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2 CHARACTERIZING CONTINUOUS FUNCTIONS ON COMPACT SPACES

Abstract We consider the following problem: given a set X and a function
T : X — X, does there exist a compact Hausdorff topology on X which
makes T continuous? We characterize such functions in terms of their orbit
structure. Given the generality of the problem, the characterization turns
out to be surprisingly simple and elegant. Amongst other results, we also
characterize homeomorphisms on compact metric spaces.

1. INTRODUCTION
We prove the following two theorems (see Section 2 for terminology).

Theorem 2.3. Let T : X — X. There is a compact, Hausdorff topology on
X with respect to which T is continuous if and only if T(ﬂmEN Tm(X)) =
Nimen T™(X) # @ and either:

(1) T has, in total, at least continuum many Z-orbits or cycles; or

(2) T has both a Z-orbit and a cycle; or

(3) T has an n;-cycle, for each i < k, with the property that whenever
T has an n-cycle, then n is divisible by n;, for some i < k; or

(4) the restriction of T' to (,,en T (X) is not one-to-one.

Theorem 2.9. LetT : X — X be a bijection. There is a compact metrizable
topology on X with respect to which T is a homeomorphism iff one of the
following hold.
(1) X is finite.
(2) X is countably infinite and either:
(a) T has both a Z-orbit and a cycle; or
(b) T has an n;-cycle, for each i < k, with the property that when-
ever T has an n-cycle, then n is divisible by n;, for some i < k.
(3) X has the cardinality of the continuum and the number of Z-orbits
and the number of n-cycles, for each n € N, is finite, countably
infinite, or has the cardinality of the continuum.

Let T : X — X. Ellis [1] asked whether there is a non-discrete topology on
X with respect to which 7" is continuous. Both Ellis and Powderly and Tong
[8] make some contributions to the question, though their topologies are not
in general T}. De Groot and de Vries [3] solve the question, proving that, if
X is infinite, there is always a non-discrete metrizable topology on X with
respect to which T is continuous. They go on to prove that, provided X has
at most ¢ many elements, X may be identified with a subset of the Cantor set
and that if T is one-to-one, then it it may be taken to be a homeomorphism.
They mention that, even assuming appropriate cardinality restrictions, it
is impossible in general to make X compact, metric, though de Vries [10]
proves that, if T is a bijection, the Continuum Hypothesis is equivalent to
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the statement that there is a compact, metric topology on X with respect
to which T' is a homeomorphism provided X has cardinality c.

The Banach Fixed Point Theorem implies that if X is a compact metric
space and T': X — X is a contraction, then (., T™(X) = {z} for some
unique fixed point x of T'. In a question related to Ellis’s, de Groot asked
whether there is a converse in the following sense: if T': X — X, | X| =¢
and ()¢, T™(X) = {z} for some z, is there a compact, metric topology on
X with respect to which T is continuous? In general the compact metric
case is impossible, however Janos [7] proves that there is a totally bounded
metric topology on X with respect to which 7T is a contraction mapping
and Iwanik, Janos and Smith [6] prove that there is a compact, Hausdorff
topology on X with respect to which T is continuous, even without the
restriction on the cardinality of X.

This suggests a fundamental and natural question. If T is an arbitrary
self-map T" on the set X and P is some topological property, when can one
endow X with a topology that satisfies P and with respect to which T is
continuous? Iwanik [4] characterizes the situation when 7' is a bijection and
there is a compact, Hausdorff topology with respect to which 7" is continuous
(hence a homeomorphism). What about the general case? Under what
conditions is there a compact, Hausdorff topology on X with respect to
which an arbitrary self-map T is continuous?

Let us say that a function T': X — X is compactifiable if there exists a
compact Hausdorff topology on X with respect to which 7" is a continuous
function. In this paper we characterize (Theorem 2.3) those functions on a
set that are compactifiable. The proof of 2.3 provides most of the ingredi-
ents for the proof of Theorem 2.9, in which we extend de Vries’s result by
characterizing those bijections on a set which are continuous (hence homeo-
morphisms) with respect to a compact metrizable topology on the set. Both
characterizations are naturally stated in terms of the orbit structure of the
map concerned.

The paper is structured as follows: In Section 2, we introduce enough
terminology to state our main results, Theorem 2.3 and Theorem 2.9 in a
more convenient form. In this section we also state a number of other re-
lated results. Although a number of the results in subsequent sections are
of independent interest, the remainder of the paper is largely devoted to
the various results required in the proofs of 2.3 and 2.9. In Section 3, we
introduce some further terminology, which will be useful in clarifying what
follows, and prove a number of lemmas of a technical but non-specific na-
ture. Necessary conditions on the orbit structure of a continuous self-map
of a compact, Hausdorff space are discussed in Section 4. In the remainder
of the paper we show that a compact, Hausdorff topology may be imposed
on a set with self-map T with an appropriate orbit structure. Section 5
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discusses the notion of the resolution of a space by a family of spaces, reso-
lutions being our main tool for combining the various constructions in the se-
quel. Although, in general, resolutions do not combine well with continuity,
Theorem 5.4 provides us with natural conditions allowing us to glue orbits
together, whilst preserving continuity. Section 6 concentrates on defining
topologies on individual orbits that are compatible enough with 7" that T
is continuous on the whole of X. In Section 7 we compactify various maps
T, where T is (or is almost) a bijection. N-orbits seem to require slightly
different arguments and we present these in Section 8: essentially we treat
them as virtual Z-orbits. These various results are brought together in the
final short Section 9 completing the proofs of Theorems 2.3 and 2.9 and
Corollary 2.10.

Aside from introduced notions, our notation and terminology are stan-
dard, as found in the book by Engelking [2]. In particular an ordinal is the
set of its predecessors so that for example 2 = {0,1}. The cardinality of the
continuum is denoted by ¢ and we use w to denote both Ny and the set of
natural numbers, N. We denote the closure of a set A by A.

2. THE MAIN THEOREM

Let T : X — X be a function. The relation ~ on X, defined by z ~ y
if and only if there exist m,n € w with T™(z) = T"(y), is an equivalence
relation, whose equivalence classes are the orbits of T', or T -orbits.

Definition 2.1. Let T : X — X and O be an orbit of T'.

(1) Oisann-cycle, for some n € w, if there are distinct points zg, - - - , 1
in O such that T'(xj—1) = xj, where j is taken modulo n.
(2) O is a Z-orbit if there are distinct points {z; : j € Z} C O such that
T(xj_1) = x; for all j € Z.
(3) O is an N-orbit if it is not a Z-orbit and there are distinct points
{z;j :j € w} C O such that T'(z;) = z;4; for all j € w.
If the set S = {z; : j € M} witnesses that O is an n-cycle, Z-orbit or N-
orbit, where M is an appropriate indexing set, then we say that S is a spine
for O.

Definition 2.2. Let T': X — X. The orbit spectrum of T is the sequence
U(T) = (V7€70-170-27O-37'”)
of cardinals, where v is the number of N-orbits, ¢ the number of Z-orbits
and o, is the number of n-cycles.
We shall say that a subset N of w is finitely generated if & > 0 and
ni,ng,...,ni € N such that for every j € N there is some i < k with n; | j.

The orbit spectrum o(7") is said to be finitely based if {n € w: o, #0} is
finitely generated.

The notion of finitely based was first introduced by Iwanik, Janos and
Kowalski [5], who also proved Theorem 4.13.
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For A C X we denote (., T"(A) by T%(A) and T(T*(A)) by T 1(A).
Using this terminology we can restate the Main Theorem as follows:

Theorem 2.3. Let X be an infinite set and T : X — X have orbit spectrum

o(T) = (v,(,01,092,03,...).
T is compactifiable if and only if T*T1(X) = T(X) # @ and one of the
following holds:
(1) C + Znew On Z ¢; or
(2) both ( #0 and ), . on # 0; or
(3) ¢ =0 and either
(a) o(T) is finitely based, or
(b) T | T¥(X) is not 1-1.

If T is onto, then clearly T%*!(X) = T¥(X) (and T has no N-orbits), so
the following corollary is immediate.

Corollary 2.4. Let X be an infinite set and let T : X — X be a surjection
with orbit spectrum o(T) = (0,(,01,02,03,...). T is compactifiable if and
only if either:

(1) C + ZnEw On 2 ¢; or

(2) both ¢ #0 and ), ., on #0; or
(3) ¢ =0 and either o(T) is finitely based, or T is not 1-1.

If T has a fixed point, then o(7') is finitely based, and if 7% (X) = {z},
then z is a fixed point. So we have the following two corollaries of the Main
Theorem.

Corollary 2.5. If T*tY(X) = T*(X) and T has a fived point, then T can
be compactified.

Theorem 2.6 (Iwanik, Janos, Smith). If T : X — X is such that T¥(X) =
{z} for some x, then T can be compactified.

Iwanik’s characterization for bijections also follows.

Theorem 2.7 (Iwanik). Suppose that T : X — X is a bijection. T can be
compactified iff neither of the following hold:

(1) |X| < ¢ and all orbits are infinite; nor

(2) |X| < ¢, all orbits are finite but the orbit spectrum is not finitely
based.

If T is finite-to-one, in particular one-to-one, then orbits are countable
and it is not hard to see that T“*1(X) = T¥(X). Hence Theorem 2.7 holds
for injections as well as bijections, and can be generalized to the following
corollary of Theorem 2.3.

Corollary 2.8. Let X be an infinite set and T : X — X a finite-to-one
map. T is compactifiable if and only if one of the following holds:
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(1) [T9(X)[ = ¢; or

(2) T has a Z-orbit and an n-cycle for some n € N; or

(3) T has an n-cycle, for somen € N, and T | T¥(X) is not 1-1; or
(4) T has an n-cycle, for some n € N, and o(T) is finitely based.

The methods used in the proof of Theorem 2.3 also allow us to prove this
extension of de Vries’s theorem.

Theorem 2.9. Suppose that T : X — X is a bijection. There is a compact
metric topology on X with respect to which T is a homeomorphism iff ¢ and
each o,, n € w s either countable or has cardinality ¢, and either:

(1) |X|=¢; or

(2) C#0and ), . on#0; or

(3) o(T) is finitely based.

Corollary 2.10. The Continuum Hypothesis is equivalent to the statement

If T : X — X is a continuous bijection on the first countable,
compact Hausdorff space X, then there is a (possibly differ-
ent) compact metrizable topology on X with respect to which
T is a homeomorphism.

3. PRELIMINARIES

In this section we introduce some terms and prove some technical, but
non-specific, lemmas that will be useful in the sequel.

Definition 3.1. Let T : X — X and O be an orbit of T. If T | O is
one-to-one, so that O consists only of a spine, then we say that O is a simple
orbit. A semi-simple n-cycle is an orbit O = {x; : 0 < j <n} U{y; : i € w}
such that T'(z;) = xj41 for j < n, T(zp-_1) = xo, T(ys) = ¥i—1, © # 0 and
T'(yo) = wo.

Definition 3.2. Given a sequence of cardinals s = (v, (,01,02,03,...), the
(unique) canonical representation of s is themap T : X — X with o(T") = s,
each of whose orbits is simple. A semi-canonical representation of s is a map
T :X — X with o(T) = s, each of whose orbits is simple except for one
semi-simple n-cycle.

The proof of the following lemma is routine.

Lemma 3.3. Let X be a topological space and T : X — X be continuous.
Let AC X.

(1) If A is closed under the action of T, then A is also closed under the
action of T'.
(2) Y = X N Upeo T7"(A) is closed under the action of T

Lemma 3.4. Let T : X — X be a function and let Y C X be closed under
T. Then A is an orbit of T Y if and only if A #+# @ and A=Y NO for
some orbit O of T.
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Proof. Note that since Y is closed under T, if z,y € Y then T™(x) and
T™(y) are both also in Y for all m and n, so asking whether z ~ y with
respect to T" or to T' [ Y gives the same answer. ([l

Lemma 3.5. Let X be a Hausdorff space and T : X — X continuous. The
set ~ = {(z,y) : x ~y} is an F, subset of X2.

Proof. Let A = {(z,z) : + € X} denote the diagonal in X2. For each
m,n € w, let & ~y, , y if and only if T"(x) = T™(y). Since T is continuous,
~mn =X, Y) 1~ yh = (T” X Tm)flA is a closed subset of X2. But
then ~ = {(z,y) :  ~ y} = U, new ~mn 1s an F; subset of X2, O

Lemma 3.6. Suppose that N C w is not finitely generated. Then there is
an infinite subset M of N with the property that no infinite subset of M
is finitely generated and whenever n € N, n divides at most finitely many
elements of M.

Proof. We define M inductively as follows. Suppose have chosen finitely
many elements mg, ..., mg. Since N is not finitely generated, there are
infinitely many elements of N which are not divisible by any m;, i < k. Let
my41 be the least such element and let M = {my : k € w}. Clearly M is
not finitely generated. Moreover, if n € N divides infinitely many elements
of M then n ¢ M, so n was not chosen for inclusion in M, which implies
there is some m < n in M which divides n. But then m divides infinitely
many elements of M, a contradiction. ([

Lemma 3.7. Let N be an infinite subset of w and let 0 £k € N.
(1) If k divides each n € N and n = kky,, then (k, —1)/n — 1/k as

n — oo.
(2) N can be partitioned into finitely many sets No, Nyp, for each 0 <
r<k,0<p<2r, and N' such that:
(a) N’ is finite;
(b) k divides each n € Np;
(c) each N, is either infinite or empty and if n € N,.p, then there
are Qn, an € W with n = kg, +r and g, = 2a,r + p.

Proof. The proof of the first statement is routine. To see (2), we know that
each n € N can be written n = kq,, + r, where 0 < r,, < k. Likewise, g,
can be written ¢, = 2a,r, + p, for some 0 < p,, < 2r,. Since 0 < 7, < k
and 0 < p, < 2r,, there are at most finitely many possible values for the
pair (ry,pp). If there are infinitely many n such that r, = r and p, = p,
let Ny, = {n:r, =r p, = p}, otherwise let N, , = @. Then N partitions
into the sets No ={n:r, =0} ={ne N:k|n}; N.p, where 0 <r <k,
0 < p < 2r; and the finite set N’ = N~ (NoUU,., Nrp)- O

Lemma 3.8. Let k,r,p € w, with 0 <r <k and 0 < p <2r, and N Cw
be such that, if n € N, then there are qp,a, € w with n = kg, + r and
qn = 2a,7+p. Then there are natural numbers un ¢, Vnt and wy, ¢ such that:
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(1) n=>"0<icr [k(tnt 4+ vng) + 1] and n = > o<t<r(Fwnt +1);

(2) tf myn € N withm <n and 0 < t,t' < r then ums < Upy, Ums <
Unpr and Wit < Wy g

(3) forallne N and 0 <t <r, upt < vpt < upt+1; and

(4) for anyl € w there is an m € w such that if n € N with n > m then
Un,ty Un,ty Wmt > 1.

Proof. We know that n = kq,+r and that g, = 2a,r+p. Foreach 0 <t < r,
let iy = 1if t < (p—1)/2 and iy = 0 otherwise, and j; = 1 if t < p/2 and
Jt = 0 otherwise. Then ), _,.(it+jt) = p. Put uns = an+it, vne = an+ji
and wy ¢ = Upt + vpg. It is easy to verify that the numbers w, ¢, v, and
wp, have the properties claimed. O

Lemma 3.9. If C is a simple m-cycle of T, n does not divide m, and A C C
with A # @ and T™(A) = A then |A| > 2m/n.

Proof. Fix some zg € A. Restricting to the set {T™(xq) : j € w} if
necessary we may assume that A is a k-cycle of 7. Then we have T™*(zq) =
g, so we must have nk = mj for some j. Since n does not divide m, we
must have j > 2, so k =mj/n > 2m/n. O

4. NECESSARY CONDITIONS

Our first key observation is the following;:

Theorem 4.1. LetT : X — X be a continuous map on the infinite compact,
Hausdorff space X. Then T*TH(X) = T¥(X) # @ and T | T¥(X) is onto
and has no N-orbits.

Proof. Clearly @ # T 1(X) C T"™(X) so {T"(X)}new is a decreasing se-
quence of compact, closed subsets of X. Hence T¥(X) # &@.

Certainly T**1(X) C T%(X), so suppose that 2 € T¥(X). Let Cy =
T~1(z) and, for n € w, let C,, = T~"(Cp) and D,, = T"(C,). Since {zo}
is closed, each C), is closed, hence compact, and since z € T¥(X) each C),
is non-empty. Thus {D, }neco is a decreasing sequence of compact, closed
non-empty subsets of the compact set Cy and has non-empty intersection.
But then if y € e, Dn, ¥y € T¥(X), so z = T(y) € T*(X), as required.
Finally note that, by definition, a map cannot be onto if it has an N-orbit,
so T | T¥(X) does not have any N-orbits. O

Corollary 4.2. If T : X — X is compactifiable, then T [ T%(X) is com-
pactifiable and has no N-orbits.

The following example shows that it is possible for an arbitrary function
to have an N-orbit N such that T¥(N) # @.

Ezample 4.3. Let X = wU{(m,n) : n < m € w}U{oco}. For m,n € w
with n > 0, let T(m) = m+ 1, T(m,n) = (m,n — 1), T(m,0) = 0, and
T(00) = oo. Then T has exactly one fixed point, oo, and one N-orbit N
such that T%(N) # &, so that T¥(X) # T“*(X). By Corollary 4.2, T is
not compactifiable.
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The following lemma says that when T“+!(X) = T%(X), each point has
a predecessor which has as many predecessors as possible.

Lemma 4.4. LetT : X — X and suppose that T“+t1(X ) TY(X). There is
a function pr : T(X) — X such that for every zeT(X), T((p r(x)) =z and
for everyy € T~ (x) and every k € w, if T™*(y) # @ thenT (pr

In particular, if x; = pr(x;41) for 0 < i < k, and zy ¢ T(X), then
T_(’H—l)(l‘k) =d.

Proof. Note that x € T¥(X) if and only if {n € w: 2z € T"(X) } is un-
bounded in w. Define the function F': X — w + 1 by

Fla) = max{n€c€w:zx e T"X)} ifz¢T¥X)
\w if z € T¥(X).

Suppose y € T~ '(z) with F(y) < w. Then z = T(y) € TFW+(X), so
F(z) > Ply) +1

Let z € T(X) with F(x) = k for some 0 < k < w. Then z € T*(X), so
x = T*(2) for some z, € X. Put pr(z) = TF"!(z,). Then pr(z) € TF1(X),
so F(pr(z)) > k — 1. On the other hand, z = T(pr(z)) so by the previous
observation we have F'(x) > F(pr(z)) + 1. So F(pr(x)) =k —1> F(y) for
all y € T-(x).

Now let z € X with F(z) = w. Then, since T%(X) = T*1(X), there is
some y, € T~ (z)NT*(X). In this case put pr(z) = y,. Then T—*(pr(z)) #
@ for all k € w.

Finally, note that if z; = pr(z;;+1) for 0 < i < k, and g ¢ T(X) then, by
induction, we can show that 7~ (41 (z;) = @ for all 0 < i < k. O

Lemma 4.5. Let T : X — X and suppose that T*t1(X) = T¥(X). If the
only orbits of T are cycles and T' | T*(X) is not one-to-one, then there is a
subset C" of some n-cycle such that C' is a semi-simple n-cycle of T | C".

Proof. Let C be an n-cycle of T' | T%(X) on which T is not one-to-one. Let
{z; : 0 < j < n} be the spine of C. Without loss of generality, there is some
yo € T (xo) ~ {zp_1}. Let pr: T(X) — X be as in Lemma 4.4, and define
Yi+1 = pr(y;) for each i € w. Let C' ={z; : 0 < j <n}U{y; : i € w}. Then
(' is a semi-simple n-cycle as required. O

A space is scattered if every non-empty subspace has at least one isolated
point. Given a space X, if S, denotes the isolated points of X ~ | f<a Sg,
then the Cantor—Bendizson rank or scattered rank rkx(z) of x in X is the
ordinal « such that x € S, so that a space is scattered if and only if every
point has a scattered rank. If U, = Uﬁ<a Sg and Cy = X \ U,, then each
U, is open in X. The Cantor-Bendixson or scattered height of X is the least
a such that C, = @. The sets C, form a strictly decreasing sequence of
closed sets so, if X is compact 17, the scattered height of X is a successor
ordinal 3 + 1 for some 3, and Cjg is closed and discrete, hence finite.
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The significance of the cardinal ¢ in the characterization is clear in the
scattered case.

Theorem 4.6. Suppose that X is a non-empty compact, scattered Hausdorff
space and that T : X — X is continuous. Then T has a cycle.

Proof. Suppose that X is a non-empty compact, scattered Hausdorff space.
We prove by induction on the scattered height a+1 of X that any continuous
T : X — X has a cycle.

The base case, @ = 0, is trivial since a compact scattered space of height
1 is discrete, hence X is finite and T has a cycle. So assume that the
result holds for all 8 < « and suppose for a contradiction that 7' : X — X
is continuous and has no cycle. We will show that there is a closed non-
empty subset Y of X of height less than a + 1 such that T'(Y) C Y. Let
Us={z € X :tkx(z) < 8} and C3 = X \ Ug. Let 29 € C, and define
ZTpy1 = T'(zp) for each n € w. Choose some x,, such that rkx(z,) =7 =
min{rkx(z,) :n €w}andlet V = {z,} UU,. If Yo = X \ U,,c., T7"(V),
then Y is closed (since V' is open) and by Lemma 3.3 T'(Yy) C Yy. We must
show that Yp # @. Indeed, we have {x : k > n} CY). Suppose that this
were not true, in other words that for some k > n we have z;, € T-7(V)
for some j € w, so T7(z;) € V. Thus zpy; € V. Since we also have
tkx () > v, we have x4; = x,. But then Tk+i="(2,,) = z, and T has
a cycle, which is a contradiction.

Since X is compact, C, is finite having m points say. But now rky; (y) <
rkx (y) for every y € Yp and since zyp ¢ Yy we know that Yy has at most
m — 1 points of rank «. Repeating this process at most m times we will
produce an example with height less than a+ 1, contradicting our inductive
hypothesis. (]

Since every compact Hausdorff space of cardinality strictly less than c¢ is
scattered we have the following.

Corollary 4.7. If |[X| < ¢ and T : X — X has no cycles, then T is not
compactifiable.

In fact the cardinality of X is not particularly relevant to our problem
and it is obviously possible for |X| > ¢ and T': X — X to have fewer than
¢ orbits (the constant function 1 on the reals is a trivial example).

Theorem 4.8. Suppose T : X — X has only countably many orbits and no
cycles. Then T is not compactifiable.

Proof. Suppose, for a contradiction, that T is compactifiable. We will con-
struct a strictly decreasing sequence of subsets X, of X which are both
topologically closed and closed under 7.

Put Xg = X. Suppose that, for all 3 < a we have defined a closed subset
Xp of X which is closed under T'. If « is a limit, put X, = ﬂ5<a Xpg: this
is non-empty by compactness of X. If a = 3+ 1, let the orbits of T' | Xpg
be {Oy : k € w}. For each k, choose zj, € Xg N Oy, and for m,n € w put
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Crnpk = T7"({T"(xx)}). Then Cp, i is closed, Op = Umn Crn i and
Xp = Umnk Cinn i, so by the Baire Category Theorem at least one of the
sets Cyy n,k has non-empty interior in Xg. Put V =, ¢, 77" intx,(Cpn k)
Then V' is open in Xg, so X, = X5\ V is both topologically closed and
closed under T. Moreover, X, # @ since it contains 7" (zy).

Now, putting x = |X |, the sequence {X,}acx is a strictly decreasing
sequence of non-empty subsets of X, which is impossible. So T cannot be

compactified.
O

Clearly under Martin’s Axiom, the above proof extends to “fewer than ¢
many orbits”. However to deal in general with the case when the number of
orbits lies strictly between w and ¢ we need a different argument.

Recall that a space is Tychonoff if and only if it is 77 and completely
regular, that is for every closed set C' and point x ¢ C there is a continuous
f: X — [0,1] such that f(z) = 0 and f | C = 1. A space X is Cech
complete if and only if there is a sequence of open covers {Uy, }nen of X
such that whenever C is a family of closed sets with the finite intersection
property and, for each n, there is some C' € C and U € U,, such that C' C U,
then (,cc C # @ (see [2, Theorem 3.9.2]). We denote the set of functions

from w to 2 by “2, the set of functions from n to 2 by "2 and J, ., "2 by
<w2‘

new

Theorem 4.9. Let X be an infinite Cech-complete, Tychonoff space and
p be an F; equivalence relation on X. If there are infinitely many dense
equivalence classes in X, then p has at least ¢ many equivalence classes.

Proof. Let {Uy,}new be a sequence of open covers guaranteeing that X is
Cech complete. Since p is an F, relation on X, the relation p = J.c,, Fi,

where each F}, is a closed subset of X2. Without loss of generality we have
A C Fy C Fyqq for all k.

Claim 4.9.1. There is a collection, {V; : f € <¥2}, of non-empty, open
subsets of X such that:
(1) if f extends g then Vi C V;
(2) for eachn € w and f,g € "2 with f # g, Vi NV, = &;
(3) for eachn € w and f,g € "2 with f # g, if v € Vy and v' € V, then
(v,0") ¢ F,; and
(4) for eachn € w and f € ™2, ?f C U for some U € U,.

Proof. Suppose that the collection { Vy : f € "2} has been chosen. Since
there are infinitely many dense equivalence classes, we can choose points vy
for f € "2 so that if f # g then (vf,vy) € p, and vy € Vy}, for each
f. For each f # g € "2 we have (vf,v,) ¢ F,+1 and F,4q is closed so
there are disjoint open sets Uy, and Wy, such that (ve,vg) € Upy x Wy,
and (vag X Wf’g) N F,y1 = &. Hence for all u € Uyy and w € Wy,
(u,w) ¢ F,y1. Moreover, by regularity, for each f € "*12, there is an open
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set Wy such that vy € Wy C Wf C Vi NU, where U is some element
of Uy 11 containing vy. Now choose by regularity an open set Vy such that
v € Vi SV CWyN(Nprg(Upg N Wop). O

Now, for any f € “2, {Vy}, : n € w} is a collection of closed subsets
with the finite intersection property such that, for each n € w, m is
a subset of some U € U,. Hence, by Cech completeness, there is some
Tr € Nhew Vitn = Npew Vi # 9. If f # g, then (zy,2) ¢ F,, for any n,
so that (xf,x4) & p, so zy and x4 are in different equivalence classes and we
see that there are at least ¢ classes. O

Corollary 4.10 follows immediately from Theorem 4.9 and Lemma 3.5.

Corollary 4.10. Let X be an infinite Cech-complete, Tychonoff space and
T: X — X be a continuous map with infinitely many orbits. If infinitely
many T-orbits are dense in X, then T has at least ¢ many orbits.

Corollary 4.11. If T : X — X has fewer than ¢ many orbits and no cycles,
then T' cannot be compactified.

Proof. By Corollary 4.2, we may assume without loss of generality that
X =T“(X) and there are no N-orbits, so that all of the orbits are Z-orbits.
Let { Z, : @ € k} index the orbits of T. Let A = |X|. We will construct
closed subsets Y, g for o < A*, 8 < k which are closed under T, with the
property that Y, g C Y, 3 whenever a < o/ or « = o and § < 7.

Put Yoo = Zy. This is closed under T' by Lemma 3.3. If Y, s has been
defined for all v < a and all 8 < &, so that Y, 5 is closed, non-empty and
closed under T', then let Y, 9 = Xo0 = ﬂ7<aﬂ<,{ Y, g. This is closed, non-
empty and closed under T'. Now for a particular «, if Y, , has been defined
for all v < 3, put Xop5 = ﬂ7 <p Yoy This is an intersection of closed
sets which are closed under 7', hence is closed and closed under T, and by
compactness it is non-empty. Put

Vo= ZgﬂXaﬂ ifZgﬂXaﬂg;ﬁQ
B = Xag otherwise.

Again Y, g is closed, non-empty and closed under 7.

The sets Y, o for o < AT form a decreasing chain of non-empty closed sets
of cardinality at most A. Thus there must be some o with Y, o = Ya410.
Put Y = Y,0. Then for every # we have ZgNY = F or ZgNY =Y.
By Lemma 3.4, every orbit of T' [ Y is of the form Z, NY, so every orbit
of T 'Y is dense in Y. If there are infinitely many such orbits, the result
follows by Corollary 4.10. If there are finitely many, the result follows by
Theorem 4.8. U

Suppose that T': X — X. It is easy to compactify T if its only orbits are
a simple k-cycle and an infinite collection of simple cycles Cy, o € k, whose
orders are all divisible by k. Simply pick some cycle of length k£ and list it
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{zo,- - ,xk_1} so that T'(x;) = z;4+1, where i + 1 is taken modulo k. List all
other cycles Cy = {24, : 0 < i < my} so that T(zq;) = a,it1, Where i 4 1
is taken modulo m,. Then declare each x,; to be isolated and let basic
neighbourhoods of each x;, 0 < i < k, contain x; and all but finitely many
points of the form z, j, where j =i (mod k). If there are only countably
many orbits this construction clearly yields a compact metric space. Since
a finite union of compact spaces is again compact, it follows that T can
certainly be compactified if its spectrum o(7") = (0,0, 01,02, --) is finitely
based and each o, € 2 (see Case (3) of Theorem 7.4 for a proof of this).
If the spectrum of T is not finitely based the question as to whether T can
be compactified is more complicated. Theorem 4.13 provides part of the
answer.

Lemma 4.12. Let X be a Hausdorff space and T : X — X a continuous
self-map. Suppose that {Cy, : a € K} is an infinite collection of simple T -
cycles such that the points of C =], Co are isolated in Y = C and that S
is (the spine of ) a cycle consisting of isolated points of Y . C.

If the order of S divides the order of at most finitely many Cy,, then X is
not compact.

Proof. Assume for a contradiction that X is compact. By Lemma 3.3 (1),
we may assume without loss of generality that Y = X.

Let S = {zo,--- ,xn—1}. Since S is finite and open in Y \ C, C' U {z;} is
open in Y for each i, so we can choose disjoint sets U; for 0 < ¢ < n with
x; € Uy C{x;} UC and U; open in Y. By regularity, we can find V; open in
Y with ; € V; C V; C U;. Note that since the points of C are isolated we
must have V; = V;. We may assume without loss of generality that n does
not divide the order of any cycle which meets any of the sets V;.

Put W = (,.,, T~%(Vi). Then W is a neighbourhood of zo. Inductively
choose cycles C,,, for m € w so that C,,, meets W ~ Uj<m C’aj. Let n,, be
the length of the cycle C,,,. Since C,,, meets each of the disjoint sets V;,
there is some i, < n such that 0 < |V; N C,,,| < nm/n. Without loss of
generality there is some ¢ with ¢, = ¢ for all m.

Put A,, = V;NC,,,. By Lemma 3.9, A,, is not fixed by 7", and T~"(V})
contains the same number of elements of C,,, as V; does, so there is some
point Y, € Ay N T ™(V;). But then V; ~ T7"(V;) is a clopen discrete set
containing an infinite subset { y,,, : m € w }, so Y is not compact. (]

Theorem 4.13 (Iwanik, Janos, Kowalski [5]). Let T': X — X be a map
whose only orbits are < ¢ many simple cycles. If o(T) is not finitely based,
then T s not compactifiable.

Proof. Suppose that there is a compact Hausdorff topology on X with re-
spect to which 7' is continuous. Since each orbit is finite, | X| < ¢ and, hence,
X is scattered. Moreover, since each orbit is simple, T" is an autohomeo-
morphism of X and therefore preserves the scattered rank of points and we
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may assign a well-defined scattered rank, rk(Cy), to each cycle according to
the rank of any of its points.

Let M be the infinite subset of {n € w : 0, # 0} furnished by Lemma
3.6. For each m € M, choose a cycle Cy,, of order m. Since M is countably
infinite, there is an subset M’ of M such that rk(C,,,) < rk(Cy,,), whenever
m < n € M'. This implies that the subspace C' = |J,,cpp Ca,, is discrete.
Hence, in the subspace C C X, points of C' are isolated. Notice also that,
by Lemma 3.6, for any «, if Cy, is a cycle of order n, then n divides at most
finitely many m € M’. Finally, since C' is an infinite discrete set, it cannot
be closed and C ~. C' # &. Moreover, as C is scattered there must be some
cycle S € C \ C consisting of isolated points of C' . C.

The result now follows by applying Theorem 4.12 to X, the collection
{C,,, :m € M'}, Y =C and S as chosen above. O

5. RESOLUTIONS

In this section we discuss some general properties of resolutions, which
will be used in our later examples. First we recall the definition from [11].

Let Y be a T topological space and, for each y € Y let Z, be a non-
empty topological space and f, : Y \ {y} — Z, be a continuous function.
In the resolution X, each point y of Y is replaced by Z,. It is convenient
to think of f,(z) as indicating which point in Z, the point z is closest to.
A neighbourhood of z € Z, consists of all points in Z, sufficiently close to
z, and the union of the spaces Z,, for w sufficiently close to y and f(w)
sufficiently close to z. For notational convenience, we replace the point y
with {y} x Z, (rather than Z,). To be precise, we have X = J,cy{y} x Zy,
and we topologise X by declaring a basic neighbourhood of (y, z) to be of
the form

UV ={y}xV)U|J{{u} x Zu:uecU~{y}, fy(u) €V}

where U is an open neighbourhood of y in Y and V' is an open subset of Z,,
containing z.

We do not need to use resolutions in their full generality in what follows.
In our examples, the functions f, will always be constant maps. When this
is the case, one may consider the resolution X of the space Y by the spaces
Zy, y €Y, as the space X = Uer Zy, where Y is a subset of X, the
collection {Z, : y € Y} is pairwise disjoint and Y N Z, = {y}. Each of the
sets Zy ~ {y} is open in X and basic neighbourhoods of a point y € ¥ open
in X can be written in the form V U (UueU\{y} Zu), where U is some open
neighbourhood of 4 in the subspace Y and V' is an open neighbourhood of y
in the subspace Z,. In practice, this often how we think about resolutions.
A set X might be a pairwise disjoint union of non-empty sets Z,, y € Y,
and it is only a slight abuse of terminology to refer to the topology obtained
on X from the resolution X via the natural identification (y,z) — z € Z,,
as being a resolution.
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In this context resolutions are a fairly blunt tool. In a number of cases
here when we apply resolutions we end up with a compact Hausdorff space
when we could have ended up with, for example, a compact metric space. In
the general case, however, our spaces cannot be metrizable (this is the case
if, for example, the cardinality of X is > ¢) and we gain much in shortened,
concise proofs.

The key to the usefulness of resolutions is the following result (see [11,
Theorem 3.1.33]):

Proposition 5.1 (The Fundamental Theorem of Resolutions). The space
X is compact (respectively Hausdorff) if and only if Y and the spaces Z,
are all compact (respectively Hausdorff).

We will also use the following result of Richardson and Watson [9]. A
subset of a topological space is o-closed discrete if it is a countable union
of closed discrete sets, in particular every countable subset of a Hausdorff
space is o-closed-discrete.

Proposition 5.2. The space X is metrisable if Y and all the spaces Z, are
metrisable and the set {y € Y :|Zy| > 1} is o-closed-discrete.

We define the projection map m: X — Y by 7((y,2)) = y. It is trivial to
verify that this is a continuous function.

The following somewhat technical lemma is of interest in its own right,
giving sufficient conditions for a function on a resolution (defined in terms
of functions on the base space and resolved spaces) to be continuous.

Lemma 5.3. Let X be the resolution of Y at each y € Y into the space Z,
by the map fy. Let g : Y — Y and, for eachy € Y, hy : Zy, — Zy,) be
continuous functions and let t : X — X be the function defined by t(y, z) =
(9(y), hy(2)). Suppose that:

(1) for every open V C Zy(y) there exists an open Uy, C'Y containing

y such that hy(Zy,) CV for allw € g7 (g(y)) NUy,y, w # y; and
(2) for each y € Y there is an open N, containing y such that the fol-
lowing diagram commutes.

Ny~ g7l g(y) —2— Y~ {g()}

fyl lfg(y)

Zy - Z
Then t is continuous.

Proof. 1t is enough to show that if U ® V' be a basic open neighbourhood
of t(y, z), then t71(U ® V) is a neighbourhood of (y,z). We claim that
(y,2) € A® B Ct {(U®V) where A = g~ (U)NUy,y NNy and B = b} (V),
Uy, being the open set furnished by condition (1). To see this, suppose that
(u,v) € A® B = ({y} x B) UU{{w} x Z, : w € A~ {y}, fy(w) € B}.
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We will show that t(u,v) = (g(u), hy(v)) € U ® V. There are three cases to
consider.

Case 1. If u = y, then g(u) = g(y) and v € h; ' (V), so t(u,v) =
(9(y), hy(v)) € {g(y)} x VCU V.

Case 2. If u # y but g(u) = g(y), then u € g_l(g(y)) N Uy, so that
huw(Z,) € V by condition (1). Hence (g(u), hy(v)) € {g(u)} x hy(Z,) C
{9 xVCUeV.

Case 3. If g(u) # g(y), then u € Ny~ g7 ' (9(y)), 9(u) € U~ {g(y)} and
fy(u) € b1 (V) so that hy(fy(u)) € V. But by the commutative diagram,
hy(fy(u)) = fo)(9(u)) € V, which implies that {g(u)} x Zy,) CU®V and
hence that (g(u), hy(v)) € {g(u)} X hy(Zy) CUR V. O

We note in passing that that condition 1) of the Lemma 5.3 can be weak-
ened to the less elegant

(1') for every open V' C Z,,) and z € h;l(V) there exists an open
Uy, C Y containing y and open Vi, C Z, containing z such that
hw(Zy) C V for all w # y, such that w € g~ '(g(y)) N Uy, and
fy(w) S VV,z-

Recall that a mapping f from a space X to a subset Y is a retraction if
f 'Y is the identity map.

Theorem 5.4. Let Y be a subset of X and T : X — X. Suppose that there
is a topology T on X, a topology o on'Y and a mapping m : X — Y such
that:

(1) 7 is a T-continuous retraction;

(2) 7 is a Hausdorff topology on X, Y is T-discrete and each m'(y) is
T-compact;

) o is a compact Hausdorff topology on Y ;

) T is T-continuous, T(Y) CY and T |'Y is o-continuous;

) T is finite-to-one on Y;

) the following diagram commutes.

X — X
T

wl lw
y Yy

Then there is a compact Hausdorff topology p on X with respect to which T
1§ continuous.
Suppose further that:

(7) 7= Y(y), for each y €Y, and Y are metrizable;
&) {y € Y : |[n(y)| > 1} is o-closed-discrete with respect to the
topology o.

Then, the topology p on X may be taken to be metrizable.
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Proof. Apply Lemma 5.3: Let g =T | Y, Z, = 7 (y), hy =T | 7~ Y(y)
and fy(z) =y for all y € Y. Clearly g is o-continuous. Since the diagram
commutes, if 2 € 77 (y), 7(T(2)) = T(7(2)) = T(y), so T(z) € =~ YT(y))
and hy 1 Zy — Zgy,) is T-continuous for each y € Y. Identify X with the
resolution of (Y, o) at each y into (Zy, 7 | Z,) by the constant maps f, using
the identification (y, z) — z. Condition (1) of the lemma is satisfied because
o is Hausdorff and ¢ = T' | Y is finite-to-one, so Uy,, may be chosen to
ensure that Uy, N g~ 1(g(y)) = {y} for all y. Condition (2) holds since if
2 €Y N g7 g(y), then fy,)(9(2)) = g(y) = T(y) = hy(fy(2))-

If, in addition, conditions (7) and (8) hold, then p is metrizable by Propo-
sition 5.2. U

6. COMPACTIFYING COLLECTIONS OF ORBITS

In this section we reduce the problem of compactifying T : X — X,
without its N-orbits, to that of compactifying the restriction of T" to the
spines of its cycles and Z-orbits. The somewhat separate problem of dealing
with N-orbits is left to Section 8.

Theorem 6.2 describes topologies on individual orbits. The key theorem
of this section, Theorem 6.3, then tells us that that these orbits may be
glued together to compactify 7', provided that (roughly speaking) one can
compactify the restriction of T to the spines of its orbits. The difficulty here
is that for any z € X and k € w, T~%(2) must be compact if T is to be
compactified. The predecessor function pr(z) defined in Lemma 4.4 deals
with this problem.

For each y € X and k € w, let Cyo = {y}, Cyx = T"*(y) and Dy =
Cyr NT(X), so that Dy is the set of points z in C,x for which T-(z)
is non-empty and Cy i1 = T (D, ). If X is a compact T} space and T
is continuous, then, for any point y in X and any k € w, both C,; and
Dy =T(T7'(Cyx)) must be compact sets.

Lemma 6.1. Suppose that T : X — X and that T*T1(X) = T¥(X). For
every y € X and k € w, there is a compact, Hausdorff topology oy 1 on Cy i,
such that

T Cyrrr: (Cyprrroynit1) — (Cyroyk)

18 continuous.

Proof. Let z € Jye,, Cyx and let pr(z) € T~!(z) be the point furnished by
Lemma 4.4. Let p, be the topology of one-point compactification on T-1(z)
with pr(z) the point at infinity and all other points isolated.

Let 0y, be the unique topology on {y}. Let 0,1 = p,. Suppose that
for each j < k the topology oy ; on C, ; has been defined so that C ; is
compact and Hausdorff, D, ; is a closed subset and T' | Cy ; is a continu-
ous map from C ; to Cy ;1. Define the topology o, r+1 on Cy 41 to be
the resolution of each z € D, into the compact space (T~1(z), p,) by the
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constant maps f,(x) = pr(z), x € Dy~ {z}. That Cy ;11 is compact, Haus-
dorff with respect to this topology follows from the Fundamental Theorem
of Resolutions.

If U is an open subset of Cyy, then T (U) = U,cp T (), which is
open in the resolved space C x4+1. Hence T' maps Cy 11 continuously to
Cy k-

It remains to show that D, ;.1 is a closed subset of C, ;41 under the
topology oy k+1. To this end let x be some point in Cy 41 \ Dy g41, so that
z ¢ T(X) and z € T (zg), for some z9 € Dyy. Let z_1 = x and, for
each 0 < i < k, let x; = T'(x¢), so that z, = TF(xg) = y. If x # pr(xo),
then x is an isolated point of Cy 1. If © = pr(zg), then there is some
0 < k' < k such that x;_1 = pr(x;) for each i < k' and, moreover, either
K =k and zp_1 = pr(zr) = pr(y), or ¥ < k and xp_1; = pr(zy), but
xp # pr(xp ). If K =k, then the second half of Lemma 4.4 implies that
Dy j+1 is empty. Otherwise s is an isolated point of T' —k+K (1)) and the
open subset 7% ~1(z1/) of C, 441 contains = and is disjoint from 7(X) and
hence from D, ;1. In any case, Dy ;41 is closed. O

Using the topologies generated in Lemma 6.1, Theorem 6.2 implies that
there is a topology on each orbit O with the property that 7% (y) is compact
for each y € O.

Theorem 6.2. Suppose that T : X — X has one orbit and that T*1(X) =
TY(X) # @. Suppose further that S is either a spine of X or S is a semi-
simple cycle under the action of T [ S. Then there is a Hausdorff topology
7 on X and a retraction m: X — S such that:

(1) T is T-continuous;

(2) S is T-discrete;

(3) m has compact open fibres; and

(4) the following diagram commutes.

X — X
T

wl lw
TIS

S —

Proof. There are three cases to consider: when X is either an N-cycle or
a Z-orbit and S is a spine or when S is a semi-simple N-cycle. (The case
when X is an N-orbit is excluded since T¥(X) # &.)

We consider the first two cases together. Index S by {z,, : n € M} where
M is such that S = {xg, -+ ,xn_1}, or {z, : n € Z} as appropriate. For
each #, € S and k € w, let Cpp = {zn}, Cna = T (zn) \ {zn—1} and
Cop =T FCpa) =T F(x) N T7F  (2,,-1).

Claim 6.2.1. For every x, € S, k > 1 and non-empty C,, 1, there is a
topology Tn 1 on Cy 1 such that:

(1) Tp i partitions Cy,j into a discrete collection of compact sets Cy, i;
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(2) T : (Cros k) = (Cr k=1, Tng—1) s continuous; and
(3) for eachy € Cp i, and m € w, T~™(y) is a Ty j+m-compact subset of
Cn,k—l—m'

Proof. Fix z, € S. Using the notation of Lemma 6.1, we see that C), 1 =
Uyecm1 Cy k-1, where each C ;1 has a compact Hausdorff topology oy 1.
Let Cp iy = {Cy—1:y € Cp1} and let 7, 1, be the topology on the free union
of the spaces in C,, ; generated by the topologies o, ;1. It is clear T' [ C,, 1,
is continuous. [l

If X consists of a single N-cycle, then, for each 0 < n < N, let P, =
{(m,k):0<k€ew, m=n+k (mod N)}. If X consists of a single Z-orbit,
then, for each n € Z, let P, = {(n+ k,k) : 0 < k € w}. In either case,
(n,0) € Py, Py N Py = @ whenever n # n', X = U, e Unpyep, Cmi and
(m,k —1) € Py41, whenever (m, k) € P,.

Now, by Claim 6.2.1, under the topology 7, i, each C,,  is the closed
discrete union of the family of compact sets C,, . Let 7 be the topology
on X generated by declaring 7 [ Cy, = T, 1 With each C' € Cy,  compact
and clopen under 7, and basic neighbourhoods of x,, € S to have the form
{znfUU{C € Cinp : (m, k) € P, C ¢ F'} for some finite F' C U, e p, Crm k-

Let 7 : X — S be defined so that m(z) = x,, if and only if z € C € Cy,
for some (m,k) € P,. Clearly m has compact fibres and S is 7-discrete.
Since (m, k —1) € P,41, whenever (m, k) € P,, and the conditions of Claim
6.2.1 hold, it is simple to verify that T is 7-continuous and that 7" and
commute.

The case when S is a semi-simple N-cycle is a combination of the previous
two cases. Index S by {z, : 0 <n < N}U{y; : ¢ € w} so that T'(z,,) = Tpy1
for n < N, T(zny-1) = T(y0) = zo and T'(y;) = yi—1, @ # 0. As before,
for each 0 < n < N and k € w, let Cp9 = {zn}, Cn1 = T Hapn) ~ {zp_1}
and ka = TﬁkJrl(Cn’l) = Tﬁk(xn) N TﬁkJrl(.I‘n_l). Let Co,(] = {.7}0},
Coa = T (z0) ~ {zn_1,%} and Cor = T~*+1(Cy4), for 1 < k. For each
1 € w, let Di,O = {yz}7 Di,l = Tﬁl(yi) N {.’Ei+1} and Di,k = Tﬁk+1(Di’1). For
each 0 <n < N, let P, ={(m,k):0<k€w, m=n-+k (mod N)} and
for each i € wlet Q; = {(i — k, k) : 0 < k <i}.

Just as in Claim 6.2.1, for each z,, k¥ > 1, and non-empty C), ;, there is a
topology 7, on Cy, ), that satisfies conditions (1), (2), and (3) of the claim.
Similarly for each y;, ¥ < i and non-empty D, there is a topology 0; ;. on
D; i, such that

(1) ;) partitions D; j into a discrete collection of compact sets D; y;

(2) T :(Dj,0i 1) = (Djg—1,0;,—1) is continuous; and

(3) for each z € D;;, and m € w, T~™(2) is a 6; pm-compact subset of
D; km-

Let 7 be the topology on X generated by declaring:

(1) 7 [ Cy e = Tk With each C' € C,, , compact and clopen under T;
(2) 7 Djy = 6, with each D € D;;, compact and clopen under 7;
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(3) basic neighbourhoods of z,, to have the form {z,} UU{C € Cp s :
(m,k) € Py, C ¢ F} for some finite F' C U, 1)ep, Cm.k

(4) basic neighbourhoods of y; to have the form {y;} UJ{D € Dj
(J,k) € Qi, D ¢ F} for some finite F C ; p)eo, Djk-

Define 7: X — S by

(2) zn ifz € C ey for some (m, k) € P,
e =
y; if x € D € Djy, for some (j, k) € Q;.

Again it is routine to verify that the conclusions of the theorem hold.  [J

The key theorem of this section now follows easily. Essentially it tells us
that if T: X — X and Y is the union of the spines of the orbits of 7', then
T can be compactified if T' [ Y can be compactified.

Theorem 6.3. Suppose that T : X — X has orbit spectrum o(T') and no
N-orbits and that T“t1(X) = T¥(X) # @. Let Y be a subset of X such
that:

(1) Y is closed under T';
(2) every orbit of T has a spine that is a subset of Y ; and
(3) every orbit of T |'Y is simple except, possibly for one semi-simple
n-cycle.
Then T 1Y 'Y — Y is a canonical or semi-canonical representation of
o(T). Moreover, if T ['Y can be compactified, then so can T.

Proof. The first conclusion is obvious. For the second statement, Let O
be the collection of all orbits of T. For each O € O, let 7o and mp be
the topology and map defined in Theorem 6.2 applied to T' | O and S =
ONY. Let 7 be the topology on the whole of X generated by the collection
O U Upep 7o so that each orbit is an open set. Let m : X — Y be the
map defined by n(z) = mo(x) for each z € O € O. Let o be a compact,
Hausdorff topology on Y with respect to which T' | Y is continuous. T is
then compactifiable by applying Theorem 5.4 to the topologies 7 and ¢ and
the map . O

We end this section with four lemmas that allow us to deduce that a
map is compactifiable given that a related map is. The first, 6.4, implies
that simple n-cycles consisting of isolated points can be replaced by simple
nmp-cycles. Lemma 6.5 implies that 7" can be compactified provided its
restriction to each of finitely many subsets with common intersections can
be compactified. Lemma 6.6 implies that any number of simple orbits (of
any type) may be added to a space, provided there is already an orbit of
that type. Lemma 6.7 tells us that, under certain circumstances, we can
add more orbits and still retain a compact metrizable topology on X.

Lemma 6.4. Let S: X' - X' T: X - X, and R=XNX'. Let M Cw
and for each n € M, let k, € w and m, € w. Suppose that:
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(1) SIR=T] R;
(2) X'~ R =U,cu Cr» where each C}, is a simple ky-cycle; and
(3) X N R=,cps Cn, where each Cy, is a simple kymy,-cycle.
If S can be compactified so that each point of J, ¢y Cy, is isolated, then T

can be compactified so that each point of ), cp; Cn is isolated.

Proof. For each n € M, index the cycle C}, as {xy; : 0 < i < ky} so that
S(2n,i) = Tnit1 where i + 1 is taken modulo k,. Index the cycle C), as
{Ynij10<i<ky0<j<my}so that

Ynitl,j F knp—1,
T(Yn,ij) =  Ynojs1 &= kn— 1,5 #mp — 1,
Yn,0,0 i=ky+1,j=m,—1

For each n € M and i < n, resolve x,; into the compact discrete space
{Yn,ij : 0 < j < my} by the constant map taking X’ \ {z,;} to y,io and
resolve each y € R = X'\ U, €, into the space Z, = {y}.

Now apply Lemma 5.3 with g = S and t realized as T. If y € {J,,cp; Cr, (so
that y is isolated) then we can let N, = Uy,, = {y}. Otherwise Z, = {y}.
In either case the conditions of Lemma 5.3 are satisfied so that T: X — X
is compactifiable. O

Lemma 6.5. LetT: X — X and X =
that:

(1) X; is closed under T, for each j < k;

(2) T I Xj is continuous with respect to the compact, Hausdorff topology
Tj on Xj, for each j < k;

3) XsnX;=Rand 7 [ R=17; | R for all i # j;

(4) R is Tj-closed for each j < k; and

(5) R is either a union of complete T-orbits or a union of spines of
Z-orbits and cycles.

ik X for some k € w. Suppose

Then T is compactifiable.

Proof. For each j < k, there is a compact, Hausdorff topology on X; with
respect to which 7' [ X is continuous. Let X have the quotient topology,
7, formed by identifying the corresponding points of R in each X;. Under
7, X is compact and, since R is 7;-closed, is Hausdorff. Suppose that U is
an open subset of X. Then there are 7;-open subsets, Uj;, of each X; such
that U is the quotient of Uj<k U;. Since T~1(Uj) is an open subset of X for

each j, T71(U) is a 7-open subset of X. It follows that T is continuous. [J

Lemma 6.6. Let T : X — X and letY be a subset of X. Suppose that:
(1) Y is a union of complete T-orbits;
(2) every T-orbit of X \Y is simple;
(3) o(T'1Y) = (v,(,01,02,03,...) and
oT | (X\NY)) =, ({, 01,050%,...), where v',{' 0], = 0 when-
ever, respectively, v,(, o, = 0.
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If T 1Y is compactifiable then T is compactifiable.

Proof. Choose, if there is one, in Y, an N-orbit with spine {w; : i € w}, a Z-
orbit with spine {z; : i € Z} and an n-cycle with spine {z,,; : 0 < i < n} for
each n € w. Index the orbits of X \Y: {wq; i € w}, a € Vs {2, :1 € Z},
a € (s {zani:0<i<n}, a€o, necw Weassume that these orbits
are appropriately indexed so that wq ; — wa ;41 and so on. Topologize each
of the sets W; = {w;} U{wa; : @ € V'}, Z; = {z} U{za; : @ € ('}, and
Xi ={xn;}U{zan, : @ € 0}, } so that they are compact, Hausdorff and each
of the maps T' | Wy — Wi, T | Z; — Ziy1, T | X; — Xiy1 (i + 1 taken
mod n) is a continuous bijection. (The one point compactification of the
discrete space {wq; : @ € o,} by the point w;, for example, will work.) A
simple application of Theorem 5.4 completes the proof. O

Lemma 6.7. Let T : X — X be bijection and let o(T) = (0,(, 01,02, ).
Let'Y be a subset of X. Suppose that:

(1) for all k € w, ( and oy, take the values 0 < N € w, w or ¢;
2)TY)=Y;
(3) (T 1Y) =1(0,¢,00,05) where:
(a) for all k € w, ¢' and o), take the values 0, 1 or ¢;
(b) for allk € w, ¢' =0 if and only if ( =0 and o}, = 0 if and only
if o, =0;
(¢) if (' = ¢, then ( = ¢ and every Z-orbit of X is contained in'Y;
(d) if ol, = ¢, for any n € w, then o, = ¢ and every n-cycle of X is
contained in Y .

If there is a compact metric topology on Y with respect to which T ['Y is
continuous, then there is a compact metric topology on X with respect to
which T is continuous.

Proof. Let o be a compact, metrizable topology on Y with respect to which
S =T Y is continuous. Let I = [0,1], W = {0} U{1l/n : n € w} and
N ={0,1,--- , N — 1} have the compact metric topology inherited from R.

Let J¢ (respectively, Ji) be either N, W or I according to whether T
has N € w many, countably infinitely many or continuum many Z-orbits
(respectively, k-cycles).

If ¢/ = { = ¢, then let Z be the union of all Z-orbits of X and let 77 be
the discrete topology on Z. Otherwise, let 7, = &.

If (' =1, let {Z, : r € J¢}, index the Z-orbits of T, so that Zy is the
unique Z-orbit of S. For each r € J¢, enumerate Z, as {z; : i € Z} so
that T'(z,;) = 2pi41. For each i € Z, let J¢; = {25 : v € J¢} and let 7¢;
be the topology inherited from J¢, namely U C J¢; is open if and only if
{reJec:z;€U}isopenon Je. If ( =0, let 7o ; = @. Clearly, at most one
of 7¢; and 77 can be non-empty.

If o}, = o, = ¢, for some k € w, let X}, be the union of all k-cycles of X
and let 7, be the discrete topology on Xj. Otherwise, let 7, = @.
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If o7, =1, let {Xy, : 7 € J,} index the n-cycles of T, so that Xj is
the single k-cycle of S. Enumerate X, = {z4,; : 0 < i < k} so that
T(xkyi) = Tkyrit1, where ¢ + 1 is taken modulo k. For each i < k, let
Jii = {xkri 17 € Ji} and let 74, ; be the topology on Jj,; inherited from Jj.
If o, = 0, let 73, ; = @. At most one of 7, ; and 75, can be non-empty.

Let 7 be the topology on X generated by

TZUUTkUUTC:iUUUTkJ

kew €L kew i<k

and let 7 : X — Y be the map defined by

x if (' =cand z € Z,
(z) T if 0, = cand z € Xy,
() =
20, if (' =1 and z = z,; for some i,

Tro; if o) =1 and x = x,; for some k, .

Clearly 7 is a Hausdorff topology on X with respect to which Y is a discrete
subspace, both T' and 7 are continuous and each 7~!(y) is both compact
and metrizable. It is easy to check that the diagram

X — X
T

dl |~
y -y

commutes. S =T [ Y is a continuous bijection with respect to o. Moreover,
if [7=(y)| > 1 and y is in a Z-orbit (respectively, k-cycle) of S, then ¢’ =1
(respectively o}=1), so that D = {y € Y : |77 1(y)| > 1} is a countable
subset of Y. But this implies that D is o-closed-discrete with respect to the
topology o. Hence, by Theorem 5.4, there is a compact metric topology on
X with respect to which T is continuous. U

7. COMPACTIFYING CANONICAL REPRESENTATIONS

In this section we compactify various canonical and semi-canonical repre-
sentations of sequences. The constructions are brought together in the key
result of this section, Theorem 7.4.

Let T denote the unit circle {¢? € C: 0 € [0,27)}, let S = T x [~1,1]
be parameterized by (0, z), where 6 € [0,27) and z € [—1,1], and let T, =
T x {x} for each z. A number of compactifications will be realised as subsets
of the cylinder S.

The proof of the following lemma is standard.
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Lemma 7.1. The mapst,:S— S, re€R,s:S—Sandu,:S—S, kew
defined by defined by

t: (9,3:) — (0+27rr, x/2),
s (0,:1;) — (0 + 27r:n,:1:) and
Up : (9,3:) — (0+27r/k:,x)

are continuous.
The orbits of s, each uy, and each t, are simple. Moreover ifp = (0,x) € S,
then the orbit of p under:

(1) ¢, is an N-orbit if © # 0, a Z-orbit if v = 0 and r is irrational and
an n-cycle if x = 0 and r = m/n is a rational expressed in lowest
terms;

(2) s is a Z-orbit if x is irrational and an n-cycle if © = m/n is a
rational expressed in lowest terms;

(3) ug is a k-cycle.

Theorem 4.13 implies that a map whose only orbits are < ¢ many simple
cycles cannot be compactified unless its spectrum is finitely based. With a
Z-orbit or semi-simple k-cycle, for some k, this problem does not arise. Most
of the proof of this is contained in the next two lemmas, 7.2 dealing with
semi-simple k-orbits and 7.3 with Z-orbits. The remaining details are left
to Theorem 7.4. Iwanik [4] gives an alternative version of this construction.

Lemma 7.2. Let k,r,p € w, with 0 <r <k and 0 <p <2r, and N Cw
be infinite with the property that for each n € N there exist ay, ¢, € w with
n = kg, +r and q, = 2an,r + p. If 0 = (0,0,01,09,03,-+), where o, = 1
if n € NU{k} and 0 otherwise, then the semi-canonical representation
T:X — X of g, with a single semi-simple k-cycle, Cy, is compactifiable in
such a way that the subset C closed.

Proof. Let the tailed k-cycle, Cj, be indexed {z; : 0 < j < k}U{z;:i €
w,0 <j < k}U{z} so that T'(z;) = xj41 (where j + 1 is taken modulo k),
T(z9) = xp and

Zig+1 J#F k-1,
T:Zi7jf—> Zi—1,0 jZk—l,Z’#O
20 j=k—-1,i=0

By Lemma 3.8, we can choose numbers w,; for n € N, 0 <t < r so that
n =Y g<ter(Fwny + 1) and, for every [, there is an m such that if n > m
then wy,; > [.

Let N' = {n € N : w,; = 0 for some t}. Notice that N’ is finite and that,
hence, the discrete topology makes |J,, .y Cn compact and the restriction
of T continuous. Since the free union of two compact sets is compact and
Unen-nr Cn is closed under T', we may assume that N' = &.
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For each n = Zogtq(k"wn,t +1) € N such that no wy,; # 0, we can index
the simple n-cycle C,, as

Cn:{xn,i,j,t:0§i<wn,t’0§j<ka0§t<r}u{xn,t30§t<r}-

so that T'(zpt) = T, —1,04, and

Tnijrie JF k-1

Tpi-10¢ J=m—1,1#0

Tnt4+1 j=m-—-1i=0t#r—1
Tn0 j=m—-11=0,t=r—1.

We will topologize X by identifying the points with a closed bounded subset
of C x [0, 1], which therefore gives us a compact Hausdorff topology. We will
then show that T is continuous with respect to this topology.

Fix two sequences of real numbers, (¢p)new and (ep)nen with 0 < co,
cn < cpt1 for all n, and lim,—o ¢, =1 and eg = 1, €, > e+ for all n and
limy, o €, = 0. We will identify points of the tailed k-cycle Cy with points
of C x {0}. The other n-cycles have been partitioned into r sets of size
kwp ¢ + 1: these points will be identified with points of C X {ep,4+} which
are above the last kw,,; + 1 points of the tail of the k-cycle. To be precise,
we identify the point 2; with the point (e2™/* 0) of C x {0}, the point
z; ; with the point (c;e*™3/k ) of C x {0}, and the point zy with the point
(0,0) of C x {0}. We identify the point x,,; j; of the n-cycle with the point
(cie%ij/k, enr+t) of C x [0, 1], and the point z,; with the point (0, epry¢) of
C x [0,1].

This certainly gives us a compact Hausdorff topology on X with respect
to which C} is a closed set. It remains only to show that 7T is continuous
with respect to this topology. The points of the n-cycles for n € N are all
isolated, so we only need to consider the points of the tailed k-cycle. The
points z; ; have basic neighbourhoods of the form

B(i,j,m) ={zij} U{znije:n>m,0<t<r0<i<wy,}.
A basic neighbourhood of zg is
B(0,m) ={2}U{zn:n>m,0<t<r}.
A basic neighbourhood of z; is
Cj,1,m) = {a;} U B(i, j,m).
i>1

Notice that for 0 < j < k— 1, T maps B(i, j,m) into (indeed, onto) B(i,j +
1,m) and therefore maps C(j,l,m) into C(j + 1,I,m). Further, T" maps
B(i,k — 1,m) into B(i — 1,0,m) for ¢ > 0 and maps B(0,k — 1,m) into
B(0,m). So the only possible discontinuities are at zx_; and zy. Now, T’
maps C(k — 1,1+ 1,m) into C(0,1,m), so there is no discontinuity at zj_;.
Finally consider z: recall that T'(z9) = x¢, so given [ and m we must find
m’ so that T maps B(0,m’) into C(0,1,m). In other words we need to find
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m/ large enough so that if n > m/ then T(z,¢) = Znw, ~1,0¢ € C(0,1,m).
For this, we require n > m and w,; — 1 > [. Choose m” large enough to
ensure that if n > m” then w,; > [+ 1, and put m’ = max{m, m”}: then
m/ is as required. O

Lemma 7.3. Let k,r,p € w, with 0 <r <k and 0 <p <2r, and N Cw
be infinite with the property that for each n € N there exist ay, ¢, € w with
n = kg, +r and g, = 2a,r+p. If 0 = (0,1,01,09,03,- ), where o, =1 if
n € NU{k} and 0 otherwise, then the canonical representation T : X — X
of o is compactifiable.

Proof. By Lemma 3.8 we can find natural numbers ¢, v, forn € N, t <r
such that n = o, . [l{:(un,t+vn,t)+l] and, for any [ € w thereisan m € w
such that if n € N with n > m then w4, v, > I.
Let T : X — X be the canonical representation of ¢ and index X as
follows.
Index the k-cycle Cj as {z; : 0 < j < k} so that T'(z;) = x;41, where
J + 1 is taken modulo k, and index the Z-orbit
Z={z_(4,§)ri€w,0<j<k}U{20}U{z+(i,J) 1 € w,0<j <k},
so that
a(ij+1) jEk-1,
T:2_(i,j)—q2-(i—1,0) j=k—1,i#0,
20 j=k—1,i=0,
T:2z— 24(0,0), and
{zm,j +1) jAk-1,

T:nlii
@)= i 0) Gek-1,

Index the n-cycle
Crp ={x_-(n,4,5,t) :0<i<upt,0<j<k0<t<r}
U{z4(n,4,5,t) :0<i<v,4,0<j<k0<t<r}
Wz(n,t):0<t<r}
so that
(z_(n,i,j+1,t) j#k—1,

T: 1 (nljt)r—> xf(n,i—l,(),t) j:k—l,i#()’

x(n,t+1) j=k—1,i=0,t#r—1,
L z(n,0) j=k—-1,i=0,t=r—1,
T:xz(n,t)— x4(n,0,0,t) and

x+(n,i,j+1,t) ]#ki]‘?
T:xz4(n,i,5,t)—  or(n,i+1,0,t) J=k—1i# vy — 1,
r_(n,upt —1,0,t) j=k—1i=uv,;— L.
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We may associate X with a compact subset of Cx [0, 1] in a similar manner
to the proof of Lemma 7.2: the points z_ (i, j) spiral in to the centre in the
same way that the points z; ; did in that construction, and then the points
z4(i,7) spiral outwards in a similar manner. The points in the n-cycle C,
are split into r subsets of size k(up ¢ + vn) + 1 which are placed above z,
the first kv, points z4 (i, ), and then the last ku, points z_(i,1).

To be precise, we will specify basic neighbourhoods for each of the points.
The points in C,, for n € N are all isolated. A basic neighbourhood of
z_(i,7) is

B_(i,5,m) ={z_(i,))} U{2z_(n,i,j,t) :n>m,0 <t <7r,0<i<up;}
and a basic neighbourhood of z4 (i, 7) is
B, (i,j,m) ={2+(4, )} U{x1(n,4,5,t) :n>m,0 <t <7,0<i<wvp}.
A basic neighbourhood of zj is
B(0,m) ={20}U{z(n,t) :n>m,0<t<r}.

A basic neighbourhood of z; is

C(j,1,m) = {a;} U B-(i,4,m) Ul J By (i, 5, m).
i>l i>l
This is clearly a zero-dimensional topology on X which is countably com-
pact, hence compact. It remains only to show that 7T is continuous with
respect to this topology. As before, points of C,, for n € N are isolated,
and a basic neighbourhood of z4(i,j) for j # k — 1 is mapped onto the
corresponding basic neighbourhood of z4(i,j + 1). Thus T is certainly
continuous at each z4(i,j) and at each z; for j # k. Also, B(0,m) is
mapped onto B(0,0,m) so T is continuous at zg, and B_(i,k — 1, m) is
mapped onto B(i — 1,0,m) if ¢ > 0, or B(0,m) if i = 0, so T is also
continuous at z_(i,k — 1) for each i. Thus the only possible discontinuity
occurs at the points z4 (i, k — 1) and at zj_1, and arises from the fact that
T(xy(n,i, k—1,t) is either x4 (n,i+1,0,t) or z_(n, upt —1,0,t) depending
on whether or not ¢ = v,y — 1. Let m € w. Choose m’ > m large enough
to ensure that v,; > i whenever n > m/. Then B(i,k — 1,m’) does not
contain any points of the form xy(n,v,: — 1,k — 1,t), so By(i,k — 1,1)
is mapped into B4 (i + 1,0,m). This leaves only the point x;_1 to con-
sider. Take a basic neighbourhood C(0,1,m) of xo. We must find I’ and m/
such that C(k — 1,1’,m’) is mapped into C(0,1,m). Choose m’ > m large
enough that if n > m/ then w4, v,y > 1+ 1. Put I/ =1+ 1. Now, any
element of C'(k — 1,I',m’) of the form z_(i,k —1) hasi > 1", s0i —1 >,
so T(z_(i,k —1) = z_(i — 1,0) € C(0,1,m). Similarly, any element of the
form 2z, (i,k — 1) has T(24.(i,k — 1)) = 24(i + 1,0) € C(0,1,m). Likewise,
any element of C(k — 1,I',m’) of the form z_(n,i,k — 1,t) is mapped to
x_(n,i—1,0,t) € C(0,l,m) since i — 1 > and n > m’ > m. Any element
of the form x4 (n, i,k —1,t) with ¢ < v, —1 is mapped to x4 (n,i+1,0,t) €
C(0,1,m). Finally, any element of the form x(n,v,;—1,k—1,t) is mapped
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to x_(n,uns — 1,0,¢): since n > m/, upy —1 > 1so x_(n,ups — 1,0,t) €
C(0,1,m) in this case also. Thus T maps C(k — 1,I',m') into C(0,1,m), as
required. ([l

We can now combine the previous constructions to produce a list of orbit
spectra whose canonical, or, in one case, semi-canonical representations may
be compactified.

Theorem 7.4. Let 0 = (0,(,01,09,03,...). The canonical representation
T: X — X of o is compactifiable in each of the following cases:
(1) (=c¢and o, =0 for all n € w;
(2) (=0, o = ¢ for some k € w and oy, € 2 for alln € w ~ {k};
(3) ¢ =0, ,co0n #0, 0 is finitely based and o, € 2 for each n € w;
and
(4) (=1, c.on#0, and 0,, € 2 for each n € w.

Furthermore, the semi-canonical representation T : X — X of o, with a
single semi-simple k-cycle, is compactifiable if
(5) (=0, 0r=1, and o, € 2 for alln € w.
In each case the (semi-)canonical representation is homeomorphic to a
subset of R3 with its usual topology so that each orbit is o-closed-discrete.

Proof. Case (1): Let r be an irrational and X = Ty where ¢, is as defined
in Lemma 7.1. Notice that ¢, | X has ¢ Z-orbits. Clearly, then, T can be
compactified.

Let N = {n: o, # 0}.

Case (2): Let s be the map defined in Lemma 7.1. For each n € N \ {k}
choose j, minimizing [1/k — j,/n| and some z, € T, ,,. Note that, if
N is infinite, then j,/n — 1/k as n — oo, but that in any case Z =
T1/k U Upen{s’(zn) : 0 < j < n} is a closed, bounded (hence compact)
subset of Y and that s | Z is a continuous bijection. Notice that s [ Z has
¢ many k-cycles and an n/h,-cycle for each n, where h,, is the h.c.f. of n
and j,. Let X and t be the space and map resulting from an application
of Corollary 6.4 to Z and s | Z with M = {n : h, # 1}, resolving each
n/hy-cycle of Z into an n-cycle. Since X is compact, Hausdorff, ¢ : X — X
is continuous and has the same orbit spectrum as T', T' can be compactified.

Case (3): Since o is finitely based and a finite disjoint union of compact
spaces is again compact, we may assume without loss of generality that N
is infinite and that k divides n for all n € N, where k is the least element
of N. The sequence (n — 1)/nk is strictly increasing and converges to 1/k.

Let uy be the map defined in Lemma 7.1. Let Z = |J;, ui({(O, 1/k)} U

{(0,(n—1)/nk): k#n € N} |, so that ug | Z is a continuous map on the
on the compact, Hausdorff Z, each orbit of which is a k-cycle. Let X and
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t be the space and map resulting from an application of Corollary 6.4 to Z
and uy | Z with M = N ~ {k}, resolving each k-cycle of Z into an n-cycle.
Since X is compact, Hausdorff, t : X — X is continuous and has the same
orbit spectrum as T, T' can be compactified.

(4) For each n € N, let C,, denote the n-cycle and let Z denote the Z-
orbit of the canonical representation T : X — X of . Choose some k € N.
By (2) of Lemma 3.7, N partitions into sets N', Ny and N,,, 0 < r < k,
0 < p < 2r, such that N’ is finite, k divides each n € Ny, and for each
n € N, p there exist a,, ¢, € w with n = kg, +r and ¢, = 2a,7 + p.

Let X' = U,cn: Cn» Xo = CrUU,en, Cn and X, ), = CkUZUUneNT,p Ch.

X' is finite so compact with the discrete topology. By Case (3) and Lemma
7.3, there are compact, Hausdorff topologies on Xy and each X, , such that
T | Xoand T | X, are continuous, XoNX,, = C} and X,» yNX,, = C,UZ.
By Lemma 6.5, T' | Uhp X, p can be compactified, so by Lemma 6.5 again
T | XoUU,,Xrp and hence T can be compactified.

Case (5): Let Sy denote the spine of the semi-simple k-cycle C} and,
for each n € N ~\ {k}, let C,, denote the the n-cycle of the semi-canonical
representation T of o. By (3) of Lemma 3.7, N partitions into sets N’, Ny
and Ny, 0 < 7 < k, 0 < p < 2r such that N’ is finite, k divides each
n € Ny, and for each n € N, there exist an,q, € w with n = kg, + r and
Gn = 2a,7 + p.

Let X' = UnEN’ Cp, Xo=5,U UnGNo C,, and Xﬁp =CLU UnENm, Ch.

X' is finite so compact with the discrete topology. By Lemma 7.2, there
are compact Hausdorff topologies on each X, all of which agree on X, , N
X, = C} and with respect to which T' | X, is continuous and C}, is a
compact subset. Since X, , N X,/ = C}, Lemma 6.5 implies that there
is a compact, Hausdorff topology on X; = Unp X, p with respect to which
T | X; is continuous. Since Sy is a k-cycle under T, Case (3) implies that
T | Xo can compactified. But then T' [ Xp U X; (and hence T') can be
compactified by Lemma 6.5 again, since Xy N X7 = Sk.

It is not hard to see that in each case these constructions are each home-
omorphic to subsets of R? with its usual topology. O

8. ADDING N-ORBITS

In this section we prove that an arbitrary number of N-orbits can be
added to a function with either continuum many Z-orbits or a cycle. The
definition of an N-orbit is negative, in the sense that an orbit is an N-orbit
if it is neither a Z-orbit nor a cycle, and it seems that slightly different
arguments are needed to deal with this case.

Lemma 8.1. Suppose that T : X — X, T*TY(X) = T*(X) and that X
forms a single N-orbit of T. Suppose further that {x,, : m € N} is a spine
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for X such that T~ (zo) = @ and that

{zm} k=0,
1) m=0,k=1
ka = 1
’ T xm) ~{xm-1} m>0,k=1,
T7k+1(cm71) k>1

There is a Hausdorff topology T on X with respect to which:

(1) T is continuous; and
(2) for each m,k € N, Cy, i, is compact and open (or empty).

Proof. Let pr be the function furnished by Lemma 4.4. Fix m > 0. Let
S be the restriction of T' to Y = {zyy : m' > m} U~ qCm k- Note that
S@tL(Y) = S¥(Y). Let prg : S(Y) — Y be the function furnished by 4.4 as
applied to S. Clearly we may assume that prg agrees with pr on (J;-o Gk
(although, of course, it may be that pr(z,) = xm-1 ¢ Cp,1 so that in
general pr # prg).

Claim 8.1.1. There is some k,, > 0 and a sequence of points 2y, ), € Cy, i,
0 <k <k,,, such that:

(1) Zm,o =Ty
(2) zZmk+1 = Pr(2mi) and T (2m k+1) = Zm i, for each k> 0; and
3) T (Cnpn) = 2

Proof. The fact that, for some k,,, > 0, Cy, 1,, # @ and Cy, 1,,+1 = D follows
from the fact that X is an N-orbit and 79 1(X) = T¥(X) (see Lemma 4.4).
Let 2,0 = @y and 2, g+1 = prg(zm k) for each k < ky,. O

Claim 8.1.2. For every k € N and non-empty Cy, i, there is a topology Ty, k
on Cy, i such that:

(1) Cp i 18 Ty -compact, Hausdorff; and

(2) T : (Conies Tmke) = (Conlo—1, T k—1) 1S continuous.

Proof. Let 7y, 0 be the unique topology on Cy, 0 = {zy,}. By Lemma 6.1
applied to S and Y, for each k < k,, there is a topology compact, Hausdorff
topology 04, 1 on Cy, ;, with respect to which

S [ Cm,k : (Cm,ka O'mm,k) - (Cm,k—lvgzm,k—l)
is continuous. But S [ Cy,p =T | Cpy . Let 7 1 = 04, k- O

Let 7 be the topology on X generated by the collection (J{7p 1 : Cr i #
@}. It is clear that 7 satisfies the conclusions of the lemma. O

Recall that T denotes the unit circle {¢ : § € [0,27)} parameterized
by 6 € [0,27) and that, for any irrational r € R, by Lemma 7.1, the map
tr : T — T defined by ¢,(0) = 6 + 27r (mod 27) is a homeomorphism of the
circle with ¢ simple Z-orbits.
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Lemma 8.2. Suppose that T : X — X, T¥T1(X) = T¥(X) # @ and that
{N, : « € v} enumerates the N-orbits of T. Let N =J,,., No and let r be
an irrational.

acy

(1) If X ~ N consists of a single, simple n-cycle for some n € N, then
T is compactifiable.

(2) If X ~\ N consists of ¢ simple Z-orbits, then T' is compactifiable so
that X ~ N is homeomorphic to T and T | X ~ N is equivalent to
t, .

Proof. For each o € v, let {zqm : m € N} be a spine for N, such that
T Y (z4,0) = 9 and, for each m, k € N, let

{Zam} k=0,
c I RZ m=0,k=1
T P ggm)  {Zamo1} m >0,k =1,
T_k+1(ca7m71) k> 1.

Let 7, be the topology on N, given by Lemma 8.1 applied to T' | N,. Let
C ={Campr:m,k €N, a € v} and, for each m € Z, let Cp, = {Co ik
m+k>0keN acv}.

To see (1), let {2z : 0 < ¢ < n} enumerate the n-cycle of T' so that
T(zi) = zi+1, where i + 1 is taken modulo n. For each ¢ < n and finite
subset F of C, let

B(i, F) = {zZ}UU{C €Cp:m€eZ, m=i(modn), C ¢ F}.
Let 7 be the topology on X generated by the collection
{B(i,F):i <n,F CC,F finite} U | 7.
acv

Clearly, under this topology, X is Hausdorff and each C,,, s is both
compact and clopen. If F; C C is finite for each i < n, then X \J,_,, B(i, F})
is a finite union of sets of the form C, ;, . Hence X is compact with respect
toT

The restriction of 7 to N, i8S T4, so the restriction of T to N, is contin-
wous. Moreover, for any m € Z and non-empty Co mik ks T (Comik k) =
Co,(m=1)+(k+1),k+1 S0 that, for any finite F' C C,

T Y(B(i,F)) =T"" <{zi} Ul J{C €Cn:m=i(modn), C ¢ F}>
={zi1} U {T1(C) :m =i (modn), C € Cp ~ F}
={z}ulJ{C€Cn:m=i-1(modn), C¢F'}

for some finite F’, which is 7-open. Hence, T is continuous with respect to
7 and T is compactifiable.
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For (2), fix an irrational r € R. Without loss of generality, then, we may
assume that X ~\~ N = T and that the restriction of T' to this set is the map
t.

For each ¢ € R, let ¥ € [0,27) be such that ¢ = P (mod 27). Given
0 €[0,2r) and k € N, let Iy = {7 : p € (0 — 1/2%,0 + 1/2F)}, so that Iy
is an open interval on the circle T.

Let {zp : m € Z} enumerate the orbit of 0 under 7" so that zp = 0 and
T(zm) = Zm+1. For each 6 € [0,27), k € N and finite F' C C, let

J@ykf = I@JC U {C €Cm:2m € Ig7k, C $ F}
Let 7 be the topology on X generated by the collection
{Jokr:0€[0,27), k€N, F CC, F finite} U | ] 7a.

acvy

Clearly in 7, each C' € C is a compact, Hausdorff open subset of X so
that X is also Hausdorff. Moreover, if ¢ is a cover of X by basic open
sets, then there is a finite subcover {J; : i <1} of T from the subcollection
{UelU:U = Jyir, some 0,k, F}. But then {J; : i < I} covers all of X
except for possibly finitely many C' € C. Hence X is compact under 7.

Since the restriction of 7 to N, is 74, the restriction of T to N, is con-
tinuous. Moreover, for any 6 € [0,27), k € N and finite subset F of C,
T Y Jorr) = Jt;1(9)7k7F/ for some finite F/ C C. Hence T is continuous on
X with respect to 7 and T' is compactifiable. O

Theorem 8.3. Suppose that T : X — X has orbit spectrum o(T) =
(v,¢,01,02,...) and that T*TH(X) = T¥(X) # @. Let N be the union
of all N-orbits and Y = X ~ N.

(1) If oy # 0, for somen € N, and T |'Y is compactifiable, then T is
compactifiable.

(2) Suppose that ¢ > ¢ and that, for each « € ¢, Z, is the spine of a
Z-orbit. If T 1Y is compactifiable so that Z = |J,c. Za is home-
omorphic to T and T | Z is an irrational rotation, then T is com-
pactifiable.

Proof. The result follows from Lemmas 6.5 and 8.2. ]

9. THE PROOF OF THE MAIN THEOREM

We are now finally in a position to prove the Main Theorem or, equiva-
lently, Theorem 2.3, namely that if 7 : X — X has orbit spectrum o(7T") =
(v,(,01,02,03,...), then T is compactifiable if and only if T**!(X) =
T¥(X) # @ and one of the following holds:

(1) C + Znew On 2 ¢; or
(2) ¢#0and ), . on #0;or
(3) ¢ =0 and either
(a) o(T) is finitely based, or
(b) T | T¥(X) is not 1-1.
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Proof of Theorem 2.3. Let us first assume that 7" is compactifiable. By The-
orem 4.1, T“"(X) = T¥(X) # @. Suppose that ( + Y., ., 0n < ¢. By
Corollary 4.11, applied to T%(X), if 0 # ¢, then }  _ o, > 0. If { =0
and T [ T¥(X) is one-to-one, then T%(X) is a compact Hausdorff space
consisting entirely of simple cycles of T' [ T%(X), so, by Theorem 4.13, o(T)
is finitely based.

To prove the converse, first assume that 7' has no N-orbits and that
and o(T) = (0,(,01,09,+++). Since T*T1(X) = T¥(X) # @, Theorem
6.3 implies that it is enough to prove that a canonical or semi-canonical
representation of o(7") can be compactified.

For any cardinal &, let ¢, = 0 if K = 0 and ¢, = 1 otherwise.

Suppose first that (+) . o0, > ¢so that at least one of ¢ or o, is greater
than or equal to the continuum. Suppose that ( = ¢. By Theorem 7.4,
parts (1), (4) respectively, the canonical representations of (0, ¢, 0,0, - - - ) and
(0,1, 0y, ey, -+ ) (provided at at least one ¢; # 0) can be compactified. By
taking free unions of spaces that compactify the canonical representations of
such sequences, we see that the canonical representation of (0, ¢, tyy, Loy, **)
can be compactified. Similarly, if 0, = ¢, Theorem 7.4, (2) and (4) imply
that the canonical representations of (0,0,ts,, " slon_1s € lop,s ) and
(0,1,61, 02, ), where, 6, = 1 and § = 0 for each n # k, can be compacti-
fied. Again, taking free unions, we see that the canonical representation of
(0,0¢5t01s "+ sbap_15C by, -+ ) can be compactified. Lemma 6.6 allows us
to add any number of simple orbits of a type we already have so it follows
that the canonical representation of o(T) is compactifiable.

Now suppose that ¢ + >, . on < ¢ If ¢ # 0, so that > . o, #
0, or if ( = 0 and o(T) is finitely based, the canonical representation of
(0,¢¢, L5y, -+ ) is compactifiable by 7.4 (3) and (4). If ( =0 and o(T') is not
finitely based, then T' | T%(X) is not one-to-one and, by Lemma 4.5, there is
a subset C' of some k-cycle such that T' | C' is a semi-simple cycle, so by 7.4
(5), the semi-canonical representation of (0,0, Ly, tgy, - -+ ) in which ¢5, =1
is represented by a semi-simple k-cycle, is compactifiable. Again it follows
by Lemma 6.6 that the canonical or, in the final case, a semi-canonical
representation of o(7") is compactifiable.

Finally, suppose that v # 0. From the above, T is compactifiable and
either has an n-cycle or at least ¢ many Z-orbits. In the second case, note
that T can be compactified so that the spines of ¢ many Z-orbits are homeo-
morphic to T on which the action of T" is an irrational rotation. Either way,
T is compactifiable by Theorem 8.3. (|

We have to be a little bit more careful to prove Theorem 2.9, namely: if
T : X — X is a bijection, then there is a compact metric topology on X
with respect to which 7" is a homeomorphism iff ¢ and each o,, n € w is
either countable or has cardinality ¢, and either:

(1) [X] = ¢ or
(2) ¢(#0and ), . o, #0;o0r
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(3) o(T) is finitely based.

Proof of Theorem 2.9. Since T is a bijection, T%(X) = TT}(X) = X and
v=20.

Suppose that there is a compact metric topology on X with respect to
which T is continuous. For each n € w, let X,, be the union of all n-cycles
and let X7z be the union of all Z-orbits. For each k € w, Uj|k X is the set

of fixed points of the map 7%, and is therefore closed. Hence Xz and each
X, is a Borel set in the compact metric X and therefore is either countable
or of cardinality the continuum. The result then follows by Theorem 2.3.

Conversely, let o(T") = (0,(, 01,09, - - ). Since a continuous bijection from
a compact, Hausdorff space to itself is a homeomorphism, it suffices to find a
compact metric topology on X with respect to which T' is continuous. Since
T is a bijection, T is, itself, a canonical representation of o(7T'), each orbit
is simple, T" has no N-orbits and ( + > _ o, = ¢ if and only if at least one
of ( =c¢ or g, = ¢, for some n € w.

For any cardinal &, let ¢, = 0 if K = 0 and ¢, = 1 otherwise.

Arguing as in the proof of Theorem 2.3, the conditions of the theorem
imply that there are two distinct cases to consider:

new

(a) either ¢ = ¢ or o, = ¢, for some n € w;
(b) T has fewer than ¢ orbits and either both 0 # ¢ and 0 # o, for
some n € w, or ( =0 and o(7) is finitely based.

In each of these cases, applying Theorem 7.4, as in the proof of 2.3 above,
the canonical representation, S : Y — Y, of the sequence (0, d¢, 61,02, -)
can be compactified as subsets of R?, where either:
(a) either 6 = ¢ = ¢ and 0 = Lo, for all k € w, or 6¢ = v¢, O = Loy,
k #mn, and 9, = o, = ¢;
(b) 6¢ = t¢ and 0y, = to,, for all k € w, where either both §¢ = 6, =1 or
d¢ = t¢ = 0 and the sequence is finitely based.

Now, for all k € w: é; and J;, take only the values 0, 1 or ¢; ¢ = 0 if and
only if ( = 0 and 63 = 0 if and only if o}, = 0; if 6 = ¢, then ( = ¢; and if
0r = ¢, for any k € w, then o = ¢. So we may assume that Y is a subset of
X, that T [ Y = S and that the conditions of Lemma 6.7 are satisfied. But
this completes the proof. ([l

We conclude with a proof of Corollary 2.10: CH is equivalent to the
assertion that if 7 : X — X is a continuous bijection on the first countable,
compact Hausdorff space X, then there is a compact metrizable topology
on X with respect to which 7" is a homeomorphism.

Proof of Corollary 2.10. If CH holds, the result follows by Theorems 2.3 and
2.9 since every compact, first countable Hausdorff space is either countable
or has size ¢ (see 3.1.29 [2]).

Conversely, suppose that CH fails. Let A be some subset of I = [0, 1] of
cardinality wy, and let 3 = {0,1,2}. Let X = {(z,i) € I x3:i=0o0rz €
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A}. Topologize X by declaring (x,7) to be isolated for each i = 1,2 and basic
open sets about (z,0) to take the form ((z—1/2", z4+1/2")x3)\{(z,7) : i =
1,2}. With this topology X is a first countable compact, Hausdorff space.
Let T : X — X be such that T' [ I x {0} is the identity, T(x,1) = (z,2)
and T'(z,2) = (z,1). In any Hausdorff topology on X making 7" continuous,
I x {0} is the set of fixed points of T" and is therefore closed. This implies
that {(x,7) : x € A,i = 1,2} is an open set. However, in a compact metric
topology, every open set is a countable union of closed sets and therefore is
either countable or has cardinality ¢. So T is not continuous with respect to
any compact metric topology on X, although | X| = ¢. O
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