
Topology and its Applications 111 (2001) 207–215

Quasi-developable manifolds

P.M. Gartside∗, C. Good, R.W. Knight, A.M. Mohamad1

University of Oxford, Mathematical Institute, 24-29 St Giles, Oxford, OX1 3LB, UK

Received 9 October 1998; received in revised form 16 August 1999

Abstract

There is a quasi-developable 2-manifold with aGδ-diagonal, which is not developable. Consis-
tently, the example can be made to be countably metacompact. 2001 Elsevier Science B.V. All
rights reserved.
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1. Introduction

In this brief note we present an example of a quasi-developable manifold, with a
Gδ-diagonal, which is not perfect, and hence not developable; and a consistent example
of a quasi-developable, countably metacompact manifold, which has aGδ-diagonal but is
not perfect. These examples answer two questions of Nyikos (Questions 10 and 11 of [3]),
and the reader is referred there for the background to Nyikos’ problem.

Recall that a space is ann-manifold if it is Hausdorff, connected and has an open
cover by subspaces homeomorphic toRn. A space,X, is quasi-developable (respectively,
developable) if there is a sequence{Gn}n∈N of open families (respectively, open covers)
such that, for allx in X, {st(x,Gn)}n∈N \ {∅} is a local base atx. One can easily check that
a space is developable if and only if it is quasi-developable and perfect (every closed subset
is aGδ). A space is countably metacompact if every countable open cover has a point-finite
open refinement. Perfect spaces are countably metacompact. Finally, recall that a space,X,
has aGδ-diagonal if and only if there is a sequence{Gn}n∈N of open covers so that, for
all x in X,

⋂
n∈N st(x,Gn)= {x}.
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Perhaps the most striking feature of our examples is that they are highly geometric (in
contrast to most pathological manifolds), with the topology defined ‘all in one go’. This
simplifies the task of calculating stars of points in open families.

Both examples are derived from locally compact, locally countable ‘sub-real’ (in other
words, obtained by refining the usual topology on the real line) spaces, which have
the desired topological properties. The first such sub-real space is due to Gruenhage
(Example 2.17 [2]). But the second sub-real space (which, consistently, is locally compact,
quasi-developable, countably metacompact, submetrizable, but not perfect) is new.

In the first part of this paper we give the constructions of the manifolds from the sub-real
spaces. The second part is devoted to the creation of the second sub-real space. The space
is based upon an example of Balogh and Burke [1], which has the requisite properties,
except for the fact that it is not sub-real. It seems likely that an example of Shelah [5] can
be modified to give a consistent example with stronger properties: it is sub-real, locally
compact, quasi-developable, normal, countably paracompact, but not perfect.

2. The manifolds

Lemma 1. LetB be an countable subset ofR, with uncountable closure. All but countably
many points,x, ofB are in bothB ∩ (−∞, x) andB ∩ (x,∞).

Example 2. There is a quasi-developable manifoldM with aGδ-diagonal which is not
perfect.

Construction. Let B be a Bernstein subset ofR (so every uncountable closed subset of
R hits bothB andR \ B). Let {Bα}α<2ℵ0 list all countable subsets ofB with uncountable
closure inR. Inductively pick xα, {lα,n}n∈N and {rα,n}n∈N, so thatxα ∈ Bα \ (B ∪
{xβ}β<α), lα,m < lα,n < xα if m< n, lα,n, rα,n ∈ B, xα < rα,n < rα,m if m< n, and both
|xα− lα,n| and|xα − rα,n| are strictly less than 1/n2. Thus,(lα,n)n∈N converges toxα from
below, and(rα,n)n∈N converges toxα from above. SetD = {xα}α<2ℵ0 .

Our manifold,M, is obtained by varying the topology on the Moore manifold. (The
Moore manifold and its cousin the Prüfer manifold may be found in [3].) So we start
with a description of the Moore manifold. The underlying set isP = H+ ∪ G where
H+ = R × (0,+∞) andG = R × (−1,0]. The topology onP is defined as following.
Points ofH+ have the usual Euclidean topology, so thenth neighbourhood of(x, y) ∈H+
can be taken to beU(x,y;n) = (disc about(x, y) of radius 1/n) ∩ H+. DefineGn =
{U(x,y;n): y > 0}. A point (x, a), wherea ∈ (−1,0] has as itsnth neighbourhood,
V (x, a;n)= (({x} × (a − 1/n, a + 1/n)) ∩G)∪ (set of points inH+ within the disc of
radius 1/n about(x,0) and between either the lines of slope 1/(a−1/n) and 1/(a+1/n)
or the lines of slope 1/(−a − 1/n) and 1/(−a + 1/n)). Define

Hn =
{
V (x, a;n): a ∈ (−1,0]}.

The manifoldM has underlying setH+ ∪ A1 ∪ A2, whereA1 = B × (−1,0], and
A2=D × (−1,0].
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Give H+ ∪ A1, the subspace topology from the Prüfer manifold. Then it is an open
submanifold. We need to define the topology at points ofA2 such that

(1) M is Hausdorff;
(2) M is a manifold;
(3) M ∩ (R× {0}) is homeomorphic to Gruenhage’s space (Example 2.17 [2]);
(4) M is quasi-developable;
(5) M has aGδ-diagonal.
We define thenth neighbourhood of the point(xα, a) ∈A2 to be

W(xα, a;n) =
(
V (xα, a;n)∩ ({xα} ×R)

)
∪
( ⋃
k>n+1

(
V (lα,k, a;n)∩

((
lα,k−1+ lα,k

2
,
lα,k + lα,k+1

2

]
×R

)))

∪
( ⋃
k>n+1

(
V (rα,k, a;n)∩

([
rα,k+1+ rα,k

2
,
rα,k + rα,k−1

2

]
×R

)))
.

Define

In =
{
W(xα, a;n): α < 2ℵ0 anda ∈ (−1,0]}.

By a standard argument, theW(xα, a;n)s are homeomorphic toR2. ThusM with the
topology defined above, is a 2-manifold. One can easily check thatM is Hausdorff, and
thatM ∩ (R×{0}) is homeomorphic to Gruenhage’s space. HenceM is not perfect. (Note
here thatB is a closed, non-Gδ set.) It remains to show thatM is quasi-developable and
has aGδ-diagonal. To do this we examine the stars of points ofM in the open collections
Gn, Hn andIn.

Case: x ∈R andy > 0.

st
(
(x, y),G2n

)⊆U(x,y;n), st
(
(x, y),Hn

)= ∅ if n > 1/y,

st
(
(x, y),In

)= ∅ if n > 1/y.

Case: x ∈ B anda ∈ (−1,0].
st
(
(x, a),Gn

)= ∅, st
(
(x, a),H2n

)⊆ V (x, a;n),
st
(
(x, a),In

)⊆ [x − 1
n
, x + 1

n

]× ((0, 1
n

)∪ (a − 1
n
, a + 1

n

))
.

Case: α < 2ℵ0 anda ∈ (−1,0].
st
(
(xα, a),Gn

)= ∅, st
(
(x, y),Hn

)= ∅, st
(
(x, y),I2n

)⊆W(xα, a;n).
It follows that{Gn}n∈N ∪ {Hn}n∈N ∪ {In}n∈N, is a quasi-development forM.
DefineJn = Gn ∪Hn ∪ In (n ∈ N). Computing stars of points in the open coversJn

(for the three cases as above), we have forn sufficiently large,

st
(
(x, y),Jn

)⊆U(x,y;n), st
(
(xα, a),J2n

)⊆W(xα, a;n),
st
(
(x, a),J2n

)⊆ V (x, a;n)∪ [x − 1
n
, x + 1

n

]× ((0, 1
n

)∪ (a − 1
n
, a + 1

n

))
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and hence⋂
n∈N

st
(
(p, q),Jn

)= {(p, q)} for all (p, q) ∈M.

In other words,{Jn}n∈N is aGδ sequence forM.

It is consistently possible to boost the previous example to make it countably
metacompact. Recall,X is called a countably metacompact space if and only if, for each
countable open coverU of X, there is a point-finite open refinement cover ofU .

Equivalently, a spaceX is countably metacompact if and only if given an increasing
sequence{Un}n∈N of open subsets ofX such thatX =⋃n∈NUn, then there is a sequence
{Fn}n∈N of closed subsets ofX such that, for eachn ∈N, Fn ⊆Un andX =⋃n∈NFn.

Example 3. It is consistent that there is a quasi-developable manifold, which is countably
metacompact, has aGδ-diagonal, yet is not perfect.

Construction. Let B andD be any pair of disjoint subsets of the real line. Suppose that
for eachx in D there is a sequence(xn)n∈N of points ofB converging (in the Euclidean
topology) tox. LetX(B,D) be the space obtained by isolating all points ofB and letting
basic open neighborhoods of a pointx of D be x along with tails of the corresponding
sequence(xn)n∈N.

It should be clear that, irrespective of the choice ofB, D or the sequences, we may
repeat the construction of Example 2.2 to create a manifoldM(B,D) which has the
following properties:

(1) M(B,D) has underlying setH+ ∪ G whereH+ is the upper half plane and
G=X(B,D)× (−1,0];

(2) the open subspaceH+ has its usual topology, while the closed subspaceG has the
product topology;

(3) M(B,D) is quasi-developable, and has aGδ-diagonal.
In particular we may takeX(B,D) to be the example of the next section. Since

X(B,D)× {0} is a closed subspace ofM(B,D), the manifoldM(B,D) is not perfect. To
see thatM(B,D) is countably metacompact use properties (1) and (2) ofM(B,D) above,
the fact thatX(B,D) is countably metacompact, and Lemmas 2.4 and 2.5 immediately
below.

Lemma 4. Suppose thatX is a regular topological space such thatX = A ∪ B, A∩B,
A ∩ B = ∅, A is open inX, separable and metrizable. IfB is countably metacompact,
then so isX.

Proof. Let {Un}n∈N be an open increasing sequence of subsets ofX such that
⋃
n∈NUn =

X. For eachn ∈ N, setUBn = Un ∩ B. ThenUBn is open inB andB =⋃n∈NUBn . So,
there is an increasing sequence{Cn}n∈N of closed subsets ofB, such thatCn ⊆ UBn and⋃
n∈NCn = B.
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Now, setUAn = Un ∩ A. ThenUAn is open inA andA =⋃n∈NUAn . As A is second
countable andA is open in the regular spaceX, chooseN a countable network forA of
sets closed inX. Observe that, for eachn ∈ N, UAn is the union of members ofN , say
UAn =

⋃
i∈NN(i,UAn ) (whereN(i,UAn ) ∈N ).

DefineN1 = N(1,UA1 ) andNn+1 = N(n + 1,UA1 ) ∪ N(n,UA2 ) ∪ · · · ∪ N(1,UAn+1).
Then, for alln ∈ N, Nn ⊆ UAn , andA =⋃n∈NNn. Let Fn = Cn ∪ Nn. Then, for each
n ∈N, Fn ⊆Un, Fn is closed inX, andX =⋃n∈NFn. 2
Lemma 5. LetX be a space. ThenX × (−1,0] is countably metacompact if and only if
X is countably metacompact.

Proof. Note thatX× (−1,0] is anFσ subset ofX× [−1,0]. By a standard argument, an
Fσ subspace of a countably metacompact space is countably metacompact. So it suffices
to showX× [−1,0] is countably metacompact.

As [−1,0] is compact, the projection mapp :X × [−1,0] → X is closed. So a
decreasing sequence{Fn}n∈N of closed sets with empty intersection, for which there is
no open sequence{Un}n∈N with Fn ⊆ Un and

⋂
n∈NUn = ∅, can be transferred toX

(again, using compactness of[−1,0]). In other words,X is not countably metacompact
if X× [−1,0] is not countably metacompact.2

3. A modification of the Balogh–Burke example

We build a sub-real, countably metacompact, non-perfect ladder system of the form
X(B,D) (as defined in the preceding section) by finite-support iterated ccc forcing.
Assume GCH in the ground model. Our argument closely follows that in [1], but it is
not necessary to refer to that paper to follow it.

3.1. The definition of a ladder system

〈L,π〉 is asub-real ladder systemonω1 if and only if
(1) L : LIM ×ω→ ω;
(2) for all α ∈ LIM, 〈L(α,n): n ∈ ω〉 is a strictly increasing sequence converging toα;
(3) π :ω1× 2→R is one-to-one, andπ(L(α,n),0) converges toπ(α,1) asn→∞.

3.2. The poset

We define a finite support iteration〈Lγ : γ 6 ω2〉, as follows. For eachβ, L(β) is a
Lβ -name for a poset, and an element ofLγ is a finite partial functionp onγ such that for
all β ∈ domp, p � β  “p(β) ∈ L(β)”.
L(0) is a poset for creating a sub-real ladder system, as follows:
Members ofL(0) are finite functionsp with the following properties.
(1) domp ⊆ LIM × ω× {0} ∪ ω1× 2× {1};
(2) p(α,n,0) < α, where defined;
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(3) if i < j , thenp(α, i,0) < p(α, j,0), where these exist;
(4) if i < j andp(α, j,0) is defined, then so isp(α, i,0);
(5) p(α, i,1) is an open interval with rational endpoints;
(6) if p(α,n,0) andp(p(α,n,0),0,1) andp(α,1,1) are defined, thenp(p(α,n,0),0,

1)∪ p(α,1,1) has diameter at most 2−n.
We define the order-relation onL(0) so thatq 6 p iff
(1) domq ⊇ domp;
(2) if p(α, i,0) is defined, thenq(α, i,0)= p(α, i,0);
(3) if p(α, i,1) is defined, thenq(α, i,1)⊆ p(α, i,1).
Assuming for the moment that this preserves cardinals, in the generic extension, ifG is

a generic filter, we defineL(α,n) to bep(α,n,0) for somep ∈G, and for eachα, i < 2,
we defineπ(α, i) to be somex which is in p(α, i,1) for all p ∈ G. ThenL andπ are
well-defined and uniquely defined. Moreover we obtain a sub-real ladder system.

For example, to see thatL is a total function, letD(α,n) be the set of allq such that
q(α,n,0) is defined. Then we show thatD(α,n) is dense by induction onn, because if
p is a condition for whichp(α, i,0) is defined precisely wheni < n, we can defineq 6 p
in D(α,n) by choosingq(α,n,0) to be some ordinalβ in the interval(p(α,n− 1,0), α)
such thatp(β,0,1) is not defined.

Now to defineL(β). By standard bookkeeping, leṫfβ be a suitable chosenLβ -name
for a functionLIM→ ω. (We design the bookkeeping such that every name for a function
from LIM toω eventually occurs in this list.) We imagine ourselves to have forced overLβ ,
and define a finite functiong to belong toL(β) iff it satisfies the following conditions. The
idea is thatḟβ codes up a decreasing family of closed sets inLIM×{1} in the ladder space,
and we are forcing to expand these closed sets to open sets.
g ∈ L(β) iff g is a finite partial function fromω1× 2 toω, such that ifk > g(α,1), then

g(L(α, k),0)> fβ(α)—assuming all these things are defined. (The idea is that the function
γ 7→ g(γ,0) tells us which points〈L(α, k),0〉 in the ladder space belong to the open sets,
and if 〈α,1〉 is a limit point of the ladder space, theng(α,1) is telling us how much of the
sequence converging to〈α,1〉 is in the open sets of which〈α,1〉 itself is a member.)

In the generic extension, the ladder space will be countably metacompact, because if
〈Dn: n ∈ ω〉 is a decreasing sequence of closed sets with empty intersection, without loss
of generalityDn ⊆ ω1× {1}; let f (α)=min{k: 〈α,1〉 /∈Dn}.

Supposef = fβ . Then forcing overL(β) gives us a functiongβ :ω1×2→ ω, such that
if k > gβ(α,1), thengβ(L(α, k),0)> fβ(α); now defineUn = Dn ∪ {〈γ,0〉: gβ(γ,0) >
n}.

ThenUn is open, for if 〈α,1〉 ∈ Un, then fβ(α) > n, and so ifk > gβ(α,1), then
gβ(L(α, k),0) > n, so 〈L(α, k),0〉 ∈ Un. And of course the sequence〈Un: n ∈ ω〉 has
empty intersection.

3.3. The countable chain condition

To prove thatL(0) has the countable chain condition, suppose thatA is an uncountable
subset ofL(0); we show that two of its elements are compatible.
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Without loss of generality, we may suppose that there are integersm 6 n such that for
eachp ∈A, there is a sequence of ordinals〈αp,i : i < n〉 such that

(1) p(α, k, e) is defined only ifα = αp,i for somei;
(2) if p 6= q , thenαp,i = αq,j iff i = j <m;
(3) for all p and q in A,p(αp,i , k, e) is defined iff q(αp,i, k, e) is, and the two are

equal.
We now show that any two elements ofA are compatible, by showing that ifp, q ∈A,

thenp ∪ q ∈ L(0).
The only condition that is non-trivial is condition (6). But, if(p ∪ q)(α, k,0), (p ∪

q)((p ∪ q)(α, k,0),0,1) and(p ∪ q)(α,1,1) are all defined, then by the uniformity that
we have imposed onA, all these three are inherited from one ofp andq : without loss of
generality,(p∪q)(α, k,0)= (α, k,0), (p∪q)((p∪q)(α, k,0),0,1)= p(p(α, k,0),0,1),
and(p ∪ q)(α,1,1)= p(α,1,1). Then the required condition is inherited fromp.

It is easy to see thatL(β) has the countable chain condition, ifβ > 0.

3.4. Limits of stationary sets

We prove that, in the forcing extension overLω2, if S ⊆ ω1 is stationary, then the set
S× {0} has a limit inS× {1} in the ladder system space. This is the same lemma as in [4],
is proved in the same way, and just as in that paper, shows that the ladder system space is
not perfect.

We first prove that ifS is a stationary set in the generic extension andm is a natural
number, then there existsj >m andα ∈ S such thatL(α, j) ∈ S also.

So, working from the ground model, suppose thatṠ is a name for a stationary set inω1.
Suppose thatp is a condition, and thatM is a countable elementary submodel of the
universe containingp, Ṡ, Lω2 such that, ifδ =M ∩ ω1, thenp 1 “¬δ ∈ Ṡ”. Let m be an
integer.

It is possible to choose such a modelM, for if not, the set ofδ corresponding to such
elementary submodelsM contains a closed unbounded setC, thusp  “ Ṡ ∩C = ∅”. But
in the generic extension,C is still club, soṠ is forced to be non-stationary, which is a
contradiction.

So now findpδ 6 p such thatpδ  “δ ∈ Ṡ”. Without loss of generality, for allβ, pδ � β
decides the value ofpδ(β) as an element ofL(β).

In generalpδ is not an element ofM. Let Aδ be a finite set of countable ordinals
containing all ordinals or natural numbers in the transitive closure ofpδ, together with
some ordinalξ < δ which is greater thanpδ(δ, n,0), wheneverpδ(δ, n,0) is defined.

Recalling that the forcing is an iterated forcing with finite supports, we reflect it intoM,
subject to the following ad hoc first order propertyΦ(x,y, z) (that is, observing that
Φ(pδ, δ,Aδ) is true, find an element〈pγ , γ,Aγ 〉 of M having this property, which can
then be said to be a “reflection” of〈pδ, δ,Aδ〉):

(1) x is a condition, andx  “y ∈ Ṡ”.
(2) x 6 pδ �M (which belongs toM, since the forcing has finite supports and sopδ is

finistically describable).
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(3) y is a limit ordinal.
(4) ξ (which, note, belongs toM ∩ ω1) has the property that ifx(y,n,0) is defined,

then it is less thanξ, ξ ∈ z.
(5) z 3 y is a finite set of ordinals of cardinality|Aδ| (which belongs toM) containing

Aδ ∩M in the positions in the order onAδ in which they occur. Every ordinal
mentioned inx occurs in this set.

(6) (The complete description ofpδ in terms ofAδ , which may be done in a first-order
way.)

Now since there really exists〈x, y, z〉 such thatΦ(x,y, z), we may find a triple
〈pγ , γ,Aγ 〉 ∈M such thatΦ(pγ , γ,Aγ ) holds.

So, let us suppose that we have foundpγ , γ,Aγ ∈M such thatΦ(pγ , γ,Aγ ) holds.
We show thatpγ andpδ are compatible by constructing a common lower bound for

them.
Defineq as a finite partial function onω2 so thatq(β)= pγ (β) ∪ pδ(β). To show that

q is a forcing condition, it is only necessary to observe, using a standard combinatorial
argument, that ifβ is in the supports of bothpγ and pδ , then q(β) is a member
of L(β).

Now we define another conditionr from q . If β > 0, then we definer(β) to beq(β).
We definer(0) so thatr(0) ⊇ q(0); specifically, we obtainr(0) from q(0) by defining
r(0)(δ, k,0) for certaink, as follows.

Let n be maximal such thatq(0)(δ, n,0) is defined. Nowξ < δ, andδ is a limit ordinal.
So we may extendq(0) so thatr(0)(δ, k,0) is defined for allk 6 j , for somej > n, m,
andr(0)(δ, k, j)= γ .

Thenr forces thatγ, δ ∈ S, andγ = L(δ, j), for somej >m, as required.
We now deduce that ifS is a stationary set, thenS× {0} has a limit in the ladder system

space inS × {1}.
For, supposeS × {0} has no limit inS × {1}. Then for allα ∈ S, there existsmα such

that for all k > mα, L(α, k) /∈ S. Then there existsm andS′ ⊆ S stationary such that for
all α ∈ S′, mα =m.

But then for allα ∈ S′, for all j >m, L(α, j) /∈ S′. But we can now apply the previous
result toS′ to derive a contradiction.

Now we require to observe that the ladder system space is not perfect.
Suppose thatω1 × {1} is the intersection of a decreasing family〈Un: n ∈ ω〉 of

open sets. Then, for somen, Sn = {α: 〈α,0〉 /∈ Un} is stationary. NowSn × {0}, the
complement ofUn, has a limit point〈α,1〉 in Sn × {1}. Then 〈α,1〉 /∈ Un, which is a
contradiction.

3.5. Another example

The authors believe that it is possible to modify an example of Shelah [5], so as to
construct a model of set theory satisfying the Continuum Hypothesis, in which there is a
sub-real, normal, countably paracompact, quasi-developable space which is not perfect.
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