Measurable cardinals and finite intervals
between regular topologies

C. Good

School of Mathematics and Statistics
University of Birmingham
United Kingdom

D. W. Mclntyre **

Department of Mathematics
University of Auckland
New Zealand

W. S. Watson **

Department of Mathematics and Statistics
York University
Canada

Abstract

Assuming the existence of infinitely many measurable cardinals, a finite lattice is
isomorphic to the interval between two T3 topologies on some set if and only if it is
distributive. A characterisation is given for those finite lattices which are isomorphic
to the interval between two T3 topologies on a countable set.
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1 Introduction

The set of all topologies on a set X, when ordered by inclusion, forms a com-
plete, bounded lattice, the join of two topologies, o V 7, being the topology

1 This work has been supported by the University of Auckland Research Committee
2 This work has been supported by the Natural Sciences and Engineering Research
Council of Canada

Preprint submitted to Elsevier Preprint 3 September 2004



generated by their union and the meet o A 7 being their intersection. Such
lattices were first studied by Birkhoff [?] and have been examined in some de-
tail since (see for example the extensive bibliography to Larson and Andima’s
paper [?]). Here we are interested in finite subintervals of the lattice of topolo-
gies. Valent and Larson [?] proved that any finite distributive lattice can be
realized as an interval of Ty topologies, and Rosicky [?] proved that any finite
interval between T topologies must be distributive. Hence a finite lattice can
be realized as such an interval if and only if it is distributive. We ask whether
there is a characterization of those finite lattices that are isomorphic to inter-
vals between Hausdorff topologies, or to intervals between T3 topologies.

Of course, Rosicky’s result implies that every finite interval between Hausdorff
topologies must be distributive. Since proving Lemma 77 of this paper, the
second author, together with Robin Knight and Paul Gartside, has shown that
the converse is true [?]. This leaves the question of what happens between Tj
topologies. We will show that all finite distributive lattices occur as intervals
between T3 topologies, assuming the existence of infinitely many measurable
cardinals. This may seem a very strong hypothesis: in Section 7?7 we shall give
some indication of why measurable cardinals seem necessary, or at least rele-
vant to the problem. Finally, in Section 7?7 we discuss the effect of restricting
the problem to countable sets.

Note that, in considering intervals between T; topologies, there is a significant
difference between Ty and Tj: if o is Ty then so are all the topologies in [0, 7].
On the other hand, in all but trivial cases, even if ¢ and 7 are both T3, some
of the topologies in [0, 7] are not Tj: see Section ?7.

Our approach is to give a general construction which, given a finite distributive
lattice L, will yield topologies o and 7 such that the interval between o and 7 is
isomorphic to L. We will then discuss circumstances (essentially the existence
of certain ultrafilters) under which the construction can be realized.

2 The basic construction

For a partially ordered set P, let O(P) denote the set of down-closed subsets
of P, partially ordered by inclusion. For L a finite lattice let J(L) denote the
set of join-irreducible elements (i.e. elements a such that a is not the least
element of the lattice and, if a = bV ¢ then a = b or a = ¢). Recall that a finite
lattice L is distributive if and only if L = O(P) for some P, which happens if
and only if L = O(J(L)).

If X is a topological space, then an o-filter on X is a filter in the partial order
of non-empty open sets of X, and an o-ultrafilter is a maximal o-filter. We shall



mostly be interested in o-filters on subspaces of X. Since we are considering
several topologies on X, there is room for ambiguity here: however, on the
subsets we consider the subspace topologies induced by different elements of
the lattice will, in fact, coincide, so the ambiguity does not arise. Indeed,
we will often be interested in relatively discrete subspaces, in which case the
notions of filter and o-filter coincide.

For p a topology on X and p € X, let NV,,(p) denote the neighbourhood filter at
p in the topology pu, and let NV . (p) denote the o-filter of open neighbourhoods
of p in the topology y (in other words, N?(p) = N,(p) N ). For F a filter on
X and A C X, let F [ A be the trace of F on A, in other words the family
{FNA|F e F}. Notice that N,(p) | A is a proper filter (i.e. does not
contain @) if and only if p € A", and similarly for A’ 2(p) T A.

If o is a topology on X and A C X, let (0, A) denote the topology which has
o U{A} as a subbasis.

Lemma 1 Let F and G be filters on a set X, and suppose we partition X as
Uicn Xi, wheren e w. If F | X; =G | X; for each i <n then F =G.

PROOF. Trivial.

Lemma 2 Let P be a finite partially ordered set. Suppose we can find a set
X of the form X = {p} U U,ep Sa, where the sets S, are disjoint, non-empty
and do not contain p, and a topology o on X such that

(1) For each a € P, S,” = {p} UUp<q Sp-
(2) For each a € P, N2(p) | S, is an o-ultrafilter on S,.

Let T = (0,{p}). Then [o,7] = O(P).

PROOF. Define @ : [0, 7] — O(P) by
S(u)={acP|pg S

Now, ® is well-defined (i.e. ®(u) is down-closed for each p € [0, 7]) because if
b<aand p€ o] then S C S,".

The fact that ® is order-preserving follows from the observation that if u,v €
[0, 7] with u < v then S,” C S,".

To show that & is 1-1, let p,v € [o,7] with ®(u) = ®(v). We must show
that p = v, for which it is sufficient to show that N,(z) = N, (z) for every
r € X. Now N, (z) = N, (x) = N,(z) for every z € X \ {p}, so we only need
to consider the neighbourhoods of p. Now, for every a € P, N°(p) | S, C



N2(p) | Sa € N?2(p) | Sa. Since N2 (p) | S, is an o-ultrafilter on S,, we must
have either N?(p) [ Sa = N2(p) | Sa, or NJ(p) [ Sa = p [ Sq =0 [ S, The
latter holds if and only if p ¢ S,”, i.e. if and only if a € ®(y). Similarly for v.
So we have

ol S, if a € ()
N(p) | Sa otherwise

ol S, if a € ®(v)
Ne2(p) | Sa otherwise

Ni(p) | Sa {
Nﬂ@f&z{

Since a € ®(u) if and only if a € ®(v), we have N2(p) [ So = NJ(p) I S, for
every a, so by Lemma ?? N¢(p) = N (p). Hence N,(p) = N, (p), as required.

Finally, we must show that ® is onto. So let A C P be down-closed. Then

USe=UUS=US"

a€A a€Ab<a a€A
Put U = X N\ Ugea Sa- Then, by the above, U € 7, so u = (0,U) € [o,7]. We
must show that ®(u) = A. Now, if b ¢ A then S, C U, and any neighbourhood
of p in p is either of the form V or VNU, where V € . Either way, since any
such V must meet Sy, p € S, so b ¢ ®(u). On the other hand, if b € A then
U is a neighbourhood of p which misses S;, so b € ®(p). Thus ®(u) = A, as
required.

3 Products of ultrafilters

In this section we review some ways of constructing ultrafilters on cartesian
products of sets from ultrafilters on the factors. Some of these results appear
in [?, pp. 157-161]: their notation is ¢(V - U) for what we will call & * V and
U x V for what we will call i @ V.

Let U and V be ultrafilters on sets A and B respectively. Then there are three
filters one could naturally define on A x B:

U-V={SCAxB|{aceA|SeV}elU}
UxV={SCAxB|{beB|S,eU}eV}
URXV={SCAxB|@UceU)FV eV UxV CS}

where S* = {b € B | (a,b) € S} and S, = {a € A | (a,b) € S}. Clearly
URKY CU-VandURYV CU=xV. It is easy enough to see that U -V and
U +V are both ultrafilters, but that typically &4 ® V is not.



It is also easy to see that if U is k-complete and V is A-complete then U ® V
is min(k, A)-complete, and that if either U or V is free then U ® V is free.

Lemma 3 IfV is |A|T-complete thenU-V =URYV, and hence all three filters
are the same ultrafilter.

PROOF. It is enough to show that 4 -V CU® V. Solet S € U - V. Let
U={aec A| S* €V} Then U € U. Put V = N,y S Then V is the
intersection of fewer than |A|T many sets in V,so V € V. Also U x V C S.
Thus S € U ® V, as required.

To see that all three filters are equal, note that sinced XV =U -V, U RV is
an ultrafilter. Hence, since @ V CU*xV, U RV =U * V.

We extend the notation in a natural way: if I/; is an ultrafilter on A; for i € I,
then @{U; | i € I} is the filter consisting of all subsets of [[,c; A; containing
some set [[;c; U;, where U; € U; for each i € I.

An uncountable cardinal k is measurable if there exists a k-complete free
ultrafilter on k.

Lemma 4 Let kg, K1, ...,k,—1 be measurable cardinals with k; < K11 for
1 < mn— 1. Suppose that U; is a k;-complete free ultrafilter on a set A;, where
|A;| < Kig1 fori<n—1. Then @{U; | i < n} is a kg-complete free ultrafilter
on [lic, Ai.

PROOF. Apply induction on n. The base step, when n = 1, is trivial. If
the result holds for n — 1 > 0, then @{U; | i < n — 1} is a ro-complete
free ultrafilter on [T;c,—1 Ai, and |[[Tic—1 Ai| = |An—2| < Kn—1. Hence U,,_4
i |ITicn_1 Ai|T-complete and, by Lemma ?? and the remark preceeding it,
Q{U; | i <n}isa ke-complete, free ultrafilter.

The existence of measurable cardinals is necessary for Lemma ?7 to work
(with free ultrafilters). Recall that the existence of any countably complete
free ultrafilter on any set implies the existence of an uncountable measurable
cardinal.

Proposition 5 Let U and V be ultrafilters on sets A and B which are not
countably complete. ThenU -V £ U * V.

PROOF. See [?, Cor. 7.24 (b)]



Although the above result implies that - is not “commutative” it is associative.

Lemma 6 Let U,V and W be filters on sets A, B and C' respectively. Then
U-V-W)=U-v)-Ww.

PROOF. Let SeUd-(V-W). Then U € U, where
U={aeA|{(c)|{abc)eS}t eV - W}

For each a € U, let S* = {(b,¢) | (a,b,¢) € S}. Then each such S is
inV-W,soV, €V, where V, = {b € B | {c| (bje) € S*} € W}
Put T = Usepf{a} x Vo. Then T € U - V. If (a,b) € T then b € V,, so
{c|{a,b,c) € S} € W. Hence

T C{{a,b)|{c]|(a,bc)ecS}eW}.

Thus the latter set isin -V, s0 S € (U-V)-W. Henceld- (V- W) C (U-V)-W.

The converse is similar.

Again, we can extend the notation to products of more than two ultrafilters,
provided the index set is totally ordered. If U; is an ultrafilter on A; for each
i € w then O{U; | i € n} is defined recursively for n > 1 by

. B Z/{O 1fn=1,
@{”l“e”}_{@{umen—l})-un-l if 7> 1.

4 Intervals between regular topologies

We are now ready to prove the theorem mentioned in the abstract.

Theorem 7 Assume that there exist infinitely many measurable cardinals. Let
L be a finite lattice. Then there exists a set X and T3 topologies o and T on
X such that L = [o, 7] if and only if L is distributive.

PROOF. As remarked in the Introduction, if L is isomorphic to a finite
interval between T3 topologies then L must be distributive.

Conversely, suppose L is a finite distributive lattice. Let P = J(L), and index
P as {a; | i € n} (where i # j implies a; # a;). For each i € n choose a
measurable cardinal ; such that if j < i then k; < k;, and a x;-complete free
ultrafilter U; on k;. For each a € P let l(a) = {i € n | a; < a}, let gla) =



{ien|a<a}tandletr(a)={ien|a £ a&(3be€ P)la<b&a; <b)}.
Let Sy = [Liei(a) Ki- Choose some p ¢ Uyep Sa, and let X = {p} U Uqep Sa-

For x € S, and U € [l;e,(q) Ui, define B(x,U) to be the set

{z}u U {ye Sy la) =2&Vjelb) ~i(a)y(j) € UG)) }

beg(a)

For U € [l;c, Ui, define B(p,U) to be the set

{ptU{z e X\ A{p} | (Vi € dom(x))(2(i) € U(i)) }-

The sets B(xz,U) form a local basis system at z for a T3 topology o on X—
indeed, this topology is T; and zero-dimensional. To see that the topology
is zero-dimensional (that is, has a base of clopen sets), we shall show that
B(z,U) is closed. To this end pick some z in S, but not in B(x, U). Since the
argument for x = p is similar, we can assume that x # p. If g(b) and g(a) are
disjoint, then, for any V' € [T, Us, B(2, V) and B(z,U) are disjoint. On the
other hand suppose that there is some ¢ in both g(b) and g(a). If b is in g(a),
then either z [ l(a) # z, so that B(z,U) and B(z,U | r(b)) are disjoint, or
z [ l(a) = x but, for some k in I(b) N I(a), z(k) is not in U(k). In this latter
case if y is in B(z, V) for some V, y(k) = z(k) is not in U(k), hence y is not
in B(z,U). If b is not in g(a) and a = a;, then i is in 7(b). Let V' € [];c, ) Us
be such that V; = k; ~\ {z(i)} and V; = k; for j # i. Then B(z,V) misses
B(xz,U). This completes the proof that B(z,U) is closed.

Since N, (z) | Sy, ={xzUz|ze€ @{U |iclb)~l(a)}},ifx €S, and a <D,
the topology has the property that S,° = {p} U Uasp Sa- Moreover, for any
a € P we have

NZ(p) T80 =No(p) | Sa=Q{U i €l(a)},

which is an ultrafilter by Lemma ?7. Hence, by Lemma 77, if we put 7 =
(o,{p}) then [o,7] = O(P) = O(J(L)) = L, as required.

The hypothesis of the existence of infinitely many measurable cardinals seems
very strong. In ZFC, we can realize O(P) as an interval between T3 topologies
provided P is a disjoint union of trees.

Definition 8 A copse is a finite partially ordered set which is a disjoint union
of trees.

Theorem 9 Let P be a copse. Then O(P) is realizable as an interval between
T3 topologies.



PROOF. Index P as {a; | ¢ € n} in such a way that if a; < a; in P then
i <j.Foreachae Pletl(a)={ien|a; <a} letgla)={ien|a<a;}
and let c(a) = {b € P | bcovers ain P}. Let S, = [;gq)w. Choose some
P & Ugep Sa- As before, we construct a Ty topology o on X = {p} U U,ep Sa
to satisfy the conditions of Lemma 77?.

Let U be a free ultrafilter on w. For x € S, and U € U, let C(z,U) be the set

{zyu U {yesSly!li(a) =a&yd) eU}.

bec(a)

Let Py be the set of minimal elements of P. For U € U, let C(p,U) be the set

{pru |J{z e S, |z(a) €U}

a€Py

Observe that if U,V € U then C(z,U) N C(x,V) = C(z,U NV). Thus the
sets C(z,U) for z € X and U € U form a weak neighbourhood system for
some topology o (in other words, a set W is open in o if and only if for every
x € W there is some U € U with C(z,U) C W). Note that the sets C(z,U)
are not open in ¢ (unless < is a trivial partial order).

For x € X and U € U, let B(x,U) be the set
{e}U{z € X | (By € Ca,U) ~ {a})(z | dom(y) =) }

Notice that if y € B(x,U) ~\ {z} then C(y,w) C B(x,U), and that C(x,U) C
B(z,U). Thus B(z,U) is open in o.

This topology is clearly Ty. For W € o, let W* = W N\ {z € W | (y €
W A{z})3U e U)(x € C(y,U)) }. Notice that { W € o | W* = {2} } forms a
local basis at x and that W is clopen if [W*| = 1, by a similar argument to the

proof of Theorem ??. Hence the topology is zero-dimensional and therefore
Ts.

Clearly if a € P and b € c(a) then S, C S;°. From this it follows that S, C S;”
for every a < b. On the other hand, if a £ b then U,cg, B(x,w) is an open set

containing S, and missing S,. Since we also have p € S,° for every a € B,
and hence for every a € P, we have S,” = {p} U Uash Sa-

Finally, we can easily show by induction on the level of a in P that N2(p) |
S, = Ny(p) | Sa = O{U | i € l(a) }, which is an ultrafilter. Thus, putting
T = (0,{p}), Lemma ?7? shows that [0, 7] = O(P), as required.



5 Why assume the existence of measurable cardinals?

In this section we show that the construction given in Lemma 7?7 is canonical
for lattices of T; topologies and discuss the relevance of measurable cardinals
to the problem of realizing distributive lattice with T3 topologies.

An interval [o, 7] in the lattice of topologies on X is basic [?] if o < 7 and
there is some p € X such that N, (z) = N;(z) for every z € X \ {p}. We call
p the base of the interval [o, 7].

Lemma 10 (1) Let o be a Ty topology on X and let T be a topology which
covers o in the lattice of topologies. Then [o,T] is basic.

(2) Fori=1,2 let L; be a finite lattice isomorphic to a basic interval [o;, T;]
on the set X; based at p;. Suppose Xy and Xy are disjoint, and let Y be
the quotient set obtained from X1 UXy by identifying the points p; and p-.
For p € [01,71] and v € [09,Ts] let u* v be the quotient topology derived
from the topology {U UV | U € u&V € v} under this identification.
Then [o1 * 09, T1 * T3] is isomorphic to Ly X Ls.

(3) Let L be a finite lattice which is isomorphic to some interval between T
(T3) topologies on some set X. Then L is isomorphic to a basic interval
between Ty (resp. T3) topologies on some set'Y'.

PROOF. For (1) suppose there are distinct points p and ¢ such that N, (p) #
N;(p) and N, (q) # N;(q). Let U be some 7-open neighbourhood of p which
is not a o-neighbourhood of p. Let u = (o, U ~ {¢}). Then ¢ C p C 7. Since
U is a p-neighbourhood of p, o # p. On the other hand, since ¢ ¢ U \ {q},
N.(q) = N, (q). Thus p # 7. This contradicts the assumption that 7 covers o.

The proof of (2) is straightforward.

To prove (3), suppose that L is isomorphic to the interval [0, 7] of Ty topolo-
gies on X. Notice that, since L is finite, if p € X with N, (p) # N, (p),
then there must be some u,v € [o,7] such that v covers p and N,(p) #
N, (p). By part (1), p is the only point at which g and v differ. So there are
finitely many points, py, pe, ..., p, say, such that for any = & {pi,pa,...,pn},
Ny(x) = N (x). For each i € {1,2,...,n} choose an open set U; such that
Ui N A{p1,p2, - on} = {p:i}. For all u € [0, 7], let p; = p [ U;. Then one can
easily show that [o, 7] is isomorphic to the product [T, [0, 7;], via the isomor-
phism g — (u; | 1 < i< n). Let Y be the result of taking the disjoint union
of the sets U; and then identifying the points p;. By part (2), if 6 and 7 are
the topologies on Y induced in the natural way by ¢ and 7 respectively, then
[0, 7] is also isomorphic to [}, [o;, 7], and therefore to the original lattice L.
Notice that if 0 and 7 are T3, then so are & and 7.



We observe that the above lemma, together with Valent and Larson’s result
that a finite lattice is isomorphic to a basic interval between T, topologies if
and only if it is distributive, together imply Rosicky’s result that every finite
interval between T topologies is distributive.

Lemma 11 Let ® be an isomorphism from the finite distributive lattice L to
the basic interval of Ty topologies [0, 7] on the set X. Then for each a and b
in J(L) there are sets U, such that

(1) ®(a) = (0,U,), and
(2) U, C Uy if and only if b < a.

PROOF. Let p be the base of [0, 7]. For each a € J(L), let b, be the unique
element covered by a, let p, = ®(a), and let v, = ®(b,). Choose some V, €
ta N Va. Then v, < (vy,V,) < i, and p, covers vy, so (Vg, Vo) = fa-

For each a € J(L), let U, = N{ V4 | b € J(L) &b < a}. Notice that if b < a
then V, € pp < pa, S0 Uy € pg. Thus p, > (0,U,). We prove the converse
by induction on n, = |{b € J(L) | b < a}|. If n, = 0, then v, = o, and
the result is trivial. So suppose n, > 0 and the result holds for all b with
ny < ng. In particular, it holds for all b € J(L) with b < a. Let W € p,. If
p ¢ W then W € o. So suppose p € W. Then there is some U € v, with
pelUnNV,CW.NowU €v,=V{mw|be J(L)&b < a}, so by inductive
hypothesis there is some U’ € o withp e UN({ Uy |be J(L)&b<a} CU.
Thenp e U'NU, CW,s0o W € (0,U,) as required.

Finally, we must show that for a,b € J(L), U, C U, if and only if b < a. From
the construction it is clear that if b < a then U, C U,. Conversely, if U, C U,
then p € U, C Uy, so U, is a neighbourhood of p in (o, U,). Thus U, € (o, U,),
so (o,Uy) C (0,U,), i.e. iy < g, 0 b < a.

Lemma 12 Let p and v be Ty topologies on a set X such that p covers v. If
SCX andpec S 5" then N°(p) | S is an o-ultrafilter on S.

PROOF. Suppose N°(p) [ S is not an o-ultrafilter. Let F be a strictly finer
o-filter on S, and choose some U € F~ (N2(p) | S). Then there is some V € p
with VNS =U.Put W=VU(X~\S5). Then p € W € p. Put § = (v, W).
Then v < 0 < p. Since U =W NS eNS(p) | S, 0 # v. On the other hand,
N§(p) | S C F, and F is a proper o-filter on S, so p € S’ Thus 6 # . So
v < 0 < u, contradicting the assumption that p covers v.

Theorem 13 Let L be a finite lattice which is realized as a basic interval

between T topologies o and T on a set Y. Then there is a subset X of Y such
that (X,o | X) has the form described in Lemma 7?7 (with P = J(L)).

10



PROOF. Let P = J(L). Suppose that ¢ and 7 are T topologies on Y
such that [0, 7] is a basic interval based at p, and that ® : L — [o,7] is
an isomorphism. By Lemma 77, we can find sets U, for a € P such that
®(a) = (o,U,) for every a € P, and U, C U, whenever b < a.

For each a € P let p, = ®(a), let n(a) = {be P|a £ b}, and let R, =
(X NUa) MMpen(a) Us- Observe that if b € n(a) then R, C Uy and Ry, € X \ U,
so R, and R, are disjoint. Since we have a € n(b) or b € n(a) for every a,b € P
with a # b, the sets R, are disjoint.

Claim if a < b then there is some V € o such that pe V and VN R, C R,

For put W = (X ~ R ) UNep Ue, and put 6 = (o, W). If there is no such
V then, for every V € o with p € V, VN R, N W # &. Thus, there is no
VeowithpeVnW CU,,soU,¢ 60 and pu, £ 0.

On the other hand, since W N Ry, = @, W N (X N\ Up) N Neeny Ue = 9.
Therefore p is in W’ = W N Negpy Ue S Up and Uy € (0, W’). Hence
(o,Up) < (o, W), in other words, p, < 0V Vienp) ple- Since p, is joint-
irreducible, this implies that p, < 6 or p, < p. for some ¢ € n(b). The latter
would contradict the assumption that ® is an order-isomorphism, so u;, < 6.

Thus we have 1, < i < 0, but p1, £ 0, a contradiction.

For each a,b € P with a < b, choose some V,; € o such that V,, N R, C Ry
Let Voo =Y and V = N{Vop | 0,0 € P&a < b}. Then V € o, so if
z € VNA® then z € VN A°. In particular, if a < b then, since V C Vb
VAR, CVNR,.

Put S, =V N R, for each a € P. Then, by the above comment, if a < b then
S, € S,°. On the other hand, if a & b then b € n(a), so

SagRagUb\{p}gX\RagX\Sav
and thus S, NS, = @.

Claim for every a € P,pe S,’.

For suppose not. Choose U such that p € U € ¢ and U NS, = @. Then
UNVNR, =@, in other words UNV N (X N\ Ua) N Npen) Up = 2. But
then p € (UNV) N Npenia) Us € Ua, 50 Ua € (0, Mben(a) Us) < Vien(a) (0, Us)
and f1a < Vpen(a) M- Since pig is join-irreducible, p, <, for some b € n(a).
As before, this contradicts the assumption that ® is an order-isomorphism.

Now, if we put X = {p} U U,ep Sa, we have S = {pyUU{S, | a €
P&a < b}, as required. To finish, we only need to show that N7, (p) [ S,
is an o-ultrafilter for every a € P. By Lemma ?7, it is enough to show that
p € 5.~ S, where v, is the unique topology covered by p, in [o,7].
Since p € U, and U, NS, = @, we have p ¢ S,/“. On the other hand, if
p ¢ S, ", then we can find some U € v, with p € U and U N S, = @. Since

11



v=\V{m| b€ P&b < a}, this means that we can find some W € o with
P €W N Myen@Us Y N\ S,, and as before this implies that 1, < Vien(a) o,
a contradiction.

Thus this subset X has the properties claimed.

To explain the relevance of measurable cardinals we shall discuss a specific
example: Let A denote the three-element partially ordered set {a,b,c} with
a < ¢, b < ¢ and no other non-trivial relations. Clearly L = O(A) is the
smallest distributive lattice for which J(L) is not a copse.

Suppose we can realize O(A) as an interval between T3 topologies. By The-
orem 77, we can assume that the realization is of the form described in
Lemma ??7. So we have a point p, and three disjoint sets S,, S, and S.. We
also have three o-ultrafilters U,, U, and U,, on S,, S, and S, respectively. If
we assume that S,, S, and S, are relatively discrete, then these o-ultrafilters
are in fact ultrafilters. These ultrafilters have the property that whenever an
open set contains U, many points of S,, it must also contain I/, many points
of S.. Similarly, whenever an open set contains U, many points of .5, it must
also contain U, many points of S.. We also know that points of S, and points
of Sy have disjoint neighbourhoods, since the topology is T5. The natural way
to arrange this is to associate S, with S, x S, and U, with the product of
U, and U,. In this case U, is U, - U, when S, is thought of in one way and
U, x U, when thought of it in the other. As indicated in Section 77, these two
are distinct ultrafilters unless there exists a measurable cardinal.

Of course, by the result in [?], O(A) is realizable as an interval between T,
topologies without the assumption of measurable cardinals. However, the ap-
proach used in that paper does not yield regular topologies.

6 Not all the topologies in an interval between T3 topologies are
T

Lemma 14 Let L3 denote the 3-element linear order, and let o,7 be Ts
topologies on some set X such that [o,7] = Ls. Let p be the unique topol-
ogy with o < pu < 1. Then p is not Ts.

PROOF. By Lemma ??, we know that both [0, 1] and [u, 7] are basic. Let p
and ¢ be the bases of these two intervals. If p # ¢ then, by the same lemma,
[0, 7] would be isomorphic to the product [o, u] x [i, 7], which it is not. So we
must have p = ¢. Let UV € 7 withp € U CV and p = (0,V), 7 = (0,U).
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Let A=V U, and let B = X ~ V. Suppose p is T3. Then there is some
W € puwith p e W C W" C V. Notice that, since p e W, W’ =W =W".
Thus, putting 7 = X ~ W", we have BC T and T € o.

Let v = (o, W) and let 0 = (o, U UT). Since W € pu, 0 < v < p. On the
other hand, since p € W C V| (0,V) < (o,W). Thus u < v, so u = v. Now,
ifUUT € pthen (UUT)NW = U € u, contradicting the assumption that
p<7=1{(0,U). So UUT ¢ p, and therefore § £ p. Thus we must have § = 7.
In particular, we have U € 0, so there is some S € o with p € SN(UUT) C U.
But then SN B=g and pe S CV,soV € g, contradicting the assumption
that o < p = (0,V).

Proposition 15 Let P be a non-trivial finite partial order. If [o,7] is an
interval in the lattice of topologies on some set, and [o,T| is isomorphic to
O(P), then [0, 7| contains a topology which is not Ts.

PROOF. Suppose O(P) is isomorphic to the interval [o, 7], via the isomor-
phism .

Since P is non-trivial, it contains some elements a and b with a < b. Without
loss of generality we may assume that b covers a. Put T = {x € P | x < b},
and S =T \ {a,b}. Then the interval [S,T] in O(P) is isomorphic to Ls, so
by Lemma ?7? either ¢(S) is not Ty or ¢(S U {a}) is not Tj.

7 Restricting to countable sets

Finally we consider the effect of restricting the cardinality of the underlying
set. In particular, what finite lattices can be realized as intervals between
topologies on a countable set?

We will show that the restriction to countable sets does not affect the situation
for intervals between T, topologies: any finite distributive lattice is isomorphic
to an interval between T, topologies on a countable set. On the other hand, a
finite distributive lattice L can be realized as an interval between T3 topologies
on a countable set if and only if J(L) is a copse.

Theorem 16 Let L be a finite, distributive lattice. Then there exist T topolo-
gies o and T on a countable set X such that [o, 7| is isomorphic to L.

PROOF. Let P = J(L). For a € P, let ¢(a) = {b € P | bcoversain P }.
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Define a function [ : P — w by

I(a) 1 if @ is minimal in P,
a) =
max{l(b)+1|b€ P&a € c¢(b)} otherwise.

For a € P let S, = {a} x w!"¥. Choose some p ¢ Uyep Sa. Let X = {p} U
Uaep Sa- As in the proof of Theorem ??, we will specify a topology o on X by
describing the weak neighbourhoods of points of X.

Let U be a free ultrafilter on w. A weak neighbourhood of p consists of p
together with all points (a,n) such that a is minimal in P and n € U, for
some U € U. A weak neighbourhood of x = (a, f) consists of = together
with a subset of S, for each b € c(a): for each b € c(a) we choose some
Ue®{U|iel(b)\l(a)}, and include all the points (b, f U g) for g € U.

This topology is T; but is not Ty (unless P is a copse, in which case it is
the same as that constructed in the proof of Theorem ??7). By Lemma 77,
NoD) | Sa = N,(p) | S =O{U |icl(a)}. Since we clearly have S,° =
{p} UUpg, Sp, by Lemma ?? we have [0, (0, {p})] = O(P) = L.

Theorem 17 Let L be a finite lattice. Then L is isomorphic to an interval
between two T3 topologies on a countable set if and only if L = O(P) for some
copse P.

PROOF. If L = O(P) for some copse P then, by the construction given in
the proof of Theorem 7?7, L is realizable as such an interval.

Conversely, suppose that L is not isomorphic to O(P) for any copse P. Either
L is not distributive, in which case it is not even isomorphic to an interval
between Ty topologies, or J(L) is not a copse. So assume the latter holds.
Then there exist a,b,c € J(L) with a £ b, b a, a <cand b <ec.

Suppose that L is indeed realizable as an interval between T3 topologies o and
7 on a countable set X, via an isomorphism ¢. By Lemma 7?7, we can assume
that [o, 7] is a basic interval, based at p. By Theorem 77, we can find a subspace
of X which has the form given in Lemma ??. Now S, N S =2=5"n5S,.
Since ¢ is a T3 topology on a countable set, it is hereditarily normal, so we
can find disjoint o-open sets W, and W, containing S, and S, resectively.
By Lemma ?? we can find sets U,, U, and U, such that p(a) = (o,U,),
o(b) = (o,Uy), v(c) = (0,U.) and U. C U, NU, (and S, NU, = @ etc.).

Let = (o, U.UW}) and let v = (o, U.UW,). Then pu < ¢(a) and v < ¢(b), so

uVr < @(aVvb) < p(c). On the other hand, U, = (U.UW,)N(U.UW,) € pVu,
so p(c) = (o,U.) < pV v, a contradiction.
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The problem of characterising the finite lattices which can be realized as an
interval between Ty topologies on a countable set is still open. Our conjecture
is that O(A) is not realizable as such an interval, in which case a similar argu-
ment to the above should yield a similar characterisation to that for intervals
between T3 topologies on a countable set.
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