(G). We

show that Qi is characteristic in 7' by applying Lemma 1.18 to K.

We have that O*(K) = MM, and O*(K)/Q12 = Alt(5) x Alt(5). Notice that every
involution in Alt(5) inverts an element of order three. Suppose that @Q12v is an involution
in O?(K/Q12). Then Qv inverts an element of order three in some M;/Q5 which is
therefore conjugate to Q22 (i € {1,2}). Hence, by Lemma 5.34, |Cg(v)| = 2*. In
particular, Cg—(A;Q12/Q12) has order at most 2* ({i,j} = {1,2}). By Lemma 5.33 (i),
O@(/‘h@m/@m) 7é C@(!‘b@m/@u)' Therefore ’O@(<A1,A2>Q12/Qm)| < 2%

Now, let R be a non-trivial elementary abelian normal 2-subgroup of T'/Q1s. If |R| = 2
then R € Z(T/Q12) and therefore R < O*(K/Q12) = Alt(5) x Alt(5) and so [Cy(R)| <
2*. Suppose |R| = 4 or 8. Then RNO*(K/Q12) # 1 and so again we have |C5_(R)| < 2*.
Now suppose |R| = 2. Then a calculation in Alt(5)?2 verifies that R =T N O?*(K/Q2).
We may assume (up to conjugation) that R = A;A>Q12/Q1. Therefore |Co(R)| < 2*.
Thus we may now apply Lemma 1.18 to say that Qs is characteristic in 7" and we are

done. O

Lemma 5.38. Ny(FE) < K and for V < E such thatt € V=22 x 2, Cq(V) < K and
|Ca(V)| = 2133.

Proof. By Lemma 5.32, Cq(F) = (E, Q2, A1, Az, a1). By Lemma 5.36, A; < Cy(z;) < K.
Thus Cg(FE) < K. So we consider Ny (FE). By Lemma 5.31, there exists a complement,
C, to Cg(E) in Ng(F) such that C' < Cg(aq). Now, by Lemma 1.2 (Dedekind Modular
Law), Ng(E)NH = Cq(E)CNH = Cg(E)(CNH). Furthermore, CNH < Cy(a;) < K
by Lemma 5.35. Thus Ny (F) < K.
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By Lemma 5.26, Cc,(a)([E, P]) = Cnyay (£, P]) and by coprime action, F =
[E, P] x Cg(P) = [E, P] x (t). Therefore by Burnside’s normal p-complement Theorem
(Theorem 1.19), Cs([F, P]) has a normal 3-complement, N say, which is normalized by

P. By coprime action,

N = <CN(CL1>, CN<CL2), CN(Zl), CN(22)>.

Since [E, P] < E, it follows from Lemma 5.32 that Cy(a2) > Q2, Cn(21) = A; and
Cn(z2) = As. Since Cy(az), Cn(z1), Cn(z2) are 3'-groups normalized by P it follows
that Cn(ag) = @2, Cn(z1) = Ay and Cn(z2) = Ay. By Lemma 5.26 (vi), Cg(ar) N
Co([E, P]) < Ng(E). Thus N < Ng(E) and therefore Co([E, P]) < Ng(E). Finally,
N¢(FE) is transitive on subgroups of E of order four. Therefore if we choose t € V < FE

of order four. Then Cg(V) < Ng(E)NH < K. O
Lemma 5.39. K is strongly 3-embedded in H.

Proof. Let h € H and y € K N K" be an element of order three. By Lemmas 5.33 and
5.35, the centralizer in H of every element of order three in K is contained in K. Thus
Cu(y) < KN K" Therefore K N K" contains a Sylow 3-subgroup of H. So assume
P < KNK" Then Qi = Oy(K) = [eps O2(Cru(p)) = O2(K") = Q1o". Therefore
h € Ng(Q12) = K and so K = K" O

Lemma 5.40. Letv € O?(K)\Q12 be an involution. Then either v is an element of order
four squaring to t and Cy(v) contains a conjugate of Z orv € 2B and |Cq(v)| = 2* and
Cr(@)] =2°.

Proof. We have that O?(K/Qq2) = Alt(5) x Alt(5) and it follows that Qqov lies in one
of two K/Qs-conjugacy classes of involutions in O*(K). Either Qv € M;/Q1o for
some i € {1,2} or is a diagonal involution. Suppose Q120 € M;/Q12 = Alt(5) where
Q122 € M;/Q12 < O*(K/Q12). Then up to conjugation we may assume Qv inverts

Q127;. If Q12v is diagonal then we may assume up to conjugation that QQ1ov inverts Q1221
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and Qq222. So in either case we may apply Lemma 5.34 (i) to say that |[C5—(v)| = 2* and
then by Lemma 1.32, every involution in Q1,7 is conjugate to 7. We may choose an element
of order four, f € Cy(z) with f2 =t. Then Q»f is an involution in Ms/Q1s = Ms/Q15
and so if Q1ov € My/Q15 then Qv is conjugate to Q12 f and therefore T is conjugate to 7
which implies that v has order four and is conjugate to f. Suppose that ()1ov is diagonal.
Recall that Q125 inverts P and so (Q12v is conjugate to Q125 and therefore v is conjugate
to 5 which implies v is conjugate to s or st. By Lemma 5.26 (vii), since s and st invert

P, s,st,v € 2B. Also by Lemma 1.32, |C%(7)| = |Cq(0)]|Ck/q., (Q12v)] = 2°. O

Recall we fixed an involution 1 € Cy(ay) in Notation 5.25.

Lemma 5.41. ry is not in O*(H). In particular, H # O*(H) and O*(H) N K ~
2175 (Alt(5) x Alt(5)).

Proof. Given the cycle type of the images of 71 and ¢ in Alt(9) = O3(Cg(a;)) and by
Lemma 5.29, we see that r; is not conjugate to t in G however the product rit is conjugate

to t in O3(Cg(ay)) and therefore 71 is not conjugate to rit in G.

Observe that r inverts ag therefore 1 ¢ Q12 else [r, (az)] = (az) < Q2. Since 7
centralizes a; whilst inverting as, we have that r; permutes (z;) and (z5) and therefore
permutes M; and M, and so 7 ¢ O?*(K). Recall that T € Syl,(K) so choose T such that
r1 € T and suppose that for some h € H, v € O*(K)NT. Suppose that 7" € Q5. Then
<r{‘, t) < Q12 but is not central in Q15 as @12 is extraspecial. Therefore r? is conjugate to
"t = (rit)" in Q2 and so r; is conjugate to r1t which is a contradiction. So 7! & Q.

So consider Q15 # ngr{‘. By Lemma 5.40, either r{‘ € 2B or has order four. However ry

is an involution and is not conjugate to ¢t in G and so we have a contradiction.

Thus no H-conjugate of r; lies in T'N O?(K) which is a maximal subgroup of T €
Syly(H). By Thompson Transfer (Lemma 1.20), r; ¢ O*(H) and so H # O?*(H). Since
[K : O%(K)] = 2, we must have O?(K) = O*(H) N K ~ 21" (Alt(5) x Alt(5)). O
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Lemma 5.42. Let f € Q12\(t). Then either f has order four or one of the following

occurs.

(1) f € 2B, Cu(f) < K has order 2'33 and f is 2-central in K.

(i) f €2A, |Cr(f)] =2"35 and Cr(f)Q12/Q12 = Alt(5) x 2 or Sym(5).

In particular, K acts irreducibly on Q, Cy(f) N3A # 1 and if f € Z(T) then f € 2B
and Cy(f) < K.

Proof. We have that Q1221 € M;/Q12 acts fixed-point-freely on Q12 and so every M;/Q1o-
chief factor of Q15 is non-trivial. By Lemma 1.40, every non-central chief factor has order
24 and is a natural module for Mi/Q12. Let e € K such that Qi2¢ has order five and
M;/Q12 = (Q1221, Q12e) = Alt(5). Then Qqze acts fixed-point-freely on every chief factor
of Q12 and therefore acts fixed-point-freely on Q5. It follows that for every 1 # f € Q1a,
£ lies in a K-orbit of length a multiple of 15 and therefore f lies in a K-orbit of length a

multiple of 30.

If | F5| = 30,60 or 90 then |Cx (f)(Q12)/Q12] = 2°35,2435, or 2°5. As Alt(5)22 has no
subgroup of order 2°5, there is no orbit of length 90. If the orbit has length 30 or 60 then
Ck(f) contains a conjugate of a; (the image of which is diagonal in Alt(5) ¢ 2) however

Alt(5) ¢ 2 has no subgroups of the necessary order containing a diagonal element of order

three. Thus |f¥] is not equal to 30,60 or 90.

Recall Lemma 5.31 which describes t € E' < (012. Every involution in E is conjugate
to t since Ng(F)/Ce(FE) = GL3(2). Furthermore, by Lemma 5.38, if we choose f € E\(t)
then Cx(f) = Co({f,t)) < K and |Cx(f)| = 2'33. Since (f,t) < Q12, it follows that
|C(f)| = 2'33. Therefore f is central in a Sylow 2-subgroup of K and f lies in a K-orbit
of length |K|/(2'%3) = 150.

In Notation 5.25 we fixed an image of @; in Alt(9). Observe that the image of @y

contains involutions in 2A4. So let f € @ be such an involution. Now Q5\(t) contains
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240 elements of order four and 270 elements of order two (see [37, 2.4.1] for example).
Therefore f lies in an orbit of length a multiple of 30 and less than 120 and not 30, 60 or
90. Therefore [K : Cr(f)] = [{f5}| = 120 and so |Cx(f)| = 2135 and Cx (f)Q12/Q12 =
Alt(5) x 2 or Sym(5).

We now suppose f € )1 has order four. Then we have that f lies in a K-orbit of
length a multiple of 30 and less than 240 and not 30, 60 or 90. Moreover [a;, @] = 1
and so {f%} is not a multiple of nine. Therefore the only possibilities are [K : C(f)] =
{5} = 120,150,240 and Cx(f)Q12/Q12 = 2235,2°3,2235. If f lies in an orbit of length
112 or 150 then consider the remaining elements of order four in ()15. These elements
cannot lie in an orbit of length 30, 60, 90. Thus it follows that |[{f*}| # 150 and the

elements of order four either lie in two orbits of length 120 or one orbit of length 240.

In particular, every 1 # f € Q, commutes with an element of order three in K. Since
each z; acts fixed-point-freely on Q2, we have that f is centralized by a conjugate of
(Q12a;. Therefore f commutes with a conjugate of a;. Furthermore we observe that if f
has order four or f € 2.A then f is not 2-central in K whereas if f € 218 then f is 2-central
in K. Finally, suppose that W < Qo with t € W < K. Then W must be a union of
K-orbits. However the K-orbits on Q)15 have lengths in {1,150, 120,240} and no union of

orbits is a power of 2 greater than 2 and less than 2°. Thus K acts irreducibly on Q;5.0]

Lemma 5.43. Leth € H. If Q12N ngh contains a 2-central involution then Q1o = ngh.

Proof. We may suppose that for some 1 # f € Z(T), f € Q12 N @h. By Lemma 5.42,
f € 2B and Cy(f) < K and also Cy(f) < K" However this implies that 3 | |[K N K"|
and so K = K" and Q2 = Q12" by Lemma 5.39. ]

Lemma 5.44. Q15 is strongly closed in T with respect to H.

Proof. Let 1 # f € Qi such that f € Th\@h for some h € H. Since f € Q12 <
O?(K) < O*(H), we must have that f € O?(K") = O?(H)NK". By Lemma 5.40 applied
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to K", either f is an element of order four squaring to ¢ and commuting with a conjugate

of Z or f € 2B and |Cqon(f)| = 2t and |Cn (f)| = 2.

Suppose first that f has order four. Then f? = ¢ and Q2" f is an involution in
O%*(K/Q12)". By Lemma 5.40, C(f) contains a conjugate of Z and then by Lemma 5.14,
a Sylow 3-subgroup of C(f) is conjugate to Z. However, by Lemma 5.42, Cy(f)N3A # 1

which is a contradiction.

So we suppose instead that f is an involution then f € 2B and by Lemma 5.42,
Cu(f) < K. Set D := Cn(f) and V = Cﬁh(f). Clearly |D N Q] > 2* however
suppose that V N Q1a = 1. Then VQy3 € Syly,(O2(K)) and [V, D N Q1) < VN Qyz = 1.
However this implies that D NQy, commutes with VQ1, € Syl,(O2(K)) which contradicts

Lemma 5.37.

Hence 1 # V N Q12 < D and so there exists some y € Q12 NV N Z(D). Notice that y
commutes with @hD € Syl, (Fh) and 5o y € Q12 N @h is a 2-central involution of K.
Now by Lemma 5.43, Q12 = ngh which is a contradiction. Thus Q12 is strongly closed in

T with respect to H. 0
Lemma 5.45. K = H.

Proof. Assume for a contradiction that K < H then Q12 £ H. Consider Oz (H). By
Lemma 5.42, the only proper subgroup of 12 which is normalized by K is (t). So we
have that O3 (H)NK < O3 (H)NQ12 = (t). Since Oz (H) is normalized by P, by coprime
action, Oy (H) is generated by elements commuting with elements of P#. However by
Lemmas 5.35 and 5.36, for every p € P#, Cy(p) < K. Therefore Oz (H) < K and so
Oy (H) = ().

Set M := (Q12") < H then M < O*(H). Moreover Oz(M) < Oz (H) and so
O3 (M) = (t). Therefore we have P < M. Suppose Cp(P) = Ny (P). Then M has a
normal 3-complement which is a contradiction since Oy (M) = (t). Since [P, Ny(P) N
Q12] < PN Q12 =1, we see that Ng(P) N Q12 = Cy(P) N Q2. Suppose Q12 € Syly, (M)
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then K N M = Q12P. By Lemma 5.35, Ny(P) < K and so Ny (P) < Q12P. By Lemma
1.2 (Dedekind), Ny(P) N Q2P = (Ny(P) N Q12)P = Co,,(P)P < Cy(P) which is a

contradiction. Therefore ()15 is not a Sylow 2-subgroup of M and so M N K > Qo P.

Set N := Oy (M). If N is 3 then N < Oz (H) = (t) and so N = 1. Otherwise
P < N and then [P, Q2] < NN Q2 = 1 which is a contradiction. Therefore Oy (M) = 1.
Now, since P < M <1 H, H = MNg(P) by a Frattini argument and so M = (Q1) =
(QNTEIMY — (MY since Ny (P) < K = Ng(Q1). Finally, we may apply Theorem 1.27
to M = (@M> As required, we have that Oy (M) = 1 and since Q1 is strongly closed
in T with respect to H, we have that Qi is strongly closed in M NT with respect to M.
Thus Q12 = Oo(M)QUTNM). Since Q1 is not a Sylow 2-subgroup of M < O%(H) we may
find e € (M NT)\Q12. Then by Lemma 5.40, Q1€ contains either involutions or elements
of order four squaring to ¢. In either case Qe N QT N M) # 1 and so Q19 £ QT N M).

This contradiction proves that H = K. 0

5.3 The Structure of the Centralizer of u

We now know the structure of the centralizer of an involution in G-conjugacy class 2B and
so we must determine the structure of the centralizer of an involution in 2.4. Recall that
in Notation 5.25 we fixed an involution u € )3 and we defined 24 to be the conjugacy
class of involutions in G containing u. By Lemma 5.29, 24 # 2B. Let L := Cg(u)
and L = L/(u) and we continue to set H = Cg(t) and H = H/{t). We will show that
L ~ (2'HS) : 2 and so we must identify that L has an index two subgroup isomorphic to
the sporadic simple group HS. We first show that L has a subgroup 2 x Sym(8) and later
that the centre of this subgroup will lie outside of O2(L). We will use the information we
have about Cg(t) = H and Ng(E) to see the structure of some 2-local subgroups of L.
Once we have used extremal transfer to find the index two subgroup of L we are then able

to use this 2-local information to apply a theorem due to Aschbacher [3] to recognize HS.
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The Aschbacher result requires us to find 2-local subgroups of shape (4 * 2i+4).Sym(5)
and (4 x 4 x 4).GL3(2).

Recall using Notation 5.25 that u € F' < Q3 < Cg(ag) and that a; normalizes F'.

Lemma 5.46. Cg(F) = 2 x 2 x Alt(8) with Cq(F) > Cg(u) N Cglay) = Alt(8) and
Cz(f) = 2 x Sym(8). Moreover if Fy is any fours subgroup of Cg(az) such that F’géé c2A4

then C(;(Fo) = Cg<F)

Proof. Set M := Cg(F). First observe that F' < O*(Cg(az)) = Alt(9) and the im-
age of F# in Alt(9) consists of involutions of cycle type 22. Notice also that Alt(9)
has two classes of such fours groups with representatives ((1,2)(3,4), (1,3)(2,4)) and
((1,2)(3,4),(3,4)(5,6)). These subgroups of Alt(9) have respective centralizers isomor-
phic to 2 x 2 x Alt(5) and 2 x 2 x Sym(3) and respective normalizers (Alt(4) x Alt(5)) : 2

and Sym(4) x Sym(3).

Given the image of F in O%(Cg(az)), we have that M N Cg(az) = 3 x 2 x 2 x Sym(3).
Let R € Syl;(M NCg(az)) such that (R, aq) is a Sylow 3-subgroup of Ng(F') (notice that
a; permutes F#). Then a, € R and (R, a;) is abelian and R# C 3A since no element of
order three in 3B commutes with a fours group. Therefore by the earlier argument for

each r € R, Cq(r) N M =23 x 2 x 2 x Alt(5) or 3 x 2 x 2 x Sym(3).

Consider M N Cg(ay) which is isomorphic to a subgroup of Alt(9) = O*(Cg(ay)). By
Lemma 5.21, C¢(0*(Cg(a1))) = (a1). In particular, F does not commute with O*(C(ay))
and so MNCg(ay) is a proper subgroup of O3(Cg(a;)). By Lemma 5.30, we have that F' <
()2 commutes with Q1 < Cg(ay). Also F' commutes with R < Cg(ay) and so [MNCgq(ay)|

is a multiple of 2°32. Moreover M N Cg(a;) contains the subgroup Q1 {ay) ~ 2173

We check the maximal subgroups of Alt(9) (see [10]) to see that M N Cg(ay) is either
a subgroup of Alt(8) or the diagonal subgroup of index two in Sym(5) x Sym(4). The
latter possibility leads to a Sylow 2-subgroup of order 2° with centre of order four which

is impossible as 217 2 Qy < M N Cg(a;). So M N Cg(ay) is isomorphic to a subgroup
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of Alt(8). Suppose it is isomorphic to a proper subgroup of Alt(8). We again check the
maximal subgroups of Alt(8) ([10]) to see that M N Cg(ay) is isomorphic to a subgroup
of Nas)(((1,2)(3,4),(1,3)(2,4), (5,6)(7,8), (5,7)(6,8))) ~ 2* : (Sym(3) x Sym(3)). This

subgroup can be seen easily in GL4(2) as the subgroup of matrices of shape

We calculate in this group that an extraspecial subgroup of order 2° is not normalized by
a element of order three. Therefore M N Cg(aq) is not isomorphic to a subgroup of this
matrix group. Thus M N Cg(ay) = Alt(8). In particular M has a subgroup isomorphic
to 2 x 2 x Alt(8).

Now we have that for every r € R¥ Cjy(r) = 3 x 2 x 2 x Sym(3) or 3 x 2 x 2 x Alt(5).
Now R < Cyr(ay) = Alt(8) and so R € Syl;(Chr(ay)). Moreover, Alt(8) has two conjugacy
classes of elements of order three. So we may set R = {1, ay, a3, as, a2, by, b3, by, b3} where
ap is conjugate to ag in Cpr(a1) and by is conjugate to by in Cpr(aq) such that Cey,a,) (b)) =
3 x Alt(5) (i € {1,2}) and Cey,ay(a;) = 3 x Sym(3) (j € {2,3}). Now we already have
that Cyr(as) = Ca(az) = 3x2x2xSym(3) and we have two possibilities for the structure
of the other 3-centralizer. Therefore we must have that Cj/(b;) = 3 x 2 x 2 x Alt(5). Now
by coprime action Cy/p(Fb;) = C(b;)/F and Cyyp(Fa;) = Cry(a;)/F. Hence we may
apply Corollary 1.51 to M/F to say that M/F = Alt(8). Therefore M =2 x 2 x Alt(8).

Consider N7 (F). We have seen that Ng(F')/M = Sym(3) and so [N.(F) : M| =2. It
follows that N (F)/F = 2 x Alt(8) or Sym(8). For by € R, Cy(b1) = 3 x 2 x 2 x Alt(5)
and so Cy,(p)(b1) ~ 3 x (2 x 2 x Alt(5)) : 2 and Cy,(p)(b1)/F ~ 3 x Sym(5) which
is not a subgroup of Alt(8) x 2. Thus we must have that Ny (F)/F = Sym(8) and so
C3(F) = 2 x Sym(8).
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Now let Fy < Cg(az) have image ((1,2)(3,4),(1,3)(2,4)) in Alt(9) = O3(Ca(as)).
Then Cg(as) N Ca(Fy) =2 3 x 2 x 2 x Alt(5). Now recall that R € Syly(M) and M =
Cq(F) = 2x2x Alt(8) and so there exists 7 € R¥ such that MNCg(r) = 3x2x2x Alt(5).
Since every element in R# is conjugate in GG, we have that F, is conjugate to F in G.

Thus Cg(Fo) = Cg(F) O

Recall from Notation 5.25 that ry is an involution in O%(Cg(az)) which is conjugate
to u and rou. In light of Lemma 5.46, the following result is a calculation in a group

isomorphic to 2 x 2 x Alt(8).
Lemma 5.47. Cynp(ra) ~2 x 2 x (2 x 2 x Alt(4)) : 2.

Proof. Tt is clear from Notation 5.25 that (ry,u)* C 2A4. Set Fy := (ro,u) then by
Lemma 5.46, Cq(Fp) = 2 x 2 x Alt(8). Notice also from Notation 5.25 that ¢ € Cq(Fp) N
Cea(az) =2 3 x 2 x 2 x Alt(5) which has an abelian subgroup containing ¢ isomorphic
to 3 x 2 x 2 x2x 2. Consider (Fp,t) N Ce(Fo)' (of course Cq(Fy) = Alt(8)) which
has order two. If (Fy,t) N Cq(Fy) is 2-central in Cg(Fp)' then ay € Cq(Fp) N Cq(t) is
isomorphic to the subgroup of Alt(8) of shape 217*.Sym(3). However this implies that
Co((Fo,t)) N Cglaz) =22 x 2 x 2 x 3 which is not the case. Thus (Fy, t) N Cg(Fp)' is not
2-central in Cg(Fp)" and so Cq(Fp) NCq(t) is isomorphic to a subgroup of Alt(8) of shape

(2x2x Alt(4)) : 2. Thus Cynp(ra) ~2 x 2 x (2 x 2 x Alt(4)) : 2. O

Lemma 5.48. H N L contains a Sylow 2-subgroup of L which has order 2'* and centre

(t,u).

Proof. Let S, be a Sylow 2-subgroup of Cp(t). We have that u € Q» < @12 and since
u € 24, we may apply Lemma 5.42 to see that |Cy(u)| = 2'1.3.5. Therefore |S,| = 2.
Now, u € Q2 and [Q1, Q2] = 1 (by Lemma 5.30) so we have that Q1 < Co,m)(u) < Su.
Moreover, Z(S,) < Cs,(Q1) < Q2. Therefore Z(S,) < Z(Cg,(u)) = (t,u) since @ is

extraspecial of order 2°. Hence Z(S,) = (t,u). Since (t,u) < Q12 and Q15 is extraspecial,
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u is conjugate to ut in QQ12. Therefore N ((t,u)) < Cq(t). So let S, < T, € Syly(L) then

Nz, (S.) < Np((t,u)) < HN L. Thus S, is a Sylow 2-subgroup of L. O
Lemma 5.49. (HNL)/(Q12N L) = Sym(5).

Proof. Using Lemma 5.42 we have that Cy(u)/Cg,,(u) = Alt(5) x 2 or Sym(5). We
suppose for a contradiction that (HNL)/(Q12NL) = Cu(u)/Cq,,(u) = Ch(u)Q12/Q12 =
2 x Alt(5). Now set V := Cg,,(u) then |V| = 28 and V is normalized by Cy(u)/V =
2 x Alt(5).

Recall from Notation 5.25 that 7 is an involution in O*(Cg(as)) and from Lemma 5.26
that ro € Cy(a2)\Q2. Since [rg, as] = 1, [Vrg, Vag] = 1 and therefore Viry € Z(Cy(u)/V).
In particular, C(r2) is preserved by O*(Cy(u)/V) = Alt(5). Since Vasy acts non-trivially
on V, O*Cy(u)/V) acts non-trivially. This is to say that there exists a non-central

O%(Cy(u)/V)-chief factor of V. Moreover, this chief factor has order at least 2°*.

By Lemma 1.31 (i), |Cy(r2)| > 2*. Now Lemma 5.47 gives us that Cpynp(ra) ~
2Xx2x(2x2xAlt(4)) : 2. Clearly Cy(r2) is a normal 2-subgroup of Cynp(r2). However
O2(Crnr(r2)) has order 2% and contains ro. Therefore |Cy (r2)| < 2° and so by Lemma,
1.17, |C(r2)] < 25, Thus |Cy(re)| = 2* or 2°. Suppose first that |Cy(r9)| = 2* then
u € Cy(r2) is normalized by O*(Cy(u)/V) and so Cy#(r2) is necessarily a sum of trivial
O*(Cy(u)/V)-modules. Moreover V /C(r2) has dimension three and is therefore also a

sum of trivial O?(Cg(u)/V)-modules. This is a contradiction.

So suppose instead that |Cy(r9)] = 2°. Then [[V,ry]] = 2% by Lemma 1.31 (i).
Furthermore [V, 7] is preserved by O?(Cy(u)/V). Thus [V, 7o) is a sum of two trivial
O*(Cy(u)/V)-modules. Since [V, 1] < Cy(ry) (Lemma 1.31 (i7)), it follows that Cy(r9)
is also a sum of trivial O*(Cy(u)/V)-modules as is V/C5(r3). Again this gives us a

contradiction. Hence we may conclude that Cy(u)/Co,,(u) = Ch(u)Q12/Q12 = Sym(5).0

Lemma 5.50. Let (L N Q2)e € (LN H)/(L N Q12) have order five then Cg,,(e) =
[ng, 6] = 21_+4.
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Proof. By Lemma 5.30, Cg(Q12) < Q12 and so e acts non-trivially on Q12 and since
(LN Q@12)e has order five, e describes an automorphism of Q15 of order five. We have that
e centralizes u and so Cg,,(e) > (t). Hence by Lemma 1.10, Cg,,(e) and [@Q12, €] are both
extraspecial with intersection equal to () and product equal to (Q12. Since e acts fixed-
point-freely on [Q12, €], we have that |[Q12,€]| = 2% Thus Cg,,(e) and [Q12, €] are both
extraspecial of order 2°. Since [Q12, €] has an automorphism of order five, [Q;2, €] = 21 +*

follows from Lemma 1.6. Finally, since Q12 is extraspecial of plus type, we have that

CQ12 (6) = 21,+4. D

Lemma 5.51. There exists an element of order four d € Cg,(u) such that d> =t and

4x22(du)<HNL.

Proof. Set V := Cg,,(u)/{u,t) then |[V| = 2%. Consider the action of (LNH)/(LNQ12) =
Sym(5) on V. We have that Cg,,(a2) = Q2 and if we set B := Cg,(u) = Cc,, , u)(az) then
|B| = 2*. Now using coprime action we have that |Cy (a)| = [Cey,,, w)(a2)/(t, u)| = 2.
It follows that V is a sum of two trivial Alt(5)-modules and a 4-dimensional natural
Alt(5)-module. Let Vg be an irreducible ((L N H)/(L N Q12))-submodule of V' and let
Wy be the preimage of Vg in Cg,,(u). Suppose Vj is a 4-dimensional module. Then an
element of order five and an element of order three act fixed-point-freely on V. We have
that [Wy| = 25 and can be written as a direct product in two different ways. Firstly,
Wy = (u) X [Q12,€e] where (Q12 N L)e € (HN L)/(Q12 N L) has order five. Secondly,
Wy = (u) X [Q12,a5]. However [Qi2,¢] = 2™ and [Q12,a2] = Q) & 2}:“4 which is a
contradiction. Thus Vj is isomorphic to either a trivial Sym(5)-module or a sum of two
trivial Alt(5)-modules. In the latter case, [Wy| = 2* and commutes with an element of
order five and an element of order three. Thus Wy < Cg,,(az2) = Q2 and so Wy = Cq, (u).
However (F,t) < Cg,(u) and (F\t) is elementary abelian of order eight. This implies that
(F,t) < Cg,,(e) = 21 which is a contradiction. Thus |Vy| = 2 and so |Wy| = 8 and since
(u,t) is central in Wy, Wy must be abelian. Moreover if (Q12 N L)e is an element of order

five in (H N L)/(Q12 N L) then by Lemma 5.50, Wy < Cop,,(e) = 217% Thus W, is not
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elementary abelian and so H N L > Wy = 4 x 2. Thus, there is an element of order four

d € Cg,,(u) such that d* =t and 4 x 2= (d,u) < HN L. O

Lemma 5.52. There exists a complement C = GL3(2) to CL(E) in Np(E) such that

EC < Cg(F) and there ezists S, € Syl,(H N L) such that E < S,.

Proof. Recall that u € F' < ()3 and by Lemma 5.46, 2 x 2 x Alt(8) = Cu(F) > Ce(u) N
Ce(ar) = Alt(8). Notice that £ < @y < Cg(F) since [@Q1,Q2] = 1. Notice also that
t € Cg(u) N Cg(ay). From notation 5.25, the image of ¢ in Alt(9) = O3(Cg(ay)) is
(1,2)(3,4)(5,6)(7,8) and so clearly ¢ lies in exactly one subgroup of O*(Cg(a;)) isomorphic
to Alt(8). By Lemma 5.31, O3(Cg(a;)) contains a complement, C' say, to Cg(E) in
Ng(E). Moreover the image of EC' in O*(Cg(ay)) lies in a subgroup isomorphic to Alt(8)

containing t. Therefore EC' < Cg(u) N Cq(ar) < Ca(F).

Recall from Lemma 5.32 that O*(Cg(E)) = (F, Qa, A1, Ay) and consider W = O3(Cg(E))N
L which is normalized by C. Let n € C' be an element of order seven. Notice that
Co,(u) < W which has order 2* and does not split over (t) = Qo N E. Therefore W does
not split over E. In particular, n does not centralize W/FE else W = Cy/(n) x E. Now
consider the action of C' on W/E(u). We have that Cg,(u) < W so |W| > 2 therefore
|W/E(u)| > 2% Suppose first that |[W/E(u)| = 22. Then n necessarily acts trivially
on W/E which is a contradiction. So suppose |W/E(u)| = 23. Then n must act fixed-
point-freely on W/E(u). Recall that F' < Cg,(u) < W and so FE/(Eu) has order two.
Since [C,F| = 1, [FE/{E,u),n] = 1 and n does not act fixed-point-freely on W/E(u).
Thus |W/E{u)| > 2% and so |[W| > 2%. Now C has a Sylow 2-subgroup of order eight
which centralizes t. Thus Ng(E) N L has a Sylow 2-subgroup of order at least 2'! which
centralizes t. Hence if we call this 2-group S, then S, € Syl,(H N L) by Lemma 5.48 and

E<«S,. O

Lemma 5.53. L has an index two subgroup Ly such that F £« Ly and Ly N Ng(E) ~
2.(4% : GL3(2)). Moreover, there is an element of order four, d € Qy as in Lemma 5.51

and d € Ly.
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Proof. By Lemma 5.26 (v), a Sylow 3-subgroup of C(F)/FE is self-normalizing and there-
fore 31 |Cq(u)NCqs(E)|. Hence CL(E) is a 2-group. Since £ < S, € Syl,(L), Cr(E) < S,.
By Lemma 5.51, there exists an element of order four d € Cg,(u) such that d*> =t € F

— —~——

and (d,u) < H N L which implies that 4 = (d) < H N L. Therefore (d) <« Ny (E) N H.

Since N (E)/CL(E) = GL3(2), [NL(E) : N,(E) N H] = 7. So consider (d¥=(®). Since

& =1€F and N 1(F) is transitive on E#, we clearly have at least seven conjugates of

—~— —~ —~— — —~ —~—

(d) in N.(E). Moreover since (d) <1 C1,(E) < S,, the seven conjugates of (d) in CL(E)

—_—

pairwise commute. Thus Nj(E) > (dVeB)) = A~ 4 x 4 x 4 (where u € A < N, (E)).
Now by Lemma 5.52, there exists a complement, C, to CL(E) in Ni(F). Moreover, C
acts non-trivially on A and so AC ~ 43 : GL3(2). Since CL(E) is a 2-group, and L has

Sylow 2-subgroups of order 211, it follows that | Ny (E)| < 2237. Thus AC has index at

most two in Np(F).

Recall that u € F' < @2 and by Lemma 5.52, F' < C(FE). Therefore F normalizes AC.
Furthermore, by Lemma 5.46, C’Z(ﬁ) >~ 2 x Sym(8). In particular, F ¢ A and [A, F] # 1.

By Lemma 5.52, [C, F] = 1. Thus ACTF ~ 43 ; (2 x GL3(2)). Thus ACF = NL(E) so we

may apply Lemma 1.23 to L to say that O?(L) # L.

So we define u € L; <t L such that L; = O%*(L) then L; N m) ~ 43 : GL3(2) so

clearly d € A < Ly. It is also clear that [L : L] = 2. O

We continue the notation in the following lemma such that u € Ly < L with [L : L] =

Lemma 5.54. L = 2-HS: 2.

Proof. We must prove that E satisfies the hypotheses of Theorem 1.52 to recognize the
sporadic simple group HS. Now we have that ¢ is an involution in /Lvl Consider Oz (5 If
x € Ly and [t,7] = 1 then z centralizes (u)t = {t,ut}. It follows from Notation 5.25 that

ut € 2A. Therefore x centralizes t and so C7-(¢) = (H N Ly). Notice that F' < Q12NL and
F ﬁ L so Q12 NL < Q12 N L. Now [Ql,u] =1 and [CLQ,U] =1. MOI‘GOVGI‘, [Ql,ag] = Ql
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(otherwise Cg,(as) > (t)) and so @)y < L' < Ly. By definition of L;, we have that
u € Ly. Also Lemma 5.53 says that an element of order four d satisfying Lemma 5.51 is
in Cg,(u) N Ly such that (d,u) =4 x 2. Thus (217" %4) x 2 ~ Q1(d,u) = Q12N L;. Now

H N Li/Q12 N Ly = Sym(5) follows from an isomorphism theorem since

HNL HNL ~ (HNL)(QiNL)  HNL ~ Sym(5)
QiNLy (HNL)N(QiNL) Q12N L QiNL Y .

~ —_~—

Thus C7; () has 2-radical, Q12 N Ly = 2}:“4 x4 with quotient Sym(5).

Now we have that E < Q12 N Ly. Suppose that z € L, and Z normalizes E. Then z

normalizes E(u). Since N (FE) is transitive on E# and we have seen that tu € 24, we

have that {ue|e € E#} C 2A. Therefore E(u) N 2B = E#. Hence x normalizes E. Thus

N7 (FE) = L1 N Ng(E). By Lemma 5.53, Ly N Ng(E) ~ 2.(4° : GL3(2)) and so N-(E) =
43 : GL3(2). Thus we have satisfied the hypothesis of Theorem 1.52 and therefore Ly =
HS. Since L = L, F and since F acts non-trivially on L;, L = Aut(HS) ~ HS : 2. Now
notice that L does not split over (u) for example because if we consider the image of u in
Alt(9) =2 O3*(Cg(az)) as in Notation 5.25, u — (1,2)(3,4) then we see that an element of

order four with image (1,3,2,4)(5,6) squares to w. Thus L = 2 Aut(HS) = 22HS: 2. O
Lemma 5.55. G = HN

Proof. We have that G is a finite group with two involutions v and ¢t and L = Cg(u) ~
(2.HS) : 2. Also Cg(t) ~ 2. (Alt(5) 12) and Oy(H) = Q2 and by Lemma 5.30,
Cg(le) < Q1<CL2> N Q2<CLl> = <t> g le. ThllS, by Theorem 153, G = HN. O

This completes the proof of Theorem C.
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