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@ Motivation: Some general considerations on inf-sup conditions.

@ The Stokes problem.

© The Qﬁﬂ X Pp_1 pair.
o The first idea.
o The new mixed method.
o The stabilised variant.

@ The Q? x Py pair.
@ The Oseen equation.

O Conclusions, open questions.
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The setting : Find (u,p) € V' x @ such that

a(u,v) +b(v,p) = F(v) YoeV,
b(uvq) =0 quQ
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The setting : Find (u,p) € V' x @ such that

a(u,v) +b(v,p) = F(v) YoeV,
b(uvq) =0 quQ

The Galerkin scheme : Given V;, C V and Q) C @, finite-dimensional spaces:
Find (up,pn) € Vi X Qp, such that

a(uh,vh) 4F b(vh,ph) = F(’Uh) Yy, € Vi,
b(un, qn) = 0 Vg e€Qn.
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The setting : Find (u,p) € V' x @ such that

a(u,v) +b(v,p) = F(v) YoeV,
b(uvq) =0 quQ

The Galerkin scheme : Given V;, C V and Q) C @, finite-dimensional spaces:
Find (up,pn) € Vi X Qp, such that

a(uh,vh) 4F b(vh,ph) = F(’Uh) Yy, € Vi,
b(un, qn) = 0 Vg e€Qn.

Remark: The stability and error estimates constants vary as 32, where 3 is
the discrete inf-sup constant.
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Problem: In many interesting cases, § degenerates with some important
quantity (e.g., the aspect ratio). Fortunately, in some cases, the following
decomposition can be proved:

Qn=0q5 ®Qy,

where Vj, x QhG satisfies:

b
sup (Um Qh)

> Bellanlle  Yan €QF,
wevifoy llvnllv

where B¢ > 0 does not depend on any bad parameter.
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Problem: In many interesting cases, § degenerates with some important
quantity (e.g., the aspect ratio). Fortunately, in some cases, the following
decomposition can be proved:

Qn=0q5 ®Qy,

where V7, x QhG satisfies:
b
s (’U}“ Qh)

> Bellanlle  Yan €QF,
wevifoy llvnllv

where B¢ > 0 does not depend on any bad parameter.
Then, the following weak inf-sup condition can be proved:

b Uh,dhn
sup D) S g o~ Cllan —Tanle Van € @n,
onevifor vnllv

where IT : Q — Qﬁ is any continuous linear projection onto the good space
Q%, and C > 0 is an O(1) constant. oo 4
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Two possible solutions:

o If Qf is essentially equal to @, just use the pair V), x Qg as a mixed
method; else
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Two possible solutions:

o If Qg is essentially equal to @, just use the pair V), x Qg as a mixed
method; else

e A stabilised variant, in the vein of the minimal stabilisation (cf. Brezzi &
Fortin): Find (up,pn) € Vi, X Qp, such that

a(uh, Uh) =+ b(vh,ph) = F(Uh) Yy € Vh,
=b(un, qp)+((I —M)pp, (I —M)gn)g = 0  Vgn € Qn.
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Two possible solutions:

o If Qg is essentially equal to @, just use the pair V), x Qg as a mixed
method; else

e A stabilised variant, in the vein of the minimal stabilisation (cf. Brezzi &
Fortin): Find (up,pn) € Vi, X Qp, such that

a(uh, Uh) =+ b(vh,ph) = F(Uh) Yy € Vh,
=b(un, qp)+((I —M)pp, (I —M)gn)g = 0  Vgn € Qn.

For both variants, stability and convergence, with constants depending
only on SBg, can be proved.
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The Stokes problem : Find a pair (u,p) such that w = 0 on 012, and

—Au+Vp=f , V:-u=0 in{.
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The Stokes problem : Find a pair (u,p) such that w = 0 on 012, and

—Au+Vp=f , V:-u=0 in{.

The finite element spaces : For a given partition P and an integer k > 1 we
define:

Vp={veHi()?:voFx Qi VKe?P}
My = {q € LE(Q) : qo Fx € P,y VK € P}
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The Stokes problem : Find a pair (u,p) such that w = 0 on 012, and

—Au+Vp=f , V:-u=0 in{.

The finite element spaces : For a given partition P and an integer k > 1 we
define:

Vp={veHi()?:voFx Qi VKe?P}
My = {q € LE(Q) : qo Fx € P,y VK € P}

Remark : This pair of spaces is inf-sup stable on regular meshes, and in
anisotropic edge patches.
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Figure 1 :

Typical anisotropically refined corner patches 2. with the corresponding
subsets w. shown shaded. On the left: a single corner patch.
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There exists C' > 0 such that

: (V-v,9)a —1/2_ -
inf sup ———— = pB» =Ck /2min 1,k\/o},
1€My vevy |V]1,0lldllo.0 i)

where o = h./H,. is the mesh aspect ratio.
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Figure 3 : Behaviour of the inf-sup constants 8y and B with respect to the aspect
ratio and polynomial degree k = 4 on the T-mesh.
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He He

he [ ] he he

he he He he He
By, =C By, = Ck=1/2 By ~ /0

Together, ...
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He He

he D he he

he he  He he  He
By, =C Bp, = Ck=1/2 By ~ /O
Together, ... Mp = My, © Myp, @ Span{qy} where

1 in we,

qp = |we|
B __Wel i
L] n Qe \ we,

and w, is the shaded, extremely small subdomain.
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Let N Z{QEM?II

w,
positive constant C, independent of any aspect ratio such that :

4= 0, for all corner patches}. Then, there is a

(V : U’Q)Q > Ck}_l/2 '

inf sup
9EM5 wev, [V]10llgllo.0
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Let N Z{QGM?ZI

w,
positive constant C, independent of any aspect ratio such that :

4= 0, for all corner patches}. Then, there is a

(V : an)Q > Ck}_l/2 '

inf sup
9EM5 wev, [V]10llgllo.0

Consequence 1 : The pair Vip x M, is a uniformly inf-sup stable pair.
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Let MY, = {q € Mo : fwc q=0, for all corner patches}. Then, there is a
positive constant C, independent of any aspect ratio such that :

(V : v7‘1)9 > Ck_1/2 '

inf sup
9EM5 wev, [V]10llgllo.0

Consequence 1 : The pair Vip x M, is a uniformly inf-sup stable pair.
Consequence 2 : Confirmation that the culprit of the inf-sup defficiency is only
one pressure mode per corner patch. Namely, the function ¢ defined
previously. Then, it is very easy to propose a stabilised finite element method
using a minimal stabilisation idea.
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The first stabilised method : Find (up,pp) € Vp x My such that:

B((“T)I’T)) ('U,q)) - §(p?aq) = (fav)ﬂ V(’U,q) € VT X M(Pa

where

) ::(VU’ VU)Q - (p7 % U)Q - (q7 V- U)Q )
=((I = Mp, (I —=)q)a.

B((u,p), (v,q)
5(p,q)
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The first stabilised method : Find (up,pp) € Vp x My such that:

B((“T)I’T)) ('U,q)) - §(p?aq) = (fav)ﬂ V(’U,q) € VT X M(Pa

where

) ::(VU’ VU)Q - (p7 % U)Q - (q7 V- U)Q )
=((I = Mp, (I —=)q)a.

B((u,p), (v,q)
5(p,q)

e Pros: Stability can be proved quite easily, and numerics follow.

@ Cons: The consistency error can not be bounded optimally.
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Important Remark : There exists a projection operator II such that

S(p.0) = (1~ (1~ D)o = 75 [ 1] [ Tal.

where 7, > 0 is an appropriate constant, and . is a single, arbitrary, edge
connecting a small square element k. in €. with a stretched element K.
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(a) Edge patch

b) Corner patch Universityof
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The useful consequence :

Let JV(T C My denote the subspace defined by

My = {qg € Myp : / lq] = 0 for all corner patches} .

c

Then, the following inf-sup stability holds

iqf Sup (v ) v’ q)Q

> fp > 0,
aeMy vevy [V10lldllo.0

where ~
,pr = InaX{ﬁ(p, Ck_3/2} .
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The useful consequence :

Let JV(T C My denote the subspace defined by

My = {qg € Myp : / lq] = 0 for all corner patches} .

c

Then, the following inf-sup stability holds

iqf Sup (v ) v’ q)Q

> fp > 0,
aeMy vevy [V10lldllo.0

where ~
,pr = InaX{ﬁ(p, Ck_3/2} .

Moreover, if p € H* (), then there ewists a positive constant C such that

|'YC|

inf [|p — qa>||m<0 e e Q?||OQ+Z

10n. (P — 42) 15 xouK.) -
GpEMy

G.R. Barrenechea (Strathclyde) Birmingham, January 2016



100

By

B

10-5

10—4

10-3

10—2

10-1

Universityof
Strathclyde
Glasgow

G.R. Barrenechea (

Birmingham, January



100

/65’ P

10-1

B

10-5 10— 103 102 10-1

10—2

Universityof
Strathclyde
Glasgow

G.R. Barrenechea ; Birmingham, January 2016



100

103 102 10-1

Universityof
Strathclyde
Glasgow

G.R. Barrenechea (

Birmingham, January



100

10—2

| B |
| B |

10-5

10—4

0

10-3

(k = 10)

10—2

10-1

Universityof
Strathclyde
Glasgow

G.R. Barrenechea

Birmingham, January 2016



100

10—2

L 5 !
=

10-5

10—4

0

10-3

(k = 18)

10—2

10-1

Universityof
Strathclyde
Glasgow

G.R. Barrenechea

Birmingham, January 2016



100

10—2

' !
=

10-5

10—4

0

10-3

(k = 19)

10—2

10-1

Universityof
Strathclyde
Glasgow

G.R. Barrenechea

Birmingham, January 2016



100

10—2

L 5 |
T

10-5

10—4

0

10-3

(k = 20)

10—2

10-1

Universityof
Strathclyde
Glasgow

G.R. Barrenechea

Birmingham, January 2016



The stabilised method : Find (up,pp) € Vp x My such that:
B((“Tapf}’)a (’U, Q)) - S(pTa Q) = (f7 U)Q V(’U,q) € VT X MT s

where S(p.q) = % zc: / le]- /w -
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The stabilised method : Find (up,pp) € Vp x My such that:

B((UT,pT)a ('v,q)) - S(pg),q) = (f7v)ﬂ V(U7Q) €EVyp x My,
where
S =z [ 0l [ lal.
Lemma

There exist positive constants Cy, Co such that for all gp € Mo,

Cillgr — Mpgoll < S(gp, gp) < Collgr — Hpgs |3

Furthermore,

laz |3 0
S(qﬂ’v QTP) < C ’
k=23 (lp = a2ll§ woure. + el 10n. (0 — a2) % Uk.)

for allp € H(Q).
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For all (w,r) € Vo x My, there holds

Bs((w, ), (v,9))

> OB ll(w, )l -

sup
waoevexms @ gl

Moreover, if p € H*(Q), then there exists a positive constant C such that
(e — u$,p— p3)Il < (1+ CP5?)

inf {III u—vp,p—qp)ll +57 ZI%I 1. (p — 42) |13 wouk. )5}

(vp,pp)EVp XMp

.
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Figure 4 : Behaviour of inf-sup constants of different methods on the T-mesh shown
in Figure 1 for fixed aspect ratio o = 10~ and increasing polynomial degree k.
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The initial partition is divided to form the final one, as shown in the figure
below:

H I e — I
| OIE R
h H h H

Figure 5 : Partition Py (left) and P (right). We call this Py corner patch.
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The initial partition is divided to form the final one, as shown in the figure
below:

h H
Figure 5 : Partition Py (left) and P (right). We call this Py corner patch.

Then, we define the spaces:

Q.5 :={veH}(Q)?:voFg e Qi(K)* VK€ P},
and @
My :={q € L3(Q): qo Fx € Po(K) VK € P}. Sirathctyde
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A direct consequence of the first part:

For the subspace G C My, C My, defined by

G :={q € Myp,: [g]l,. =0 for. € &},

there exists a constant B independent of aspect ratios such that

sup (v -, q)Q

> Balldllo, forallqg € G.
"’EQL? | |1,Q
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The method: Find (up,pp) € Q; » x Mg such that

B ((up,pp), (v,q)) = (f,v)a for all (v,q) € Q1 p x M.
Here,

By((u,p), (v,q)) = B((u,p), (v,9)) = 75(p;4),

the stabilisation terms are

Q)= Y. Sulpa)+ Y Sv(a),

4>|»~

MePy Ye€Ee
and
K| mm{IKI IK’I}
SM(p7Q) = Z W [[p]”[q]l and S%(PvQ) = Z
e€fnm € eCe
gi:ﬁﬁ'clyde

G.R. Barrenechea (Strathclyde) Birmingham, January 2016 23



The method: Find (up,pp) € Q; » x Mg such that

B ((up,pp), (v,q)) = (f,v)a for all (v,q) € Q1 p x M.
Here,

By((u,p), (v,q)) = B((u,p), (v,9)) = 75(p;4),

the stabilisation terms are

Q)= Y. Sulpa)+ Y Sv(a),

MePqy Ye€E

4>|»~

and

Sm(p,q) == Z @ [p][g] and S’yc(pﬂ) _ Z m1n{|K| |K’|}/

el J.

Remark : Without the terms S, the method has been proposed by L& S.
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The stabilising terms Syr and S, control all the unstable modes. Then, there
exists a constant ps > 0 independent of the aspect ratio o, such that

B((w,r)(v,
sp Bl DOD) ) oy for att (w.r) € Qg x Mo
wacorot Nl
Moreover, if p € H*(R), then there exists a positive constant C such that

ll(w = up,p —pp)ll < (1 +Cp™)

inf (e —vp,0 = go)ll + D hiwlldepllo,x + .y |9ypllox
(vP,97)EQq,» XMy Kep

where hg , and hi,, are the diameters of K € P in the x- and y-directions,
respectively.
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Figure 6 : Stability constants ps, and the LS method for a T-mesh.
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The Oseen equation : Find a pair (u,p) such that u = 0 on 09, and

—vAu+b-Vu+ou+Vp=f , V-u=0 inQ,

where o, >0 and V-b =0 in Q.

Remark: We use the same finite element spaces as before. So, the
stabilisation mechanisms for the pressure are identical.
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The stabilised finite element method: Find (up,pp) € Q; p X My such that:

B((’“’Tapﬂ’)v (v7Q)) +5v(uﬂ’7 ’U) _apsp(p’ q) = (f’ v)ﬂ V('U, q) € Ql,? X My,

where
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The stabilised finite element method: Find (up,pp) € Q; p X My such that:

B((U(P,pfp), (’U, Q)) +S’U(u'Pa ’U) - apsp(p? q) = (f7 U)Q v ('U, Q) S Ql,? X MT 3
where

B((u,p), (v,9)) := v(Vu, Vo)g + (b- Vu,v)g + o(u, v)o —(p, V-v)o—(¢, V-u)o.

=:a(u,v)
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The stabilised finite element method: Find (up,pp) € Q; p X My such that:

B((“Tva)v (’U,q)) +sv(ufPa ’U) _apsp(p7 q) = (-fa U)Q V(’U,q) S Ql,? X M?a

where
sp(p,q) = exactly as before,
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The stabilised finite element method: Find (up,pp) € Q; p x My such that:

B((uﬂ’apﬂ:’)a (’U, q)) +5v(u’Pa U) - apsp(pa q) = (fa U)Q v (’U, Q) € Ql,ﬂD X MT )

where
sy(u,v) is symmetric and needs to satisfy: Let ||v]|? := s,(v,v). We assume:

su(w, v) < csflw|s|vf1,0,
sy(v,v) >0,

Y vllrg (Vo) < solv,0),
Ke?

for all v, w € H} ()2
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The stabilised finite element method: Find (up,pp) € Q; p x My such that:

B((UT,pT), (’07(1)) —I—Sv(u?, ’U) _apsp(p7 q) = (f, v)ﬂ V(vv q) € Ql,(P X Mg,

where
sy(u,v) is symmetric and needs to satisfy: Let ||v]|2 := s,(v,v). We assume:

so(w,v) < cf|lwlfs|v|ia,
sy(v,v) >0,

Y kg (V- o)lIE e < solv,v),
Ke?

for all v, w € H}(Q2)2. Using these conditions, we take oy, > a := (c2 + ¢2)~ !,
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Let s, satisfy the previous assumptions. Let us define the mesh-dependent
norm

(v, Il = 0245 + e llalig o + sp(a, 9) -

Then, there exist us > 0, independent of the aspect ratio of the mesh, and of v,
such that:

B((w,r), (v,
sup (0,1), 0. 0) )l for ol (w,1) € @y x M,
(0,0)€Q; »x Mg (v, )l

where ps = BZ/[2(1 + Be)(17 + 163c)]
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Let s, satisfy the previous assumptions. Let us define the mesh-dependent
norm

(v, @Il = llolZ4s + e llall o + sp(a, ) -
Then, there exist us > 0, independent of the aspect ratio of the mesh, and of v,
such that:
wp | Balwin).(v.0)

> ps [(w,r)l - for all (w,r) € Qy p x My,
(v.0)€Q;, » XMy (v, )l

where ps = BZ/[2(1 + Be)(17 + 163c)]

4

Moreover, error estimates in the triple norm, with constants independent of v,
can be proved.
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Defining xp := id — 1}, we can define the following stabilising terms:

st(u,v) Z Yar (kar (V- ), k0 (V- 0)) s

MePy
+ ) (e (b - V), ke (brc - V)i
Ke?
52 (u,v) Z 0z (Kpr(0zw), 0,0) 5 + 0y (Kpr(Oyu), 0yv),, (LPS),
MePy

where
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Defining kp := id — I1}’, we can define the following stabilising terms:

sy(w,v) = Y (e (V- w), mar(V - 0)ar

MePy

+ ) (kg (b - V), kg (br - Vo))k |
Ke?

st(w,v) = Y 0y (ki (02w),020) yy + 0y (Rag (Byu), 9yv)y,  (LPS),
MePy

where
Sk = v 1Bl% schi, min{1, Peyi, )
Sy = v B2 P, min{1, Pe s 4}

Pemin,x = vt min{hK,m) hK,y}Hb”oo,K
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Defining xkp := id — 1}, we can define the following stabilising terms:

sy(w,v) = Y r(rar(V ),k (V- 0)ar

MePy
+ Z (kg (bi - Vu), kg (bk - VV))k
Ke?
so(w,v) 1= Y Oy (K (02w), 020) yy + 0y (Rar(Byu), 9yv)y,  (LPS),
MePy
where
var i= max{1, Pei®} where ,Pef™:= min ||bHLMmin{h My Py s
M ) Po ) Po MeP, v x, M ty, ’
or

. i . pu| M|
=14+ ind(M)Pey™ where indM):=1— ———— .
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The mesh:

0

0 a 1

Figure 7 : A Shishkin mesh with parameter A = min{%, 2vIn N} (v = 1/32), with
N = 8 intervals.
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The solution:

1
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X

Figure 8 : Nodal interpolation of u; (left) and L? projection of p (right) for
v=10"°.
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Some error results (v = 107%): We define, for a given partition P, the relative
errors

e IP=Pollos

uU—u
p = = and Erel = | rha
lp — plly o

- I‘J’“|1,Q '

Table 1 : Here, N =8, A =0.01, and Q, 5 X G.

By By
st First 25.02 1.0
s}J Second 25.31 1.0
LPS - 1.40 1.0002
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Some error results (v = 107%): We define, for a given partition P, the relative
errors

e IP=Pollos

uU—u
p = = and Erel = | rha
lp — plly o

- I‘J’“|1,Q '

Table 1 : Here, N =8, A = 0.0001, and @, 5 x G.

sv Yar Ezr)el ELel
st First 1.06 1.0

! Second 1.06 1.0
LPS - 1.22  1.0219
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Some error results (v = 107%): We define, for a given partition P, the relative
errors

Eﬁd.__Hp-—p?Hmo

u—u
P T and Eff’l = —| T‘I’Q
lp —TIplly.q

Cu— IfPu|1,Q .

Table 1: Here, N =8, A =0.01, and Q; 5 X My, and a = 1.

SV Yar Eir)el E;el

si First 4779 1.0

e Second 48.63 1.0
LPS - 7.47  1.0002
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Some error results (v = 107%): We define, for a given partition P, the relative
errors

Eﬁd.__Hp-—p?Hmo

u—u
b = and Eff’l :—| T‘I’Q
lp —TIplly.q

Cu— IfPu|1,Q .

Table 1 : Here, N =8, A = 0.0001, and @Q; 5 x My, and a; = 1.

sv Yas Eir)el ELEI
st First  3.06 1.0
1

s Second 2.78 1.0
LPS - 6.73 1.0152
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Shaprness of the layers with varying .

Su> Vs A = 0.5000 A=1.0000-10"2 X =1.0000-10"*

12 8 18
8 18
1
14 14
08 2 12
P 1 1
08
i 08 08
04 06 08
04 04
02
02 02
0 o 0
1 v o 1 v o 1 v 0

Figure 9 : Meshes: N =8, A (left to right). Using @, » x G.
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Shaprness of the layers with varying A.

Suy Vs A = 0.5000 A =1.0000-10"2 X =1.0000-10"*
st + First o iy

Figure 9 : Meshes: N =8, A (left to right). Using @, » x G.
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Shaprness of the layers with varying .

Sus Vs A = 0.5000 A = 1.0000- 102 =1.0000-10~%
s + Second , “ -
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Shaprness of the layers with varying .

Su> Vs A = 0.5000 A=1.0000-10"2 X =1.0000-10"*

12 8 18
8 18
1
14 14
08 2 12
P 1 1
08
08 08
04 06 08
04 04
02
02 02
0 o 0
1 v o 1 v o 1 v 0

Figure 10 : Meshes: N =8, A (left to right). Using Q, » X My, ap = 1.
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Shaprness of the layers with varying A.

Suy Vs A = 0.5000 A =1.0000-10"2 X =1.0000-10"*
st + First o iy

Figure 10 : Meshes: N =8, A (left to right). Using Q; » X My, ap = 1.
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Shaprness of the layers with varying .

Sus Vs A = 0.5000 A =1.0000-10"2 X =1.0000-10~*
Sl + Second / " "

Universityof
Strathclyde
Glasgow

G.R. Barrenechea (Strathc e Birmingham, January 2016



@ Identification of the minimal number of spurious pressure modes on
anisotropic meshes.

@ A new family of inf-sup stable finite element spaces. These enjoy the
same approximation properties of the original one.

@ A stabilised variant penalising these modes in the formulation: stability
and optimal convergence.

@ Extension to the (optimal) Q? x Py pair, and Oseen.
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@ Identification of the minimal number of spurious pressure modes on
anisotropic meshes.

@ A new family of inf-sup stable finite element spaces. These enjoy the
same approximation properties of the original one.

@ A stabilised variant penalising these modes in the formulation: stability
and optimal convergence.

@ Extension to the (optimal) Q? x Py pair, and Oseen.
Perspectives and open questions:

o Adaptivity?

e Triangles?

e Continuous pressures?
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