Symmetric Products of Generalized
Metric Spaces

Chris Good and Sergio Macias *

Abstract. We consider several generalized metric properties and study
the relation between a space X satisfying such property and its n-fold sym-
metric product satisfying the same property.

1 Introduction

The hyperspace C'L(X) of closed subsets of a topological space equipped with
various topologies and various of its subsets such as 2%, the space of compact
subsets of X, and F(X), the space of finite subsets of X have been the
focus of much research. For example, Mizokami presents a survey of results
relating a generalized metric property of space X with the hyperspaces 2%
and F(X) [23]. Fisher, Gratside, Mizokami and Shimane prove that for a
space X, C'L(X) is monotonically normal if and only if X is metrizable, 2%
is monotonically normal if and only if 2% = F(X) or 2¥ is stratifiable. They
also show that monotone normality of X2 is equivalent to the monotone
normality of X™ and F(X) [6] (compare with Theorem 4.6). A survey of
CL(X), 2% and F(X) with several topologies is in [10]. A study of 2% and
Cn(X) when X is a compact, connected and metric space can be found in
[26] and [17], respectively.

The symmetric products of a space have been less well studied except
for the case of symmetric products of continua (compact, connected metric
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spaces). The n-fold symmetric product F,,(X) of a space, originally defined in
1931 by Borsuk and Ulam [2], is the quotient of X™ formed by the quotient
map (z1,%a,...,2,) — {x1,22,...,2,}. If X is a Hausdorff space, then
Fn(X) is a closed subset of C'L(X) and the union of all symmetric products of
X is the subspace F(X), which is dense in C'L(X). Borsuk and Ulam studied
the symmetric products of the unit interval [0, 1] and showed that F, ([0, 1])
is homeomorphic to [0, 1]" for n € {1, 2, 3}, that F,([0, 1]) is not embeddable
in the Euclidean space R" for any n > 4, and that dim(F,([0,1])) = n
for each n [2]. Borsuk claimed that the third symmetric product of the
unit circle S was homeomorphic to S! x &2, where S? is the two sphere
[1], but Bott showed that actually F3(S') is homeomorphic to the three
sphere 8§ [3]. Ganea proved that if X is a separable metric space, then
dim(X™) = dim(F,(X)). Molski showed that F5([0, 1]?) is homeomorphic to
[0, 1]%, that F,,([0, 1]?) cannot be embedded in IR*" and that F»([0, 1]") cannot
be embedded in IR*", for any n > 3 [25]. Schori characterized F,([0,1]) as
Cone(D"?) x [0,1] for some subspace D"2 of F,([0,1]) [29]. Macias proved
that if X is a continuum, then for each n > 3, each map from F,(X) into
the unit circle, S, is homotopic to a constant map. In particular we have
that F,,(X) is unicoherent for each n > 3 [15]. He showed that for a finite
dimensional continuum X, C;(X) is homeomorphic to F2(X) if and only if X
is homeomorphic to [0, 1] [15]; also, C,(X) is never homeomorphic to F,,(X)
[18].  Additionally, he proved that if F,(X) is a retract of C,,(X) (m >
n), then F,,(X) is uniformly pathwise connected, weakly chainable, movable
and has trivial shape [19]. He also obtained some aposyndetic properties of
symmetric products of continua [16].

In this paper we study symmetric products of generalized metric spaces.
It turns out that the behaviour of the symmetric product topology mir-
rors the behaviour of the usual product topology. (Where ever possible we
have proved our results directly rather than relying on preservation under
products and closed maps.) Regarding positive results, in all but one case
(Question 3.33), we show that F,,(X) has the generalized metric property if
and only if X does. With respect to counterexamples, we find that proto-
metrizability, being a Fréchet space, monotone normality, countable compact-
ness and pseudocompactness do not hold and we give examples of spaces X
satisfying each of these properties such that F2(X) does not satisfy them.
The set-theoretic behaviour F,,(X) for a ccc space X again mirrors that of
X™ and F5(X) is ccc if and only if X? is ccc.

We introduce the definitions just before we use them for the first time.
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2 Preliminaries

All of our spaces are Hausdorff unless otherwise indicated. The symbol IN
stands for the set of positive integers and IR stands for the set of real numbers.
Given a space X, we define its hyperspaces as the following sets:

o CL(X)={AC X | Ais closed and nonempty};

o 2X ={A e CL(X) | Ais compact},

o C,(X)={A € 2% | Ahas at most n components}, n € IN;
o F.(X)={A€ 2% | Ahas at most n points}, n € IN;

o F(X)={Ae2%| Ais finite}.

CL(X) is topologized by the Vietoris topology defined as the topology gen-
erated by

g ={{U,...,Ux) | Uy,..., Uy are open subsets of X,k € IN},

where (Uy, ..., Uy) = {A € CL(X) | A C U_,U; and ANU; # 0, for each j €
{1,...,k}}. Note that, by definiton, 2%, C,(X), F,(X) and F(X) are sub-
spaces of C'L(X). Hence, they are topologized with the appropriate restric-
tion of the Vietoris topology. C'L(X) is called the hyperspace of nonempty
closed subsets of X, 2% is called the hyperspace of nonempty compact subsets
of X, Cp(X) is called the n-fold hyperspace of X, F,,(X) is called the n-fold
symmetric product of X and F(X) is called the hyperspace of finite subsets
of X. Observe that F(X) = J 2, Fn(X).

Let X be a space and let n be a positive integer. Note that there is a
surjective continuous function f,,: X" — F,(X) given by f,((z1,...,2,)) =
{z1,...,2,}. Tt is not difficult to show that f, is always a closed function.
It is known that fo: X? —» F»(X) is open (Lemma 2.13).

2.1 Remark. Let X be a space and let n be an integer greater than or equal
to two. Note that F(X) is closed in F,(X) and &: F1(X) — X given by
£({x}) = x is a homeomorphism.

2.2 Notation. Let X be a space and let n be a positive integer. To simplify
notation, if Uj,...,Us are open subsets of X, then (Ui, ..., Us), denotes
the intersection of the open set (U, ..., Us), of the Vietoris Topology, with
Fn(X).



2.3 Notation. Let X be a space and let n be a positive integer. If {z1, ..., x,}
is a point of F,(X) and {z1,...,2.} € (Uy,...,Us)p, then for each j €
{1,...,r}, we let Uy, = (WU € {Uy,...,Us} | ©; € U}. Observe that
(Upy ., UpVn C UL, ..., Uy, [20, 2.3.1].

Let X be a space. A collection U of subsets of X is closure-preserving
provided that for each each V C U, Clx ((H{V |V € V}) = {CIx(V) |V €
V}.

2.4 Lemma. Let X be a space. If U and V are two closure-preserving col-
lection of subsets of X, then U UV 1is a closure preserving family of subsets

of X.

2.5 Theorem. Let X be a space, let U be a closure-preserving family of
subsets of X and let n be a positive integer. Then b = {(Uy,...,Ug)pn |
Ui, ..., Ux €U} is a closure-preserving family of subsets of Fp(X).

Proof. Let $ly be an arbitrary subfamily of i, and let {xy,...,2,} €
Fa(X)\ U{Clr,xyW) | W € Uy}, Let j € {1,...,7}, and let V; = X'\
U{CIx(U) | z; € X \ Cix(U) and U € U}. Then, since U is a closure-
preserving family of open subsets of X, V; is an open subset of X and z; € V.
Let V = (Vi,..., V). Then V is an open subset of F,,(X), {z1,..., 2.} €V
and VNW = () for all W € §l, [20, 2.3.2]. Hence, {z1,...,2,} €V C Fo(X)\
UW | W € Up}. Thus, {z1,..., 2.} € Fo(X) \ Clr,xy (UDWV | W € Up}).
Therefore, 4 is a closure-preserving family of subsets of F,,(X).

Q.E.D.

A space X has N as a network provided that N is a collection of subsets
of X such that for each x € X and each open subset U of X with x € U,
there exists N € N such that z € N C U.

2.6 Lemma. Let X be a space and let n be a positive integer. If N is a net-
work for X, then W= {(N1,...,Ne)n | N1,....,Ne € N and £ € {1,...,n}}

is a network for F,(X).

Proof. Let {z1,...,2,} be an element of F,,(X) and let & be an open
subset of F,(X) such that {z;,...,2,} € U. Then there exist open sub-
sets Uy,...,Us of X such that {zy,...,2,} € (Uy,...,Us), CU. Let j €
{1,...,r}. Since N is a network for X, there exists N; € N such that
r; € N;j C U, (Notation 2.3). Note that {x1,...,2,} € (Ni,...,Ny), C
(Ui, ...,Us)n CU. Therefore, N is a network for F,,(X).

Q.E.D.



2.7 Lemma. Let X be a space and let n be a positive integer. If N is a
discrete family of subsets of X, then M = {(Ny,...,Ng)p | N1,..., Ny €
N and ¢ € N} is a discrete family of subsets of F,(X).

Proof. Let {x1,...,z,} be an element of F,(X). Since N is a discrete
family of subsets of X, for each j € {1,...,7}, there exists an open subset
U; of X such that z; € U; and U; intersects at most one element of N'. Then
(Ui, ...,U,)n is an open subset of F,,(X) and {z1,...,2,} € (U1,...,Up)n.

Suppose there exist two distinct elements (Ny, ..., Ng),, and (N{,..., NJ),
of M such that (Uy,...,U.)n N (Ny,...,No)p # 0 and (Uy,..., U)nﬂ
(N{,....,N, # 0. Since (Uy,...,Up)n N {(Ny,...,Np)p # 0, for each i €
{1,...,r}, there exists j € {1,...,¢} such that U; N N; # (. Moreover,
the way U; is selected, guarantees that N; is the only element of A that
intersects U;. Now, if k € {1,...,s} is such that N & {Ny,..., N}, then

:N(Ui—, U:) = 0. Hence, (Uy, ..., U.)N(N], .. N’> = (), a contradiction.
A similar reasoning works when {Ny,..., N;} ¢ {N{, ..., N!}. Therefore, 9
is discrete family of subsets of F,,(X).

Q.E.D.

We believe the following is known, but we could not find a refernce.

2.8 Lemma. Let X be a space and let n be a positive integer. If U is an
open subset of F,(X), then |JU is an open subset of X.

Proof. Let U be an open subset of F,(X) and let € [JU. Then there
exists {x1,...,2,} € U such that x € {xy,...,z,}. We assume that z = z;.
Hence, there exist open subsets Uy, ...,Us of X such that {z1,..., 2.} €
(Ui, ..., Us), CU. To see that U,, C |JU (Notation 2.3), let 2’ € U,,. Then
{2/ 29,...;2,} € (Uy,...,Ug), CU and 2’ € |JU. Therefore, JU is an
open subset of X.

Q.E.D.

Note that, in general, the union of closed subsets is not necessarily closed.

2.9 Example. Let S = {{z,1} | 2 € (0,00)}. Then S is a closed subset of
F>(R) and |JS = (0, 00) which is not closed in IR.

2.10 Lemma. Let X be a space and let n be a positive integer. If G is an open
cover of X, & = {(G1,...,Gi)n | G1,...,Gr, € G and k € {1,...,n}}, and
{z1,..., 2.} € Fo(X), then St({x1,..., 2.}, 8) C (St(x1,G),...,St(x,,G))n-



Proof. Let {y1,...,y} € St({z1,...,2.},8). Then there exists
(Gy1,...,Gr) € & such that {y1,...,y} € (Gq,...,Gg)n. Hence, by |20,
2.3.1], we have that (G4,...,Gg)n C (St(x1,G),...,St(x,,G)),. Therefore,
St({z1,...,2,:},®) C (St(x1,G),...,St(xr,G))n.

Q.E.D.

2.11 Lemma. Let X be a space and let n be a positive integer. Let x1, ..., x,
be points of X with r < n. For each j € {1,...,r}, let {Ujm}oe_; be a
decreasing sequence of nonempty subsets of X such that (\)-_, Ujm = {;}.
Then

[e.9]

<U1m7 ceey U’rm>n = {{1’1, e 7ZET}}.

m=1

Proof. Let {y1,...,u} € (Voo Uimy-- s Urm)n. Let j € {1,...,r}.
Then for each positive integer m, {y1, ...,y }NUjp # 0. Thus, {y1,..., ¥ ;N
Noo_ Ujm # 0. Since {z;} = (-_, Ujm, we have that z; € {y1,...,ye}.
Hence, {z1,...,2,} C {y1,...,2}. Also, since {y1,...,y} C U Ujm
for all positive integers m, we obtain that {yi,...,y} C Ny Uiy Ujm =
U;:l ﬂﬁ:l Ujm = U;:l{xj} = {xh te 7551”}' Therefore, {y17 s 7yﬁ} =
{%1, c. ,.Z'r}.

Q.E.D.

2.12 Lemma. Let X be a space and let n be a positive integer. Let xq,...,x,
be points of X with r < n. For each j € {1,...,r}, let U; = {Ujn }20_, be
a local base at x; in X. Then U = {(Uim,...,Umn)n | Ujm € U;, j €
{1,...,r}}°_, is a local base at {x1,...,x,} in F,(X).

Proof. Let j € {1,...,r}. Then without loss of generality, we assume
that Ujpm41 C Ujp, for every positive integer m. Let WV be an open subset of
Fn(X) containing {z1,...,z,}. Then there exist open subsets W7y, ..., W of
X such that {zy,...,2,} € (Wy,..., W), CW. Then W,,,..., W, (Nota-
tion 2.3) are open subsets of X such that {z1,..., 2.} € (W,,,..., W, ), C
(Wh,...,Wg)n, € W. Let j € {1,...,r}. Since U; is a local base at
x;, there exists a positive integer m; such that z; € Uy,; C W,,. Let
m = max{my,...,m,}. Then x; € Up; C W,,. Thus, (Uip,...,Upm)n € U,
{z1,.. ;2. € Uy o+ o, Upyn © (Woyy oo, Wa ) € W. Hence, 4 is a local
base at {x1,..., 2, }.

Q.E.D.

The following lemma is known for metric continua [16, Lemma 9.
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2.13 Lemma. If X is a Hausdorff space, then the map fo: X% — Fo(X)
given by fo((z1,22)) = {1, 22} is open.

Proof. Let UxV be a basic open subset of X2 and let Ax = {(x,z) |z €
X} be the diagonal. If (U x V)NAx =0, then folyxy: UxV —» fo(U xV)
is a homeomorphism. Hence, fo(U x V') is an open subset of F5(X).

Assume (U x V)N Ax # (. Let {z1, 22} € fo(U x V). Suppose x1 # 2.
Without loss of generality, we assume that (z1,22) € U x V. Since X is a
Hausdorff space, Ay is a closed subset of X2. Hence, there exists a basic open
subset U’ x V' of X? such that (z1,22) € U’ x V' and (U' x V') N Ax = 0.
We assume that U’ x V/ C U x V. Thus, as in the previous paragraph,
f2(U" x V') is an open subset of Fo(X), and {z1,x2} is an interior point of
f2(U x V). Now suppose x; = x3. Let U = (U x V)N (V x U). Then U is
an open subset of X2 such that (v1,21) € U and U = f;*(fo(U)). Hence,
f2(U) is an open subset of F5(X), and {1} is an interior point of fo(U x V).
Therefore, f, is open.

Q.E.D.

3 Positive Results

A metric d on a space X is said to be an wultrametric if for all x,y,z €
X, d(z,y) < max{d(z,z),d(y,z)}. If Ais a nonempty subset of X, then
VI(A) ={z € X | inf{d(x,a) | a € A} < €}, and H denotes the Hausdorff
function on 2% x 2% induced by d, given by:

H(A,B) =inf{e > 0| AC V¥B) and B C V4(A)}.

3.1 Lemma. Let a,a’,b,b’ be four positive real numbers such that a < a’ and
b <. Then max{a,b} < max{a’,b'}.

Proof. Suppose max{a,b} = max{a’,b'}. Without loss of generality, we
assume that max{a,b} = a. Since a # a’, we have that a = b'. Hence,
b <l =a<d,a contradiction. Therefore, max{a, b} < max{a’,b'}.

Q.E.D.

3.2 Theorem. Let X be a space. If d is an ultrametric for X, then H is an
ultrametric for 2%. In particular, H is an ultrametric for Fn(X).



Proof. We only prove the inequality. Let A, B and C' be elements of
2%, Let n > 0. Let d45 = H(A, B) +n and let 6pc = H(B,C) + 1. Note
that A C V§ (B) and B C V§. _(C). Let a € A. Then there exists b € B
such that d(a,b) < dap. Thus, there exists ¢ € C such that d(b,c) < dpc.
Since d is an ultrametric, we have that d(a,c) < max{d(a,b),d(b,c)} <
max{dap,dpc} (Lemma 3.1). Hence, A C Viax{éAB,égc}(C)' Similarly,
C C V] wtsapiney(A). Thus, H(A,C) < max{H(A, B) +n,H(B,C) + n}.
Since 7 is an arbitrary positive number, H(A, C) < max{H (A, B),H(B,C)}.
Therefore, H is an ultrametric.

Q.E.D.

A symmetric on a space is a metric that does not necessarily satisfy the
triangle inequality. The following is clear:

3.3 Theorem. Let X be a space. If d is a symmetric for X, then H is a
symmetric for 25. In particular, H is a symmetric for F,(X).

A pseudo-metric on a space is a function d: X x X — [0, 00) such that
for every three elements x, y and z of X we have that d(z,z) =0, d(z,y) =
d(y,x) and d(z, z) < d(z,y) + d(y, z). The following is clear:

3.4 Theorem. Let X be a space. If d is a pseudo-metric for X, then H is
a pseudo-metric for 2. In particular, H is a pseudo-metric for F,(X).

A space X is a Lasnev space if it is the closed image of a metric space.

3.5 Theorem. Let X be a space and let n be a positive integer. If F,(X) is
a Lasnev space, then X 1s a Lasnev space.

Proof. Suppose F,(X) is a Lasnev space. Then there exist a metric
space Z and a closed surjective map g: Z —» F,(X). Let Z; = g7 (F1(X)).
By Remark 2.1, Z; is a closed subset of Z and g; = g|z, is a closed map. Since
¢ is a homeomorphism (Remark 2.1), £ 0 g;: Z; — X is a closed surjective
map. Therefore, X is a Lasnev space.

Q.E.D.

3.6 Question. If X is a Lasnev space, then is F,(X) a Lasnev space for
some integer n greater than or equal to two?

3.7 Theorem. Let X be a space and let n be a positive integer. Then X 1is
separable if and only if F,(X) is separable.



Proof. Suppose X is separable and let D be a coutable dense subset of
X. Let D= {{dy,....di} € Fo(X) | dy,...,d, € D}. Then D is a countable
subset of F,(X). We show that D is dense in F,,(X). Let U be an open
subset of F,(X) and let {z1,...,2,} be an element of ¢/. Thus, there exist
open subsets Uy, ..., Us of X such that {z1,...,z.} € (Uy,...,Us), C U.
Hence, {z1,..., 2.} € (Us,,...,Up.)n C (U1,...,Us), (Notation 2.3). Since
D is dense in X, for each j € {1,...,r}, there exists d; € D N U,,;. Then
{di,...,d.} € DN (Uy,,...,Us.)n C DNU. Therefore, F,(X) is separable.
Suppose that F, (X)) is separable and let D be a countable dense subset
of F,,(X). Let D =JD. Then D is a countable subset of X. We prove that
D is dense in X. Let U be an open subset of X. Thus, (U),, is a nonepmty
open subset of F,(X). Since D is dense in F,(X), there exists A € DN(U),.
Hence, A C U N D. Therefore, X is separable.
Q.E.D.

3.8 Theorem. Let X be a space and let n be a positive integer. Then X 1is
first countable if and only if F,,(X) is first countable.

Proof. Suppose X is first countable. Let {zy,...,z,} be an element
of F.(X). Since X is first countable, for each j € {1,...,r}, there ex-
ists a countable local base U; = {Ujn}oe_; at x;. Without loss of gen-

erality, we assume that Uj,+1 C Uj, for every positive integer m. Let
U= {{(Uims--, Upm)n | Ujm € U;}2_,. Then Y is a countable family of
open subsets of F,(X). By Lemma 2.12, { is a local base at {z1,...,z,}.
Therefore, F,(X) is first countable.
Suppose JF,(X) is first countable. Let x be a point of X. Since F,(X)
is first countable, there exists a countable local base 4 = {U,,,}5°_, at {z}.
For each positive integer m, let U,, = |JU,,. By Lemma 2.8, U,, is an open
subset of X. Note that x € U,,. Hence, {U,,}>°_, is a countable family of
open subsets of X, we prove that it is a local base at . Let U be an open
subset of X containing x. Then (U),, is an open subset of F,,(X) containing
{z}. Since il is a local base at {x}, there exists a positive integer m such that
{z} e U,, C (U),. Thus, x € JU, = U, € J(U)» = U. Hence, {U,,}>_,
is a local base at x. Therefore, X is first countable.
Q.E.D.
If P is a collection of pairs, for j € {1,2}, P; = {F; | (P, %) € P}.
If X is a space, then a collection P of pairs of subsets of X is a pairbase
provided that each element of IP; is an open subset of X and for each point



x of X and a neighborhood U of z in X, there exists (P;, P») € P such that
T € P1 C P2 cU.

3.9 Theorem. Let X be a space and let n be a positive integer. Then X has
a pairbase if and only if F,,(X) has a pairbase.

Proof. Suppose X has a pairbase P. Let

q3 = {((PH, ceey Plk)m <P21, . ,P21c>n) | (Plja PQj) - P,

je{l,...;k}and k€ {1,...,n}}.

We prove that B is a pairbase for F,,(X). Let {z;,...,2,} be an element of
Fo(X) and let U be an open subset of F,(X) such that {zy,..., 2.} € U.
Then there exist open subsets Uj,...,Us of X such that {z1,...,2.} €
(Uy,...,Us)p, CU. Let j € {1,...,r}. Since P is a pairbase for X, there
exists (P, P;) € P such that z; C Py; C P»; C U,, (Notation 2.3). Thus,
{Il,...,ZL'T} S <P117...,P17»>n C <P21,...,P27n>n C <U1,...,U5>n C U. There-
fore, B is a pairbase for F, (X).

Assume F,(X) has a pairbase B. Let P = {(UP1,UP2) | (P1,P2) € B}
We show that IP is a pairbase for X. Note that, by Lemma 2.8, ( J P; is an open
subset of X for each (P, Ps) € B. Let z be an element of X and let U be an
open subset of X such that x € U. Then (U), is an open subset of F,,(X)
and {x} € (U),. Since B is a pairbase for F,,(X), there exists (P, P2) € P
such that {z} € P, € P, C (U),. Hence, x € YUP, Cc UP. Cc Y{U), = U.
Therefore, P is a pairbase for X.

Q.E.D.

3.10 Theorem. Let n be a positive integer. A space X is a regular space if
and only if F,(X) is a reqular space.

Proof. Let {z1,...,2,} be an element of F,,(X) and let & be an open
subset of F,(X) such that {z,...,2,} € U. Then there exist open sub-
sets Uy, ..., Us of X such that {zy,...,2,} € (Uy,...,Us), CU. Let j €
{1,...,r}. Since X is regular, there exists an open subset V; of X such that
r; € V; C Clx(V;) C Uy, (Notation 2.3). Thus, by [20, 2.3.2], {z1,..., 2.} €
Vi, Vi © {Clx(V1),....Clx(Vi))n = Clr,)((Vh,...,Vi)n) C
(Uy,...,Us), CU. Therefore, F,(X) is a regular space.

By Remark 2.1, the reverse implication is clear.

Q.E.D.
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3.11 Theorem. Let n be a positive integer. Then a space X s a locally
compact space if and only if F,,(X) is a locally compact space.

Proof. We show that F,(X) is a Hausdorfl space. Let {zy,...,z,}
and {y1,...,y:} be two distinct elements of F,(X). Since {z1,...,2,} #
{y1,...,y:}, without loss of generality we assume that x; &€ {y1,...,u:}.
Since X is a Hausdorff space, there exist open subsets Uy, Vi,...,V; of X
such that x; € Uy, and for each k € {1,...,t}, yp € Vi, and U1 NV} = 0. Let
Us, ..., U, be open subsets of X such that z; € U; for every j € {2,...,7}.
Then (Uy,...,U,.), and (Vi,...,V}), are open subsets of F,(X) such that
{z1,.. ;2. € (U, s Uidny {yn, - sy € Vi, oo, Vi) and (U, ..., U N
(Vi,...,Vi)n = 0. Therefore, F,,(X) is a Hausdorff space.

We prove that F,,(X) is locally compact. Let {z1,...,z,} be an element
of F.(X) and let U be an open subset of F,(X) containing {x1,...,z,}.
Then there exist open subsets Uy,...,Us of X such that {zy,...,z,.} €
(Uy,...,Us), cU. Then U,,,...,U,, (Notation 2.3) are open subsets of X
such that {z1,..., 2.} € (Up, ..., Uz ) C (Uy,...,Us), CU. Since X is a
locally compact Hausdorff space, for each j € {1,...,r}, there exists an open
subset W; of X such that z; € W; C Clx(W;) C U,, and Clx(W;) is com-
pact. Without loss of generality, we assume that Clx(W;) N Clx (W) = 0 if
j # k. Hence, {x1,...,2,} € (Wy,... ., W,),, C (Clx(Wy),...,Clx(W,)), C
(Ugys - Up, ) C U. Observe that since Cly (W;) N Clx(Wy) = 0 if j # k,
(Clx(Wy),...,Clx(W,))n is homeomorphic to Clx(W;) x -+ x Clx(W,).
Thus, (Clx(Wh),...,Clx(W,)), is compact. Since, by [20, 2.3.2],

Cl}'n(X)<<W17 ey W’r)n) — <CZX(W1>, s 7ClX(W'r)>n7

we obtain that F,(X) is locally compact.
By Remark 2.1, the reverse implication is clear.

Q.E.D.
A space X is cosmic if X has a countable network.

3.12 Theorem. Let X be a space and let n be a positive integer. Then X
is cosmic if and only if F,(X) is cosmic.

Proof. Suppose X is cosmic and let N be a countable network for X.
Let = {(Ny,....,No)n | N1,...,Noe N and £ € {1,...,n}}. Then Nis a
countable family and, by Lemma 2.6, N is a network for F,,(X). Therefore,
Fn(X) is cosmic.
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Assume F,,(X) is cosmic and let 91 be a countable network for F,(X).
Let M = {N e N | NNF(X) #0} and let Ny = {JN | N € M}. Then
N is a countable family of subsets of X. We prove that N; is a network.
Let = be a point of X and let U be an open subset of X such that x € U.
Then (U),, is an open subset of F,,(X) and {z} € (U),. Since N is a network
for F,(X), there exists N' € 91 such that {z} € N C (U),. Observe that
N eN and z € YN C U. Thus, N is a network for X. Therefore, X is
cosmic.

Q.E.D.

3.13 Remark. Note that in Theorem 3.12 we do not use the fact that being
cosmic is hereditary.

A collection P of (not necessarily open) subsets of a space X is a pseu-
dobase for X if for each compact subset C of X and an open subset U of X
such that C' C U, then there exists P € P such that C ¢ P C U.

A space T3 X is an Xg-space if X has a countable pseudobase.

3.14 Theorem. Let X be a T3 space and let n be a positive integer. Then
X is an Ny-space if and only if F,(X) is an Rg-space.

Proof. Suppose X is an Rg-space. By [22, (F), p. 983], any countable
product of Ny-spaces is an Rg-space. Also, by [22, (G), p. 983], any image of
an Ng-space under a closed map is an Rg-space. Hence, F,,(X) is an Rg-space.

Assume F,,(X) is an Ny-space and let 91 be a countable pseudobase for
Fu(X). Let Nv = {UN | N € M}. Then N, is a countable family of
subsets of X. We show that N; is a pseudobase for X. Let C' be a compact
subset of X and let U be an open subset of X such that C' C U. Then
Fn(C) is a compact subset of F,,(X), (U), is an open subset of F,,(X) and
Fn(C) C (U),,. Since N is a pseudobase for F,,(X), there exists N' € N such
that 7,(C) C N C N. Thus, C = JF,.(C) c UN c Y({U), = U. Hence,
N is a pseudobase for X. Therefore, X is an Rg-space.

Q.E.D.

3.15 Remark. Observe that in Theorem 3.14 we do not use the fact that
being an Ng-space is hereditary.

A space X is a o-space if X has a o-discrete network.
3.16 Theorem. Let X be a space and let n be a positive integer. Then X

is a o-space if and only if F,(X) is a o-space.
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Proof. Suppose X is a o-space. Let N' = |J7Z, Nj be a o-discrete
network for X. Since the union of two discrete families of subsets of X is
a discrete family of subsets of X, we assume that for each j, N C Njy.
For each j, let 9 = {(Ny,..., Ni)n | N1,..., Ny € N and k € IN}. Then
M; C Mj4q for all j. By Lemma 2.7, N; is a discrete family of subsets of
Fu(X). Let M = (J;2, ;. Hence, N is a o-discrete family of subsets of
Fn(X).

We show that 1 is a network for F,(X). Let {zy,...,2,} be an element
of F,(X) and let U be an open subset of F,(X) such that {xy,...,z,} €
U. Then there exist open subsets Uy, ..., Us of X such that {z1,..., 2.} €
(Uy,..., U, CU. Let £ € {1,...,r}. Since N is a network for X, there exist
a positive integer j and Ny, € J\/} such that z, € Ny, C U, (Notation 2.3).
Note that {z1,...,2,} € (Ngy,...,Ng ) C (Up,...,Us)y C U. Let £y =
max{l1,...,0}. Then {Ng,...,Np} C Ny and (N, ..., No)n € Ny,
Therefore, 91 is a network for F,(X).

By Remark 2.1, the reverse implication follows from the fact that being
a o-space is hereditary.

Q.E.D.

A space X is developable if there exists a sequence {G,, }°°_; of open covers
of X such that for each z € X, {St(x,G,,)}5°_, is a local base at x. This
family {G,,}5°_; of open covers of X is a development for X.

3.17 Theorem. Let X be a space and let n be a positive integer. Then X
is a developable space if and only if F,(X) is a developable space.

Proof. Suppose X is a developable space and let {V,,}°°_; be a devel-
opment for X. For each m € IN, let

G = {ﬂvj
j=1

Then {G,,}>°_, is a development for X such that St(z,G,,) C St(z,Gmni1)
for all x € X and every m € IN.
Let m be a positive integer and let

VJEijorallje{l,...,m}}.

®m:{<Gm1a"'7Gmk>n | Gm1,~--,Gmk Ggm andke{l,...,n}}.

Then &,,, is an open cover of F,,(X). We prove that if {zi,...,z,} is an ele-
ment of F,,(X), then {St({z1,..., 2.}, &}, isalocal base at {z1,...,z,}.
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Let U be an open subset of F,,(X) such that {z1,...,2,} € U. Then there ex-
ist open subsets Uy, ..., Us of X such that {xy,...,2,} € (Uy,...,Us), CU.
Let j € {1,...,7}. Since {St(z;,Gn)}o_; is a local base at z;, there ex-
ists a positive integer m; such that St(z;,G,,) C U,, (Notation 2.3). Then
there exists m > max{my,...,m,} such that St(z;,G,,) C St(z;,Gn,) for
all j € {1,...,r}. Hence, {z1,...,2.} € (St(x1,Gm),...,St(xr,Gm))n C
(Uy,...,Us)p, CU. By Lemma 2.10, St({x1,..., 2.}, B,,) CU.

By Remark 2.1, the reverse implication follows from the fact that being
a developable space is hereditary.

Q.E.D.

A regular developable space is a Moore space. As a consequence of The-

orem 3.10 and Theorem 3.17, we obtain:

3.18 Theorem. Let X be a space and let n be a positive integer. Then X
is a Moore space if and only if F,(X) is a Moore space.

Let X be a space. Then X has a Gs-diagonal (G5-diagonal) if there
exists a sequence {G,,}>°_; of open covers of X such that for each z € X,

{z} = Mpey Stx, Gm) {2} = Mooy Clx(St(z,Gim))).

3.19 Theorem. Let X be a space and let n be a positive integer. Then
X has a Gs-diagonal (G-diagonal) if and only if F,(X) has a Gs-diagonal
(G5-diagonal).

Proof. Suppose X has a Gs-diagonal (G3-diagonal) and let {V,,,}>°_; be a
sequence of open covers of X such that for each x € X, {z} = *_, St(z, V)
{z} =N_; Clx(St(x,Vy))). For each m € IN, let

oo {e

J=1

V}-Gijorallje{l,...,m}}.

Then {G,, }o_; is a sequence of covers of X such that for each z € X, {2} =

ey St Gm) ({2} = M2y Clx (St(x, Gm))) and St(x, Gr) C SH(x, Gims1)
for all x € X and every m € IN.
Let m be a positive integer and let

G = {Gomts o Goidn | Gt oo G € G anid b € {1,..., )} ).

Then &, is an open cover of F,(X). We prove that if {z1,..., 2.} €
Fo(X), then {{z1,..., 2. }} = _, St({z1, ..., 2}, 6,) ({{z1,.... 2, }} =
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Mooy Clr,x)(St({x1, ..., 2,},8,,))). Note that, by Lemma 2.10,
St({x1, ..., 2.}, 8,) C (St(x1,Gm), -, St(xr, Gm))n

(Clr,x)(St({z1, ..., 2}, 85,)) C Clr,x)((St(x1,Gm), - - - SUZr, Gn) )n) =
(Clx(St(x1,Gm)), - - -, Clx(St(xr, Gm)))n [20,2.3.2]).

Hence,

m {.Il,...,l’?«},qs C ﬂ St .T17gm ;St('rr;gm»n
m=1 m=1

< ﬂ Clr,x)(St({z1, ..., 2.}, 6,)) C

oo

() (Clx(St(x1,Gm)). - .., Clx (St(x,, gm)>>n> :

m=1

By Lemma 2.11, we have that

ﬂ St xl,gm) (xr‘agm»n: {{xla"wxr}}

<ﬂ (Clx (St(x1,Gm)); - - -, Clx (St(2r, Gon)))m = {{1, . .. ,x,}}) .

m=1
Therefore,

) St({z1,... 2.}, 8,) C {2, 20 })

m=1

(ﬂ Cl}‘n St {Il,...,iﬂr},ﬁm)) - {{xlv"'7$r}}>

and F,,(X) has a Gs-diagonal (G-diagonal).
By Remark 2.1, the reverse implication follows from the fact that having
a Gs-diagonal (Gj-diagonal) is hereditary.
Q.E.D.
A space X is an a-space if there exists a function g: IN x X — 7x, where
Tx is the topology of X, such that for each point x in X:

(@) M=y 9(m, ) = {z}.

(b) If y € g(m, x), then g(m,y) C g(m,x).
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3.20 Lemma. A space X s an alpha-space if and only if there exists a
function g: IN x X — 7x, where Tx s the topology of X, such that for each
point x in X :

(1) glm +1,2) C g(m, z) for all m € IN;
(2) Np—y 9(m, ) = {z};

(3) If y € g(m, x), then g(m,y) C g(m,z).

Proof. Suppose X is an a-space. Let ¢': IN x X — 7x be a function
given by the definition of an a-space. Define g: IN x X — 7x by g(m,z) =
ﬂ’j”:l g'(j,x). Note that g is well defined and for every m € IN and every
r € X, glm+ 1,z) C g(m,x). Since for each m € IN and each x in X,
g(m,z) C ¢'(m,x) and () °_, ¢'(m, z) = {z}, we obtain that () -_, g(m,z) =
{z}. Let m € IN and let  and y be points of X such that y € g(m,z).
Then, y € (N}, ¢'(j,z). By the properties of ¢', for every j € {1,...,m},
9'(4,y) € g'(j,x). Thus, (7L, 9'(G.y) C (N, ¢'(j,x). Hence, g(m,y) C
g(m,x). Therefore, g satisfies (1), (2) and (3). The reverse implication is
clear.

Q.E.D.

3.21 Theorem. Let X be a space and let n be a positive integer. Then X
is an a-space if and only if F,(X) is an a-space.

Proof. Suppose X is an a-space. Let g: INx X — 7x be a function given
by Lemma 3.20. Let g: INxF,,(X) — 7, (x) be given by g(m, {z1,...,2,}) =
(g(m,x1),...,9(m,x.)). Let {z1,...,2,} be an element of F,,(X). Since X
is an a-space and the properties of g, by Lemma 2.11, we have that

D)
D)

gim,{z1,...,2.}) = (glm,z1),...,g(m,x.))n = {{z1,.. ., 2.} }.

m=1 m=1

Let m be a positive integer and let {y1,...,y:} € g(m,{z1,...,2,}). Let
J€A{1,...,r} and let y;1,...,y;r; be the elements of {y1,..., ¥} contained
in g(m,x;). Since X is an a-space, for each [ € {1,...,k;}, g(m,y;) C
g(m, z;). Thus, Ufil g(m,y;1) C g(m,x;). Hence, by [20, 2.3.1], we have that
glm,{y1, - we}) = (glmyn), -, 9(mye))n C (glm,21), .. g(m, 20))n =
g(m,{x1,...,x.}). Therefore, F,(X) is an a-space.

By Remark 2.1, the reverse implication follows from the fact that being
an a-space is hereditary.
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Q.E.D.
A space X is strongly first countable if there exists a function g: INx X —
Tx,where Tx is the topology of X, such that for each point z in X:

(a) {g(m,x)}5°_, is a local base at x.
(b) If y € g(m, x), then g(m,y) C g(m,x).

3.22 Lemma. A space X 1is a strongly first countable space if and only if
there exists a function g: IN X X — 7x, where Tx is the topology of X, such
that for each point x in X :

(1) glm + 1,2) C g(m, z) for all m € IN;
(2) {g(m,x)}5°_; is a local base at x;
(3) If y € g(m, x), then g(m,y) C g(m,x).

Proof. Suppose X is a strongly first countable space. Let ¢’: IN x X —
Tx be a function given by the definition of a strongly first countable space.
Define g: IN x X — 7x by g(m,r) = (L, ¢'(j,x). Note that g is well
defined and for every m € IN and all z in X, g(m + 1,z2) C g(m,z). Let
x be an element of X. Let U be an open subset of X containing z. Since
{g'(m,z)}5°_, is alocal base at x, there exists m € IN such that ¢'(m,x) C U.
By construction g(m,z) C ¢'(m,x). Thus, {g(m,z)}°_, is a local base at
x. Let m € IN and let = and y be points of X such that y € g(m,z). The
argument given in Lemma 3.20 shows that g(m,y) C g(m,z). Therefore, g
satisfies (1), (2) and (3). The reverse implication is clear.
Q.E.D.

3.23 Theorem. Let X be a space and let n be a positive integer. Then
X is a strongly first countable space if and only if F,,(X) is a strongly first
countable space.

Proof. Suppose X is a strongly first countable space and let g: INx X —
Tx be a function given by Lemma 3.22. Let g: IN x F,,(X) — 7£,(x) be given
by

glm,{z1,...,2.}) = (g(m,x1),...,9(m, ;).

Let {x1,...,z,} beapoint of F,,(X). By Lemma 2.12, {g(m, {z1,..., 2. })}°_,
is a local base at {z1,...,z,} in F,(X). Let m be a positive integer and
let {y1,...,u} € g(m,{x1,...,2.}). The argument given in Theorem 3.21
shows that g(m,{y1,...,w}) C g(m,{z1,...,2,.}). Therefore, F,(X) is
strongly first countable.
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By Remark 2.1, the reverse implication follows from the fact that being
a strongly first countable space is hereditary.
Q.E.D.

An M;-space is a regular space having a o-closure preserving base.

3.24 Theorem. Let X be a regular space and let n be a positive integer.
Then X is an Mi-space if and only if F,(X) is an M;-space.

Proof. Suppose X is an M;-space and let U = Uj‘;luj be a o-closure
preserving base. By Lemma 2.4, we assume that for each j, U; C U;,. For
each positive integer j, let &; = {(U1,...,Ug)p | Ur,..., Uy € U;}. Then
i C Uy for all j. Also, by Theorem 2.5, 4, is a closure preserving family
of open subsets of JF,,(X). Let t = [J;Z, £l;. Then lis a o-closure preserving
family of open subsets of F,(X).

We show il is a base. Let {x1,...,z,} be an element of F,(X) and let W
be an open subset of F,,(X) such that {z1,...,2,} € W. Since U is a base for
X, there exist Uy, ..., U, € U such that {xq,..., 2.} € (Uy,...,Us), C W.
Since U; C Uj4, for each j, there exists jo such that Uy, ..., Us € U;,. Hence,
(Ui, ..., Us)n € Y. Therefore, U is a base for F,(X).

By [24, Theorem 2.4], each closed subset of an M;-space is an M;j-space.
Hence, by Remark 2.1, if F,,(X) is an M;-space, then X is an M;-space.

Q.E.D.

A collection B of (not necessarily open) subsets of a regular space X is
a quasi-base if, whenever x € X and U is a neighborhood of z, then there
exists a B € B such that x € Intx(B) C B C U.

An Mj-space is a regular space with a g-closure preserving quasi-base.

3.25 Theorem. Let X be a regular space and let n be a positive integer.
Then X is an My-space if and only if F,(X) is an My-space.

Proof. Suppose X is an Ms-space and let B = U;’il B; be a o-closure
preserving quasi-base. By Lemma 2.4, we assume that for each j, B; C Bj;.
For each positive integer j, let B; = {(B1,..., Bg)n | B1,..., Br € B;}. Then
B; C Bj;, for all j. By Theorem 2.5, B, is a closure preserving family of
subsets of F,(X). Let B = (JZ,B;. Then B is a o-closure preserving
family of subsets of F,,(X).

We prove that B is a quasi-base for F,,(X). Let {z1,...,2,} be an element
of F,,(X) and let W be an open subset of F,,(X) such that {z;,...,z,} € W.
Then there exist open subsets Wi, ..., W, of X such that {z1,...,z,.} €
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(Wi, ...,We)n CW. Let £ € {1,...,r}. Since B is a quasi-base for X, there
exist a positive integer j and B, € B; such that x, € Intx(B;) C W,
(Notation 2.3). Note that {z1,...,2,.} € (Intx(By),...,Intx(By.))n C
Int]:n(X)(<Bgl, ceey Bgr>n) C <Bgl, RN Bgr>n C <W1, RN Ws)n C W. Let
by = max{fl, . ,g,«}. Then {Bgl, ce ,Bgr} C Bgo and <Bgl, ce B&)n S %40'
Therefore, B is a quasi-base for F,(X).

By [4, Theorem 2.3|, each subset of an My-space is an Ms-space. Hence,
by Remark 2.1, if F,(X) is an Ms-space, then X is an Ms-space.

Q.E.D.

Since the class of stratifiable spaces coincides with the class of Ms-spaces

([8] and [11]), we have the following:

3.26 Corollary. Let X be a reqular space and let n be a positive integer.
Then X is a stratifiable space if and only if F,(X) is a stratifiable space.

A space X is a Nagata space provided that for each x € X, there exist
sequences of open neighbourhoods of z in X, {Upn,(2)}5°_, and {V,,(x)}5o_,,
such that for all z,y € X:

(1) {Un(2z)}55_, is a local neighbourhood base at x;

and
(2) if y € U,(x), then V,,,(y) NV, (x) = 0.

3.27 Theorem. Let X be a space and let n be a positive integer. Then X
is a Nagata space if and only if F,,(X) is a Nagata space.

Proof. Suppose X is a Nagata space. Given a point z in X, let
{Un(2)}oo_; and {V,,,(x) }3o_, be the sequences of neighbourhoods of x in X of
the definition of a Nagata space. Let {xy,...,x,} be an element of F,,(X) and
let m be a positive integer. Define U,,,({x1,..., 2. }) = (Un(x1), ..., Un(x:))n
and V,,,({z1, ..., 2. }) = (Viu(z1), ..., Vin(2) ). Then

{Un({zr, o }) oy and (Vi ({2, ) s

are sequences of neighbourhoods of {zy,...,z,} in F,(X). By Lemma 2.12,
{Up({x1,...,2,:})}°_; is a neighbourhood base at {z1,...,z,.} in F,(X).

Now, let m be a positive integer and let {zq,...,2,} and {y1,..., 5}
be elements of F,(X) such that {yi,...,y:} & Un({z1,...,2,}). Hence,
either {y1,...,u:} ¢ Uj_; Un(x;) or there exists j € {1,...,7} such that
{yi, .. s N Up(z5) = 0.
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Suppose first that {y1,...,4:} ¢ Uj_; Un(z;). Without loss of gener-
ality, we assume that y; & (J;_, Un(z;). Since X is a Nagata space, we
have that for each j € {1,....7}, Viu(y1) N Vyu(x;) = 0. Thus Vi (y1) N
(Upzt Vin(x)) = 0. Let Uy, = U, Un(z;) and V, = U, (yl) Hence,
since Vi, ({v1, -+, ue}) D Vi ({1, -2 }) = (U N Vin(w1), -+, U N Vi (0e),
Vo VU (1)« o, Vi N Up(2)), and Uy, NV (y1) = 0, Vm({yl, LN
Vn{z1, ... 2. }) = 0.

Now, suppose that there exists j € {1,...,r} such that {y;,..., 5} N
Un(z;) = 0. Since X is a Nagata space, for each | € {1,...,t}, Vi,(yw) N
Vin(z;) = 0. Thus, (U, V(1)) N Vin(z;) = 0. Let Uy, = Uj= Un(z;) and
Vi = Uj—y Vin(w1). Hence, since Vo, ({91, - - -, v }) "W ({21, . . ., 2 }) = (Upn D
V Y1)y - U Vo (yt), Un Vi (21), - -+, Upn Vi (21) ) and VmﬂUm(xJ) = 0.

({yl, . ,yt})ﬂVm({xl, ...y, }) = (. Therefore, F,,(X) is a Nagata space.

Since subspaces of Nagata spaces are Nagata spaces [4, p. 109], by Re-
mark 2.1, if F,(X) is a Nagata space, then X is a Nagata space.

Q.E.D.

By [13, Corollary, p. 234] a space X is a vy-space if for each x € X,
there exist sequences of open neighbourhoods of z in X, {U,,(z)}>°_, and

{Vin(2)}5°_,, such that for all z,y € X:

(1) {Upn(x)}55_; is a local neighbourhood base at x;
and

(2) if y € Vi(x), then V,,(y) C Up ().

3.28 Lemma. Let X be a space. Then X is a y-space if and only if for each
x € X, there exist sequences of neighbourhoods of x in X, {Upn(x)}_, and
{Vin(z)}o0_,, such that for all z,y € X:

(1) {Un(2)}55_; is a local neighbourhood base at x;
(2) if y € Viu(x), then Vi, (y) C Upn(z).
and
(3) For each positive integer m, Uy, i1(x) C Up(x) and Vi1 (x) C V().

Proof. Suppose X is a y-space. Let z be a point of X and let {U], (z)}°_,
and {V (x)}5°_; be the sequences of neighbourhoods of z in X given by the
definition of a y-space. Let m be a positive integer, let U, (z) = (., Uj(x)
and let Vi, (z) = L, Vi (z). Thus, {Un(2)}-, and {Vi.(z)}o_; are se-
quences of neighbourhoods of = in X. If {U;n( )}oe_, is a local neighbour-
hood base at x, then {U,,(z)}>°_; is a local neighbourhood base at z. Let
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y € Viu(r). Then y € V/(x) for each j €
j€AL,...,m}, Vi(y) C Uj(x). Thus, V () =
Un(z). By construction U, 1(z) C Uy(z) a
reverse implication is clear.

a,..
Nje
nd’

m} Hence, for each

L V() € ML Ujle) =
Vins1(x) C Viu(z). The

Q.E.D.

3.29 Theorem. Let X be a space and let n be a positive integer. Then X
is a y-space if and only if F,,(X) is a y-space.

Proof. Suppose X is a -space. Given a point z in X, let {U,,(z)}>_,
and {V,,(z)}>°_; be the sequences of neighbourhoods of z in X of the defi-
nition. By Lemma 3.28, without loss of genereality, we assume that for each
positive integer m, Up,1(2) C Upy(2z) and Vi1 (x) C V().

Let {x1,...,2,} be an element of F,(X) and let m be a positive integer.
Define Up,({z1,...,2.}) = (Un(x1), ..., Un(x))y and Vo,({21,...,2,}) =
(Vin(z1), ..., Vin(z))p. Then

{Un({zr, o} b and {Vi({o, b b

are sequences of neighbourhoods of {z1,...,z,} in F,(X). By Lemma 2.12
{Up ({1, ..., 2,:})}°_, is a neighbourhood base at {z1,...,z,} in F,(X).
Now, let m be a positive integer and let {z1,...,z.} and {y,..., 4} be
two elements of F,(X) such that {y1,...,v:} € Vo({x1,...,2.}). Let j €
{1,...,t}andlet Vi, (2;1), ..., Vin(2ji,) be the elements of {V,,(x1), ..., Vin(2z,)}

containing y;. Hence, since X is a v-space, V,,,(y;) C ﬂ?zl Up(2j4). Thus,
V{1, wed) = Vi), Vi () C

(Upn(x1), .o Up(2))p = U ({21, ... 20 }).

Therefore, F,,(X) is a y-space.

By Remark 2.1, the reverse implication follows from the fact that being
a y-space is hereditary.

Q.E.D.

Let X be a T3 space. A point x of X is and r-point if it has a sequence
{Un}oo_, of neighbourhoods such that if x,,, € U,,, then {z,,}3°_, is contained
in a compact subset of X. The space X is an r-space if all of its points are
r-points.

3.30 Theorem. Let X be a T3 space and let n be a positive integer. Then
X is an r-space if and only if F,(X) is an r-space.
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Proof. Suppose X is an r-space. Let {z1,...,z,} be an element of
Fn(X). Since X is an r-space, for each j € {1,..., s}, there exists a sequence
{Ujm 22— of neighbourhoods of z; satisfying the definition of an r-point.
Since X is a Hausdorft space, without loss of generality, we assume that Uj,,,N
Ui = 0 if j # k and m and [ are positive integers. For each positive integer m,
let Uy, = (Ui, - - -, Usin)n- Then {U,, }5°_, is a sequence of neighbourhoods of
{z1,...,xs}. For every positive integer m, let {Yim, .-, Yt,,m} € Un. Let j €
{1,..., s} be fixed and let y,,,1, . . . s Ymjsm, be the elements of {y,n1, - - -, Ymt,, }
such that {ym1, ... ,ymjsmj} C Ujm. Let 5; = max{s,, | m € IN}. If
ie{l,...,s;}, let

y/ o ymji7 if 1 S { S Smj;
" ymjsmja if Smj S { S Sj.

Then {y,,;1, - - - ,y;njsj} C Uj,. Since X is an r-space, for eachi € {1,...,s;},
the sequence {y,,;; =1 is contained in a compact subset Kj of X. Let
K = U, U2, Kji. Then K is a compact subset of X. Hence, F,(K)
is a compact subset of F,(X) containing {{Yim,- -, Yt,um} ooy Therefore,
Fn(X) is an r-space.

Suppose F,(X) is an r-space. Let z be an element of X. Then {z}
is a point of F,(X). Since F,(X) is an r-space, there exists a sequence
{Un 32—, of neighbourhoods of {z} satisfying the definition of an r-point.
For each positive integer m, let U,,, = |JU,,. Then, by Lemma 2.8, {U,,}5°_,
is a sequence of neighbourhoods of x. For each m, let x,, € U,,. Thus,
{zm} € Up,. Since F,(X) is an r-space, {{z,,} }°°_, is contained in a compact
subset K of F,,(X). Let K = JK. By [20, 2.5.2], K is a compact subset of
X. Also note that {x,,}>°_, is contained in K. Therefore, X is an r-space.

Q.E.D.

A space X is a Morita’s P-space if for every open collection

{U(ay,...,a;j) | a1,...,a; € A; j € N}
in X satisfying the condition:
Ulow,...,a;) CU(aq,...,05,a41), a,...,0541 € A; j €N,
there exists a closed collection:

{F(ov,...,qa;) | aq,...,a; € A; j € N}
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in X satisfying:

(i) Flag,...,a;) CU(,...,q0));

(11) if U2, Uleu, ..., o) = X, for a sequence {a;}22;, then we have that
Ui, Fla,...,05) = X.

3.31 Lemma. Let X be a space. Then X is a Morita’s P-space if and only
if for every open collection

{U(ay,...,a;) | oq,...,0; € A; j € N}
in X satisfying the condition:
Ulay,...,a;) CU(q, ..., 05, aj41), 0q,...,0541 € A; j €N,
there exists a closed collection:
{F(ay,...,q;) | oq,...,0; € A; j € N}

in X satisfying:

('l) F(al,...,aj) C U(Oll,...,()éj),'

(#7) if U2, Ulan, ..., a5) = X, for a sequence {a;}32,, then we have that
U;;F(al,...,aj) :X,'

and
(133) F(on,...,a;) C F(ag,...,05,a41), a1,..., 054 € A; j € IN.

Proof. Suppose X is a Morita’s P-space. Let
{U(ay,...,a;j) | a1,...,a; € A; j € N}
be an open collection in X and let
{F'(ay,...,qj) | a1,...,a; € A; j € N}

be a closed collection in X satisfying the definition of a Morita’s P-space.
If oy € A, let F(ow) = F'(ov). Let ay,...,a; € A, j > 2. Then let
Floq,...,05) = F(ou,...,0_1)UF' (v, ..., ;). Note that {F(aq,...,q;) |
ai,...,a; € A; j € IN} is a closed collection in X such that

F(Oél,...,O{j)CU(O&l,...,O{j)
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and
F(O&l, c. ,Oéj) C F(O&l, c. ,Oéj,OéjJrl).

Suppose Uj’;l Ulay,...,a;) = X, for a sequence {a;}32,. Thus, by our
assumption, Uyoil F'(ov,...,a5) = X. Hence, since each F'(ay,...,qa;) is
contained in F'(ay,...,a;), we obtain that

UF(Oél,...,O{j):X.
Jj=1

The reverse implication is clear.

Q.E.D.

3.32 Theorem. Let X be a space and let n be a positive integer. If X is a
Morita’s P-space, then F,(X) is a Morita’s P-space.

Proof. Let {U(cv,...,a;) | aq,...,a; € A; j € IN} be an open collection
in X and let {F(ay,...,0;) | a1,...,a; € A; j € IN} be a closed collection
in X given by Lemma 3.31. Then

{(U(@l,...,@j)>n | 041,...,04]'614; jG]N}

and
{(F(Ozl,...,@j»n | Oél,...,OéjGA; jG]N}

are open and closed collections in F, (X)), respectively. We show that these
collections make F,(X) into a Morita’s P-space. Since F(ai,...,a;) C
U, ..., ), it is clear that (F(aq,...,a;))n C (U(aa, ..., a;))n.

Suppose that (J;Z (U(a, . .., @;))n = Fu(X), for some sequence {a;}32,;.
Note that this implies that (J;Z, U(a,...,a;) = X. Since X is a Morita’s
P-space, ;2 Fau,...,a;) = X. We prove that (J;2 (F(au,...,a;)), =
Fu(X). Let {z1,...,2,} be a point of F,,(X). Since J;Z, Fau,...,q5) = X,
for each ¢ € {1,...,r}, there exists j, € IN such that z;, € F(, ..., q;,). Let
Jo = max{ji,...,Jr}. Theneach F(ay,...,q;)is contained in F'(ay,...,aj,).

This implies that {z;,..., 2.} C F(aq,..., o) and {z1,...,2,} € (F(o, ..., aj))n.

Hence, 72, (F (a1, ..., a;))n = Fu(X). Therefore, F,(X) is a Morita’s P-
space.
Q.E.D.

3.33 Question. Let X be a space and let n be a positive integer. If F,(X)
is Morita’s P-space, then is X a Morita’s P-space?
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4 Examples

A space X is proto-metrizable if it is paracompact and it has an orthobase
B; i.e., a base B such that if B’ C B, then either () B’ is an open subset of X
or B is a local base at the unique point in (5’

4.1 Theorem. Let X be a space and let n be a positive integer. If F,(X) is
a proto-metrizable space, then X is a proto-metrizable space.

Proof. This follows from Remark 2.1.
Q.E.D.

4.2 Theorem. There ezists a proto-metrizable space X such that Fo(X) is
not proto-metrizable.

Proof. Let M be the Michael line [21]. Then, by [27, p. 196], M is
paracompact. Also, by [14, p. 458], M has an orthobase. Hence, M is a
proto-metrizable space. Let Il be set of irrational numbers with their usual
topology inhereted from IR. Let X be the disjoint union of M and 1. Thus,
X is a proto-metrizable space. Note that F5(X) contains a copy of M x I,
which is open and closed in F5(X). Hence, since M x I is not normal [27,
pp. 196 and 197], we have that F»(X) is not proto-metrizable.

Q.E.D.

A space X is a Fréchet space if for every subset A of X and each point
a € Clx(A), there exists a sequence {a,}>°_; in A converging to .

4.3 Theorem. Let X be a space and let n be a positive integer. If F,(X) is
a Fréchet space, then X 1s a Fréchet space.

Proof. This follows from Remark 2.1.
Q.E.D.

4.4 Theorem. There exists a compact Fréchet space X such that Fo(X) is
not a Fréchet space.

Proof. Let §(Xj) and §F(X;) be the compact Fréchet spaces given in [30,
(b), p. 751] such that §(X,) x §(X1) is not a Fréchet space, and let X be
the disjoint union of §(X,) and F(X;). Note that F5(X) contains a copy of
§(Xo) x F(X1) which is open and closed in F»(X). Therefore, Fo(X) is not
a Fréchet space.

Q.E.D.
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A space X is monotonically normal if there exists an operator H(-,-)
which assigns to each pair of disjoint closed subsets A and B of X an open
subset H(A, B) of X such that:

(i) ACH(A,B) CClx(H(A,B)) C X\ B
and
(1) If AC A" and B’ C B, then H(A,B) C H(A", B').

4.5 Theorem. There exists a monotonically normal space X such that Fo(X)
s not normal.

Proof. Let X be the Sorgenfrey line. By [9, Example 7.1], X is mono-
tonically normal. It is well known that X? is not normal because the set
L={(z,—z) | € X} is a closed subset of X? and it has the discrete topol-
ogy. Since fy: X? — Fp(X) is an open map (Lemma 2.13), we have that
the set fo(L) = {{x,—z} | x € X} is a closed subset of F5(X) and it has the
discrete topology in Fy(X). With an argument similar to the one given for
X2, one can show that F5(X) is not normal.

Q.E.D.

Note the following:

4.6 Theorem. Let X be a space and let n be an integer greater than or
equal to two. Then X? is monotonically normal if and only if F,(X) is
momnotonically normal.

Proof. Suppose X? is monotonically normal. Then X™ is monotonically
normal [6, Theorem 3.1]. Hence, F,,(X) is monotonically normal [6, Fact (2),
p. 200].

Suppose F,(X) is monotonically normal. Then, since F5(X) is closed in
Fn(X), F2(X) is monotonically normal. Thus, by the proof of [6, Theorem
3.1, p. 202], X? is monotonically normal.

Q.E.D.

A space X is countably compact provided that every countable open cover
of X has a finite subcover.

4.7 Theorem. Let X be a space and let n be a positive integer. If F,(X) is
a countably compact space, then X is a countably compact space.

Proof. By [5, Theorem 3.10.4], the result follows from Remark 2.1.
Q.E.D.

A T3 space X is pseudocompact if every real-valued map defined on X is

bounded.
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4.8 Theorem. There ezists a countably compact (pseudocompact, respec-
tively) space Z such that Fo(Z) is not countably compact (pseudocompact,
respectively).

Proof. Let X and Y be the subspaces of the Cech-Stone compactification
of IN, S(IN), described in [5, Example 3.10.19]. Then X NY = IN, and X
and Y are countably compact (pseudocompact [5, p. 208], respectively) such
that X x Y is not countably compact (pseudocompact, respectively). Let
Ag = {(m,m) | m € IN}. Then A is a discrete open and closed subset of
X xY. Let a and b be two distinct symbols and let X, = X x {a} and Y, =
Y x {b}. We consider X, x X}, with the product topology. Let ¢: X, x X}, —
B(IN) x B(IN) be given by (((x,a), (y,b)) = (x,y). Then ( is an embedding
and ((X, xY;) = X x Y. Hence, ("!(Ay) is a discrete open and closed
subset of X, x Y,. Thus, X, x Y} is not countably compact (pseudocompact,
repectively). Let Z = X, UY, with the free union topology. Then F»(Z) has
a copy of X, x Y, which is open and closed in F5(Z). Therefore, F5(Z) is
not countably compact (pseudocompact, respectively)
Q.E.D.

5 Independence Results

A space X is a ccc-space provided that each family of nonempty pairwise
disjoint open subsets of X is at most countable.

5.1 Theorem. Let X be a space and let n be a positive integer. If F,(X) is
a cce-space, then X is a cce-space.

Proof. Suppose X is not a ccc-space, then there exists an uncountable
family {Uy}aea of pairwise disjoint open subsets of X. Then {(Uy),}aea is
an uncountable family of pairwise disjoint open subsets of F,,(X). Therefore,
Fn(X) is not a cce-space.

Q.E.D.

5.2 Theorem. Let X be a space and let n be a positive integer. If X™ is a
cce-space, then F,(X) is a ccc-space.

Proof. Let f,,: X" — F,(X) begiven by f,((z1,...,2,)) = {x1,..., 2.}
Then f, is a surjective continuous function. If F,,(X) is not a ccc-space, then
there exists an uncountable family {U)} ca of pairwise disjoint open subsets
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of F,,(X). Then {f, }(Uy)}rea is an uncountable family of pairwise disjoint
subsets of X". Therefore, X" is not a ccc-space.
Q.E.D.

5.3 Theorem. Let X be a space. Then X? is a ccc-space if and only if
Fo(X) is a cce-space.

Proof. By Theorem 5.2, if X? is a ccc-space, then Fp(X) is a cce-space.

Suppose X? is not a ccc-space. Then there exists an uncountable family
{U, x V3 }aea of pairwise disjoint basic open subsets of X2. Note that {V} x
Uy }en is also an uncountable family of pairwise disjoint basic open subsets
of X2. For each X\ € A, let Wy = (Uy x V3) U (V3 x Uy). Thus, {Wh}rea is
an uncountable family of open subsets of X?2.

Suppose there exists an uncountable subset I' of A such that the ele-
ments of {W,},er are pairwise disjoint. Since fo: X? —» F(X) is open
(Lemma 2.13), {f2(W,)},er is an uncountable family of open subsets of
F2(X). Observe that, by construction, for each v € I, W, = f; ! (fo(W,)).
This implies that the elements of { fo(W,)},er are pairwise disjoint. Hence,
in this case, F2(X) is not a cce-space.

Now, assume that at most countably many elements of {W,}.ca are
pairwise disjoint. Let A be the countable subset of A such that the el-
ements of the family {Wjs}sea are pairwise disjoint, and let I' = A\ A.
Let Ty = I'*\ {(v,7) | v € T'}. For each pair (y1,7) € T}, let S,y =
(Uy, x Vo) 0 (Vo x Uy, U (V5 x Uyy) N (U, x V,,)]. Note that for each
two distinct elements v, and v, of I', Sy, = Sypyy. Let Tp = {(71,72) €
Iy | Syip # 0}. Observe that Iy is uncountable. Let (71,72) and (vs,74) be
two distinct elements of I'g. Then

Sy NSy =

(U x V30) N (Vyy X Uy, )) U ((Uyy X Vap) 0 (V3 x Uy ))IN
[(Uyy x Vo) N (Vo x Uy,)) U (U, x Vo, ) U (Vi x Usy,))] =
([ X V3 )N (Vi XU, )JU((Uny X Vg )NV, X U )IN((Ung X Vg )N (Vay X U, )) )
([T X} Vo )N (Vag X Uy )JU((Ung X Vi )OUV3y X Uy DIN((U, V3, )N(Vy X Uy ))) =
(1T < Vo) 0 (Vi (Vye x U5))]

( ( ]

( ( ]

X U’Y2))ﬂ((UW3 X V3>ﬂ )))U
([((Uy, x Vao) N (Vay X Uy, )) N (Ung % Vag) N (Vay x Uyy))))U
([((Us x Vo) 0 (Vay X Us,)) N (Usy % Vay) N (Vi X Uny)))U
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([((Uvz x V) N ((Uyy x Vo) N V X U, )
([((Us x Vau) N (Vg X U3, )) N (Ung X Vi) N (Vi X Um U
([(Uyy x Va) N (Vo X Uny)) N ((Uyy % Vo) N (Vo X Usy))]) =
([((Uwzxvv )JN(Vay X Usy )N ((Ung X Vo )N (Vo X U, DIN((Usy x V5,)N (VWXUW)))U
([((Un x Vo )O(Vay X U5 ))O(Ung X Vg )O(Vay X Un DIN((Uny X Vi )N (Vay x Uy, ))) C
((Uss x Vi) 0 (Vo x U N (U, X V5) N (Vi X Uy, )))U
(((Uw X Vo) N (Vi x Uqy)) 0 (U, X Vo) N (Vi X Uvs))) = 0.

Hence, the family {S,., | (71,7%2) € T'o} is pairwise disjoint. Since
fo: X? — Fo(X) is open (Lemma 2.13), {f2(Sy1r) | (71,72) € To} is an
uncountable family of open subsets of .7-"2( ). Observe that, by construc-
tion, for each (v1,72) € To, Sy0e = f5 ' (f2(Sy1,)). This implies that the
elements of { f2(Sy,4,) | (71, 72) € T'o} are pairwise disjoint. Therefore, F5(X)
is not a cce-space.

N (Vs xUy))

R N e N

Q.E.D.

5.4 Corollary. Let X be a space and let n > 3 be an integer. If Fo(X) is a
cce-space, then F,(X) is a ccc-space.

Proof. Suppose F5(X) is a ccc-space. By Theorem 5.3, X2 is a ccc-space.
Hence, by [12, pp. 50 and 51], X™ is a ccc-space. Thus, by Theorem 5.2,
Fn(X) is a cce-space.

Q.E.D.

It is known that assuming Martin’s Axiom and the Negation of the Con-
tinuum Hypothesis, being a cce-space is productive [28, Theorem 2.1]. Hence,
we have the following:

5.5 Corollary. Let X be a space and let n be a positive integer. Then,
assuming Martin’s Axiom and the Negation of the Continuum Hypothesis, X
is a ccc-space if and only if F,,(X) is a ccc-space.

Proof. Suppose X is a cce-space. Then, by [28, Theorem 2.1], X2 is a ccc-
space. Hence, by Theorem 5.3, F5(X) is a cce-space. Thus, by Corollary 5.4,
Fn(X) is a cce-space.

If 7,(X) is a cce-space, then, by Theorem 5.1, X is a cce-space.

Q.E.D.

It is known that assuming the Continuum Hypothesis, there exist two

cce-spaces whose product is not a cce-space. An example of such spaces is in

28, Theorem 3.3].
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5.6 Theorem. Assuming the Continuum Hypothesis, there exists a ccc-space
X such that Fo(X) is not a ccc-space.

Proof. Let X, and X; be the ccc-spaces described in [28, Theorem 3.3]
such that Xy x X is not a ccc-space, and let X be the disjoint union of X
and X;. Note that F»(X) contains a copy of Xy x X; which is open and
closed in F»(X). Therefore, F2(X) is not a cce-space.

Q.E.D.
As a consequence of [28, Corollary, p. 180] and Theorem 5.3, we obtain:

5.7 Corollary. Assuming the Continuum Hypothesis, there exists a compact
Hausdorff ccc-space X such that Fo(X) is not a ccc-space.
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